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Calculate for example
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For lower velocities k is very small, k/α ≪ 1. Then

ln
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)

≈
2k

α
.

Hence, the validity condition becomes 2mA/(!2α) ≪ 1. Hence, the Born
approximation is valid only if A/α is very small. The interaction must
be weak and the range of the interaction must be 1/α fairly small.

For higher velocities k is very large and hence the validity condition

becomes
mA

!2k
ln(2k/α) ≪ 1. Since the range of the Yukawa potential,

1/α, is very small, this condition is not generally valid for heavy nuclei.

17.8 Calculate the differential cross-section for a central Gaussian potential
V (r) = (V0/

√
4π)e−r2/4a2

under Born approximation.

Under the Born approximation
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Writing cos(sr) = (eisr + e−isr)/2 and defining x = (r/2a) − isa, y =
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(r/2a) + isa and using the result

∫ ∞

−∞
e−x2

dx =
√
π we get

f =
mV0a

s!2
√
4π

∂

∂s
e−s2a2

[
∫ ∞

−∞
e−x2

dx+

∫ ∞

−∞
e−y2

dy

]

=
mV0a

s!2
∂

∂s
e−s2a2

= −
2mV0a3

!2
e−s2a2

.

Then

dσ

dΩ
= |f |2 =

4m2V 2
0 a

6

!4
e−2s2a2

.

17.9 For the Yukawa potential V = V0 e−r/a obtain the total scattering cross-
section by Born approximation.

The scattering amplitude is
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Then the total scattering cross-section is
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17.10 For a delta potential V0δ(r−a) obtain scattering cross-section for sa ≪ 1
by Born approximation.

The scattering amplitude is obtained as

f = −
2mV0
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∫ ∞
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.
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Identical Particles

18.1 Prove the following properties of the permutation operator P .

(a) If ψ(1, 2, · · · , N) is an eigenfunction of H with an eigenvalue E
then Pψ is also an eigenstate of H with the same eigenvalue.

(b) ⟨φ|ψ⟩ = ⟨Pφ|Pψ⟩. (c) ⟨Pψi|O|Pψj⟩ = ⟨ψi|O|ψj⟩.

(a) We have

Hψ(1, 2, · · · , N) = Eψ(1, 2, · · · , N) ,

PHψ(1, 2, · · · , N) = EPψ(1, 2, · · · , N) .

As PH = HP , we get H(Pψ) = E(Pψ). So Pψ is also an eigenfunction
of H with the eigenvalue E.

(b) We obtain ⟨Pφ|Pψ⟩ = ⟨P †Pφ|ψ⟩ = ⟨φ|ψ⟩ since P is unitary.

(c) We obtain

⟨Pψi|O|Pψj⟩ = ⟨ψi|P †OP |ψj⟩ .

Using OP = PO we get

⟨Pψi|O|Pψj⟩ = ⟨ψi|P †PO|ψj⟩ = ⟨ψi|O|ψj⟩ .

18.2 Does the operator Pij defined through

Pijψ(1, 2, · · · , i, · · · , j, · · · , N) = ψ(1, 2, · · · , j, · · · , i, · · · , N)

an unitary operator?

Let an operator A be Hermitian. Then A = A†. The condition for Pij

to be unitary is

(

PijAP
−1
ij

)†
= PijAP

−1
ij

279
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Using the orthogonality of φαj (i) functions, we get

⟨ψ1|P213|ψ1⟩ =
1

12
(4 + 4 + 1 + 1 + 1 + 1) = 1

⟨ψ2|P213|ψ1⟩ =
1

2
√
2
(0 + 0− 1 + 1 + 1− 1) = 0 .

Hence, ⟨ψ1|P213|ψ2⟩ = 0. Next,

P213|ψ2⟩ =
1

2
[φα3

(2)φα2
(1)φα1

(3) + φα3
(2)φα1

(1)φα2
(3)

−φα1
(2)φα3

(1)φα2
(3)− φα2

(2)φα3
(1)φα1

(3)]

and

⟨ψ2|P213|ψ2⟩ =
1

4
[−1− 1− 1− 1] = −1 .

Hence, the matrix representation of P213 is

[P213] =

[

1 0
0 −1

]

.

Similarly, we find

[P132] =

[

−1/2 −
√
3/2

−
√
3/2 1/2

]

, [P321] =

[

−1/2
√
3/2√

3/2 1/2

]

,

[P312] =

[

−1/2 −
√
3/2√

3/2 −1/2

]

, [P231] =

[

−1/2
√
3/2

−
√
3/2 −1/2

]

.

18.6 Determine the nature of the wave function obtained by applying (i) the
symmetrising and (ii) the antisymmetrising operators to an arbitrary
linear combination of ψ(1, 2) and ψ(2, 1).

For a system of two identical particles, Ss = [I + P12]/2 and Sa =
[I − P12]/2. Therefore,

Ss(c1ψ(1, 2) + c2ψ(2, 1)) =
1

2
[I + P12](c1ψ(1, 2) + c2ψ(2, 1))

=
1

2
(c1ψ(1, 2) + c2ψ(2, 1))

+
1

2
(c1ψ(2, 1) + c2ψ(1, 2))

=
1

2
(c1 + c2)(ψ(1, 2) + ψ(2, 1))
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