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Lecture 9 Oct. 3, 2013

Quantization of the Dirac Field

Last time we found the Lagrangian density for a Dirac field 1, which is
a four component complex field,

L= 1/_}(@'7#8;1 - m)¢
Thus the canonical momentum conjugate to 1 is
oL _

0y

so the pg term in H = Y pg — L just cancels off the time piece, and the
Hamiltonian density is

iy =iy,

H = /d3w(—wﬁ+m)¢
- /d3xw(—¢@-ﬁ+m5)w,

in terms of the @ := %9, 8 = 4" used in one-particle quantum mechanics,
where the operator hamiltonian is

hp = —id@ -V +mp.

We will skip pages 52-57, which explains what goes wrong if we try to
treat the field ¢ as an almost commuting c-number field, in the way we did
for the Klein-Gordon field ¢. I am not going to review those reasons, but
just present that instead, we need to treat ¢ as an almost anti-commmuting
object. That is, in the classical approximation we have for two components
of the fields at different points

$a(T)00(§) = =06 (7 )a(T),

and similarly for v with 1" and ¢! with itself. That is to say, classically the
anti-commutator,
{A,B}:= AB+ BA

of two Dirac fields vanishes. Quantum mechanically these are modified, just
as for ordinary (bose) degrees of freedlom momentum and position fail to
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commute. Thus the anti-commutation relations (at equal times) are modified
to

{tha(Z,1), (5, 1)} = 0
{wa(:fv t)ﬂﬁg(?ja t)} = 6ab53(f— g)
{1/12(5715)»1/12(715)} =0

A complete set of classical solutions of the Dirac equation are given by

—ip-x

u’(p)e and v*(p)e?* foral p,s=1,2, p’>0,

with «*(p) and v*(p) given by 3.59 and 3.62, and satisfying 3.66 and 3.67.
Thus we can expand the quantum field ) in terms of these, with coefficients
az and b;T7 which will become operators upon quantization. Thus

dp 1

v = | Wﬁz(agu%ﬁ)eip'ubym(ﬁ)em) (1)

S

@) = [ LS (i@ g @) @)

(27T)3 \/QEI}' s
(with p° = +,/p? + m? understood)

We may see that the anticommutation relations for the fields (3.102) will
be obtained if the creation and annihilation operators satisfy

{ap a3t} = {on 03t = (@n)*6° (57— q)o™
{ap, g} = {ag, 037} = {b5, 021} = 0

and also their hermitean conjugates.
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To see the nontrivial one, note

. . d*p dq 1
W00} = /(277) 2 EEqZ

<{aﬂ ayl e 0N ETED () ()
+ {b%'f7b2} ei 0—q0)t 1(152—0' (fﬂ') (p)UST((j'))

dpdiq 1 . s
N / 2m)° 2 /B E 2.2m) 0 =
5 Eq s

FU (P (-7)

where in the last term we replaced the integral over p' by —p. But from
(3.66-3.67),

Swr (P (p)=(v-p+mn’ =Ey—a-p+mp

r

R tr o d*p —ip-(Z—17) 3= -
So {wa(xa t)vwb(y7t)} = / (27_[_)36 Hab =0 ('T - y)éab-

We will work out the Hamiltonian

H = / Pap(—i7 -V +m)p

in terms of (1) and (2), noting that

— 3 .
(7 empp = [ B3 (75 )

S

—~
[\
N
~—
w
[\
$

st = = s ip-T
+bst (=7 - P+ m) v (p)e™?)
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But as (y"p, — m)u ( 7) = 0= (y*p, + m)v(p), the parentheses in front of u
and v reduce to Ep° for u and —E/° for v. So

a3 d 1 N —igw rt r iq-m
/d3 q p Z(b}vrT(Q) q- +aT T(q) q- )

JTEﬁZ (a%us(ﬁ)e

. ddq d®p 1
= [a&
/ T 2ny 2n)32 EaZZ
B aget(@)us(p)e-irae
+a;j a%u”((j)us(ﬁ)eﬂ(p or _ agj bﬁT u”

S

ay! agu (7)u (7) —aigb;*w —p) ()|

Z{ by + a3l ag] ~

where in the second line the z integral gives (277)353 (ﬁj:(j) which cancels the g
integral, and in the third line we can use u"(—p) v*(7) = v"1(=p) u*(F) = 0
and u"T(p) u*(p) = v"1(P) v¥(P) = 2E56" from 3.60, 3.63 and 3.64, and we
by} in the last

H

pr b;’f Us(ﬁ)eipw)

br bsT TT<q) (p)ei(p—q)-x
(7)o ()e 0]

r st o rtioN,.Ss/=
— b 0" (p)o* (1) +

[ oFas+ b by

dropped an infinite constant from the anticommutator {bf;r,
expression.

Notice that H has the same form as for a complex scalar field, and the
commutation relations [H , aq and [H , bT] work the same, even though the

commutators of @ and a' are replaced with anticommutators, because H is
quadratic, and

> labag al) = Za {ap al} =3 {al, al} ay = al.

p p

Please read page 58 and the top of page 59. Then we can
then skip to the bottom of page 60, as we have already
discussed the Lorentz transformation properties. But do

read the last paragraph on p. 60 and pp 61-65.



