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Notes on Bessel Functions
Joel A. Shapiro, based on Arfken 3rd Edition

Bessel functions J,,,(x) of integral order m may be defined by the gener-
ating function

g(x,t) := e(@/2)(t =1/1) _ i I (2)t" (1)

As the generating function is unchanged by * — —xz,t — 1/t, we have
J_n(—x) = J,(x), but it is also unchanged by © — —z,t — —t, so J,(—z) =
(=1)"Jn(x), s0 J_p(z) = (=1)"Ju()

Differentiating (1) with respect to ¢ gives

1 1 _ nfl_x m m—+2
§x(l+t—2)g(x,t)—zZ:an(x)t —izzsz(t +t *)

e Ty () + () = %”Jn(x). (@)

Differentiating (1) with respect to x gives

1 1
—(t==)glzt)=>_J ()" =D Ju(z) (" =t}
3 (1= 7)o = S = St (¢ =17
= Jn1(2) = Jaga (@) = 27, (2). (3)

As a special case, Jj(x) = —Ji(x). (2) F (3) gives
Jusa(w) = L nlx) F T, (1), )

Manipulating Eqs. (4), even if m is not an integer, gives the Bessel
equation

d? d
2 Jy(x) + T J(x) + (z° —v7)J,(x) =0 (5)
This can also be written

d d
u—u—-.1J,(au) = (v* — o*u?)J,(au)

du du
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Orthogonality:
Then
d d d d 9
Jy(&u)@u@Jy(ﬂu) — Jy(ﬁu)@u@Jy(au) = (a - )uJ,,(au)J,,(ﬁu)

Integrate from 0 to 1:

(oz2 — 52) 1 duu J,(au)J,(Bu) = 1 Jy(au)iui(]y(ﬁu) — (a < p)
0 0 du du

1

- [uj,,mu%JV(ﬁu) - [ (o) %Jywu)] ~(a =)

0

1 1

— uJy(ﬂu)%Jy(au) (6)

= uJ,(au) %Jy (Bu)

0 0

For v > 0 we may assume J,(0) is finite, so the lower endpoint gives zero.
If o and g are both zeros of J, or both zeros of J/,, the upper endpoint also
vanishes, so

1

/ duw J,(xynu)d,(x,mu) =0

o form #n,v >0

/ duu J,(z), u)J,(z, u)=0
0

If we first differentiate (6) with respect to «, and then set f = «, we get

1 1

1 d
204/ duw J2(au) = v J (qu)—J,(cu)
0 du

)
0

ele

%L(O@)

d
—uJ, il
0 u J,(ou) T (

where we need to be careful that dJ,(au)/da = uJ)(a) = “-LJ,(au). The
lower endpoint vanishes. Using the Bessel equation gives

o? —1?

1
204/ duu J*(au) = aJ*(a) + J,() Jy ().
0 a
Substitute J),(a) — 2J,(a) — J,41(a) to get
1 1 /v 2 o -2
2 _ 2
/0 duu J:(au) = 3 (EJV(&) - J,,H(Oz)) + 5o J3 ()
1 v 1

= §J3+1(04) - aJu(@)JuH(O‘) + §J3(0‘)' (7)
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If we set « to a zero of .J,, the last two terms vanish and

1 1
/0 duu J* (2, u) = §J3+1(Iynu). (8)

a zero of J|, = 7 Jo(x),,) = Jps1(xl,,), so Jypa(2,,) =

vn

If we set a to 2’

vno

I/LJV(xlljn)u and (7) beCOmes

/01 duw J3(x),,u) = % [1 — <x,L>2] J2 () 9)

vn



