Little Note on Fierz

What is (0"),5 (04). .7
If a = 3, only 0° = §,5 and 6% = §,5(—1)*"! contribute, giving

Saplac (1= (=1)**7) = 200505 (1 — 6ay) = 2€0ye5c  for o= 4.

If a # 3, only o' and o2 can contribute, in which case only v # ( gives
nonzero, and then

: 1)? 2 \?
e cither a = 7, and the two terms cancel, (aaﬁ) + (O’aﬁ) =0,
eora=C(, 3=y0alz0l.=1,05302 =1, s0 we get —2.

Thus when o # 8, (0"),,5 (04).c = 2€ay€s¢-
So in either case,

(U“)aﬁ (O-H)'yC = 2€ay€p.

Another Approach
Consider the mapping of 2 x 2 matrices

M — ZU“MU“.
n

This is a linear real transformation, so we may describe it by its action on a
basis of 2 x 2 matrices, in particular using the identity and the Pauli matrices:

I — (") =3 (o) =21

M-

Il
w =

J
3

. . . . . 2 .
o/ — %I =>" ofoioh = o7 + > [—25jkak+03 (O’k) ] =(1-2+43)d’
k=1 k=1
= 207
Thus
3 3
Z puot — =2 Z PuTp;
pu=0 u=0
which is strange, but reverses o and og, in addition to multiplying by —2.
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Now if we consider the right hand side of the Fierz identity as a transfor-
mation on Mg,
M — 2eMTe,

I — 21

ol = 2(ioy) (o)) (ioy) = 207

So, of course, these are the same transformation.
This latter approach is a useful one to take to consider the Fierz identity
for Dirac matrices, rearranging the Dirac indices (a, b, ¢, d) on ¥4y, ca-



