Little Note on Fierz

What is (6/) .5 (0,).,c?
If « =, only 6° = 4,5 and 0 = J,5(—1)*"! contribute, giving

Dagdyc (1= (=1)°7) = 20050, (1 = 0ar) = 2eanenc  for o= f.

If a # 3, only ¢! and o2 can contribute, in which case only v # ( gives
nonzero, and then

ither o = v, and th s cancel, (01,)" + (02,)" =
e cither o = ~, and the two terms cancel, <0a5> +(0a5) =0,

eora=(, f=y0ls0l =1, 02502 =1, 50 we get —2.

Thus when o # 3, (0%),5 (04).,; = 2€ay€5¢.
So in either case,

(U#)aﬂ (Uu)yg = 2€ay€pc-

Another Approach
Consider the mapping of 2 x 2 matrices

M — ZO"“MUH.
m

This is a linear real transformation, so we may describe it by its action on a
basis of 2 x 2 matrices, in particular using the identity and the Pauli matrices:

1= (") =3 (o) = 21

J

Il
w =

, 4 , 38 , 2 ,
o/ — 0%Io" = oroloh =0l + Y [—25jkak+aj (0k> } =(1-2+3)0’
k=1 k=1

= 207
Thus

3 3

o,
E puo’ — =2 Z Duou,
pn=0 u=0

which is strange, but reverses o, and og, in addition to multiplying by —2.

Now if we consider the right hand side of the Fierz identity as a transfor-
mation on Mg,

M — 2eMTe,

I — 21
ol — 2(ioy)(0?) ! (ioy) = 207
So, of course, these are the same transformation.

This latter approach is a useful one to take to consider the Fierz identity
for Dirac matrices, rearranging the Dirac indices (a, b, ¢, d) on ¥4y, ca-



