Physics 615 Fall, 2013
Homework #2  Due: 3 PM, Sept. 20

These problems are all examples of symmetries treated by Noether’s theorem.
In evaluating 0L it is often easier to use the expression
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1.) Consider the Lagrangian for a set of free real scalar fields ¢;,i = 1...N,

0L = (9u62") L + 6

L= %Zau@a“qbl - %m2¢2, (1)

where ¢? := 3, ¢?. Consider the internal symmetry transformation
ozt =0, 0p; = €A,

where A;; is an antisymmetric real matrix and we are assuming the summa-
tion convention that repeated indices are summed over. Show that this is
a symmetry by calculating 6L, and find the conserved current J# and the
charge () corresponding to a given infinitesimal €A;;. This is a global SO(N)
symmetry.

2.) For the case N = 2 above, there is only one symmetry generator in SO(2),
with A9 =1 = —Ag;, A1 = Ay = 0. Define ¢ without an index to be the
complex field ¢ = (¢1 + igo)/V/2, as we did on homework #1. Express d¢
and d¢' in terms of €, ¢, and ¢f, and what the form of the finite symmetry
transformation ¢ — ¢ should be. Express the current and the conserved
charge in terms of ¢ and ¢/.

3.) Consider the Lagrangian (1) of problem 1, but now consider symmetry
under translations,

dz" = ea"(constant), 0¢; = 0.



Show this is a symmetry, and find the conserved current J* = a,T"", which
gives you the energy momentum, or stress-energy, tensor T"*. Write T"*, P,
and H in terms of the fields ¢;.

4.)  Again consider the Lagrangian (1) of problem 1, but now for a Lorentz
transformation oz* = eL* x”, with L,, = —L,, as befits the generator
of a Lorentz transformation. The current is then' J* = %L,,p./\/l‘“’p. Find
the expression for M** in terms of the stress-energy tensor. Impose an
appropriate permutation symmetry on the indices of M.

5.)  Once again consider the Lagrangian (1) of problem 1, but now for a
dilation dx* = ex*. Can you find a symmetry of this form in general or
for some particular m? If so, find the appropriate d¢, the current and the
charge.

IThe one-half is inserted because the summation convention includes both Li5 and Loj,
though these are equivalent, with only the L,, with i < v independent. We therefore also
require MHP = — MHPY,



