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Physics 613 Homework #6

Due March 10, 2014 at 4:00 EST

1: The positive and negative energy solutions of the free Dirac equation were
defined to be

u(~p, r) =
√
E +m

(

φr

~σ·~p
E+m

φr

)

, v(~p, r) =
√
E +m

( ~σ·~p
E+m

χr

χr

)

,

with φr †φs = χr †χs = δrs, and E = +
√
~p 2 +m2.

Show:

(a) u†(~p, r)u(~p, s) = 2Eδrs, (b) v†(~p, r)v(~p, s) = 2Eδrs,

(c) ū(~p, r)u(~p, s) = 2mδrs, (d) v̄(~p, r)v(~p, s) = −2mδrs,

(e) ū(~p, r)v(~p, s) = 0 (f) v̄(~p, r)u(~p, s) = 0

(g) u†(~p, r)v(~p, s) 6= 0 (h) v†(~p, r)u(~p, s) 6= 0

(j) u†(~p, r)v(−~p, s) = 0 (k) v†(~p, r)u(−~p, s) = 0

2: We previously considered contracting u†u and the like to form scalars.
But we can also take outer products, uu†, which is not a scalar but a tensor.
The positive and negative energy solutions of the free Dirac equation were
defined to be

u(~p, r) =
√
E +m

(

φr

~σ·~p
E+m

φr

)

, v(~p, r) =
√
E +m

( ~σ·~p
E+m

χr

χr

)

,

with φr †φs = χr †χs = δrs,
∑

s φ
sφs † = 1I, and E = +

√
~p 2 +m2.

Show

(a)
∑

2

s=1 u(~p, s)ū(~p, s) = γµpµ +m.

(b)
∑

2

s=1 v(~p, s)v̄(~p, s) = γµpµ −m.

3: Using the anticommutation relations of the Dirac creation and annihila-
tion operators
{

ĉr(~k), ĉs(~q)
}

= 0,
{

ĉr(~k), ĉ
†
s(~q)

}

= (2π)3δrsδ
3(~k − ~q),

{

ĉ†r(
~k), ĉ†s(~q)

}

= 0.
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{

d̂r(~k), d̂s(~q)
}

= 0,
{

d̂r(~k), d̂
†
s(~q)

}

= (2π)3δrsδ
3(~k−~q),

{

d̂†r(
~k), d̂†s(~q)

}

= 0.

and the expression for the Dirac field,

ψ̂a(~x) =
∫

d3k

(2π)3
√

2ωk

2
∑

s=1

[

ĉs(~k) ua(~k, s) e
−ikµxµ

+ d̂†s(
~k) va(~k, s) e

ikµxµ
]

,

with k0 = ωk =
√

~k 2 +m2, find the anticommutation relations at equal time

between ψ̂a(~x, t) and ψ̂†
b(~y, t).


