INTRODUCTION TO MANY BODY PHYSICS: 620. Fall 2026

Answers to Questions II. Oct 12.

Here is an outline of the solutions.
1. (i) Expanding |¢) = [1111100...) = cf5¢f4efsclac1]0) we obtain (in gory detail)

clacgeaceles|) = clacgeacstof 5C 4§)/C 2c'1]0)

3%04/(0 sclyctycty]0)
—CT3%0T5§){CT26T1|0>

+CT3CT5CT20T1 ‘O)
= —cl5claelyel 0) = —|1110100. . ).

(il) We may write

111010011... = ¢fg[11010010...) = ¢'gcf7[11010000. . .)
= ¢'scl7¢5/11011000. . )
= clgclyeses]11111000. . ) (1)

This state can be interpreted as the creation of an electron in states 8 and 7 and a “hole”
in states 3 and 5.
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Figure 1:

(iii) To calculate (1|csea|p), where ¢ = AJ100...) + B|111000...), note that
1111000) = ¢'3¢4]1000) (2)
so that c3c2|1110) = —]1000)], while ¢3¢2|100) = 0, and hence
(Ylesealtp) = —A*B (3)



2. (a) In first quantized notation, the density of protons is

px)g=le| > o6(x—xjo), (4)

o=t
while in second quantized notation,
pq(z) = |e| Z ¢TU($)¢U("E) (5)
o=T,1

(b) In first and second quantization, the total magnetization of a quantum fluid of elec-
trons is given by

M = s 35() = —n [ dav! (@)F0(). (6)
J
(c¢) The interaction energy for a fluid of spin 1/2 fermions interacting via a contact inter-
action 18
V=S UNEy — F) = U [ @apr(a)py(a) (7)
Z?]

3. (i) We need to confirm that {c;, c1} = {cs, cfo} =1 and also {c1, &2} = {caf, 1T} = 0.
Substituting for ¢; and ¢y, we obtain

{c1, e} = {uay +va'y, —va'y + uay} = —uv{ar,a,'} +vufa’s, as} =0, (8)
and
{e1, '} = {ua; +va's,u*a’y +v*as} = [ul*{ay, a.'} + [v]*{a'y, a0} = 1, (9)

provided |u|? + |v]* = 1.

(ii) Consider H = w[c'ic; — cocly], then if

c1 U v ai ai
= pummy 1
where (assuming u, v real) U is a unitary transformation, we may re-write H as

H = (ClTaCQ) <C(()} —Ow) <CC21T>

so that using (10)

H — (alT,ag)UT(B} 0 >U<a1)



= e[aTlal — agaTg] + [AaTlaTg + H.c| (11)
where
e = wu®—v?),
A = wuw). (12)

Squaring both expressions and adding the results, we obtain w =(e? + AQ)% and

1 € 1 €
2—7 J— 2:— _ —
U_Z(l—i_u})7 ! 2(1 w)’ (13)

(iii) The ground-state is annihilated by both c; and ¢y, so that if H = wlclic; + cfoey — 1],
1
the ground-state energy is F, = —w = — (e + A?)2.

. Let us write our starting Hamiltonian in the form

H = =3 (85,85 + Jy St SY)
J
o {Jﬁ—Jy
- -3 -
J

Jp —J,
1

(SF,57 +He.) + (55,55 + Hc)} L (14)

where S* = S® £4SY. Using the Jordan Wigner transformation,

S; = (dhej—3)
SHEES e’ e (15)
we have
Sj—':-l‘sj_ = djg,
SjtrlS;-r = _CTjJrlCij (16)
so that
H = — Zt[CTj+1Cj —|— HC] — Z A[CT]‘+1CTJ‘ + HC] (17)
J J

JutJ, Jy—J.
where ¢t = %, A==

(ii) Transforming to a momentum basis, cf; = \/% >, e, the Hamiltonian takes the
form

H= -3 2tcos(qa)[d'yd, — d_od" ;] = > Ale7"*d!,d"_, + H.c]. (18)
q

q>0



Since d',d"_, = —d'_,d', is an odd function of ¢, we can replace Ae~"* — —iAsin ga, to
get

H = Y eldydy—d_yd )+ S iAJd yd_, — H]

q>0 q>0

= () () ()

q>0

= 2 dly(eqms — Agma)dy, (19)

q>0

where ¢, = —2t cos(qa), A, = 2A sin ga and we have introduced the Nambu notation

dg = ( de_qq. > (20)

Notice how the sum over ¢ > 0 is needed so that d, and d_, are independent. Carrying
out the Boguilubov transformation af, = df,U,, or

Uy

—_—
(dag) = (@) (2750, 21

where U, is the unitary matrix composed of the two column eigenvectors of H = €73 —Ay7o.
Following the results of the last section, the Hamiltonian takes the form

= Zwi[aTqaq —aga’_g], (22)

q>0

where

-

l 1 =
w, = <eg + Ag) - 5 {J,f + J; + 2J,J, cos(2qa) ’

1

(%) _ [HZ]Q . (23)

) ey

The spectrum of spin-excitations is shown above. For the case J, = J,, the excitation spec-
trum is gapless, corresponding to the continuous rotational symmetry (Goldstone mode).
For the case J,, or J, = 0, the excitation spectrum is flat w = .J, /2 as expected for the
1d Ising model. We can interpret J,/2 as the energy to create a “domain wall” in the
Ising Ferromagnet. If the ground-state is |¢) = | =——————) then the flat band of
fermions corresponds to domain wall excitations. If we use open boundary conditions, then
energy to create a single domain wall, i.e | >———<¢—<—<) is J, /2. In periodic boundary
conditions, such domain walls can only be created in pairs.
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Figure 2: Showing dispersion for x-y, anisotropic x-y and Ising limits of model.



