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Figure 1: Plot of specific heat in the Einstein model of 1906.

1. The Hamiltonian for a single oscillator is

1
H = hw(a'a + 5)

(1)

For an ensemble of N4y oscillators, where N4y is Avagadro’s number, the expectation value of

the energy is

1
E(T) = Nay(H) = Nayhw <n(w) + 2) (2)
where n(w) = 1/(e"/#8T — 1). Differentiating to obtain the specific heat capacity
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where the function )
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and R = Ny kp is the gas constant (see Fig. 1.). Notice that at high temperatures F[hw/kpT| —
1, so that Cy(T) — R, as expected for two quadratic degrees of freedom, from the Dulong and

Petit Law.



2. (a) Making the transformation

b = ua—l—vaT,
bt = wud +va, (4)

(where u and v are real), we find that
[b,b'] = [ua 4 va', ua' +va] = v?[a, a'] + v?[al, o] = u? — v, (5)

and [b,b] = [b, bl] = 0 trivially. If u? —v% = 1, then [b,b[] = 1 and the transformation is
canonical.

(b) Let us assume that the Hamiltonian can be diagonalized in the form

H =a(bb+ %) = %(b*b + bb'). (6)
Notice how I symmetrized the expression first. Substituting in the above transformation, we
find that
(b'b4bbt) = [(ucfr +va)(ua + va') + (ua + va®) (ua’ + va)]

= (W2 +v)(a'a+ aal) + 2uv(a® + aT2) (7)
Thus since aa’ = afa 41

H = w(a'a + %) + %A(aTaT + aa), (8)
where

w = o(u? +v?), A = @ (2uv), 9)

Squaring both terms, and subtracting we find

w2 = A? = dﬂ(u + v H2 — (2uw)?]
= O*ut + 2(uv)*]
_ (:)2 [u 2]2
S (10)

since u? —v? = 1, so that @ = vw? — A2. Notice that the first condition in ( 9) forces & to be

formally positive. Physically, we do not expect a negative excitation energy! By substituting

v? = u? — 1 into the first equation in (9), we obtain
2vVw? — A2>
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3. The idea here was to cast the Hamiltonian of the vacuum into the form
T2 mwgwq)\ 2
H = d 12
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where [¢_q, T_q/x/] = 1hdq,q0rn are canoncal. I wanted you to work by analogy with the simple
harmonic oscillator, decorating the operators with indices.




(a)

Write the well-known field energy

H—/d%

in momentum space (consider a finite system, with a discrete summation over momenta) and
use this to read off m, wq and Azgy in terms of €, ¢ and q. Here we are basically doing
dimnsional analysis.
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We begin by identifying 7(x) = —eOE(x), so that the energy is now

H /d% 7 x4 (13)
2¢€p 2o
Next, let us Fourier transform, remembering that V — iq, to get
Tax|? 7x A2
He Y [w;qn + 0 ) (14)
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where we use the modulus sign to indicate |74|? = 7(q)' - 7(¢) = #(—q) - #(¢q). The \ are
the two polarizations, which we put in because we know that the requirement V.A =0
(Coulomb gauge), means that in momentum space ¢ - /_fq = 0, which means there must be
two polarizations perpendicular to ¢.

Write an expression for the normal mode Agy in terms of the photon creation and annihilation
operators.

First, we note that in comparison with the standard form for harmonic oscillators, g = m,
while mw = ¢*/ o, so that w = ¢?/(poco) = (cq)?, using ¢ = 1/(egpp). From this we see

that
AAy =4 / =4/— Ary = /himw, = v/ heocy, (15)
€0Cq

From this we can write

V2

where the €5\ are a set of two orthogonal unit polarization vectors, perpendicular to q.

- agr +a’_g0).
Ay = ZA@M% (16)
A

Similarly

= . (an - T—q)\)
Eq= ZZWQAAq—qu (17)
)\ \/§

Making these substitutions in (14), the Hamiltonian becomes diagonal

) 1
Z heg [nqA + 2] (18)
q,A=1,2

where [aqh, aTq/X] = dqq'Oxx and ngy = a’qraqy is the number operator.



(d) Well, we've skipped a few steps, but the results are basically correct. We haven’t spoken
about gauge invariance and it is not obvious what has happened to the scalar potential. But

at the expense of glossing over a few details, we now understand how the photon field in the
vacuum breaks up into discrete quanta.



