Sources of Electromagnetic Fields

Lecture 11 February 28, 2011

We now start to discuss radiation in free space.

We will reorder the material of Chapter 9, bringing
sections 6 and 7 up front.

We will also review some of §6.4, on Green functions,
which we did (somewhat differently) in the first lecture.

Assume a set of charges with given motion.

What fields do they generate?  (~ wave-guide last time)
We are ignoring back-reaction, the changes in their
motion due to the fields. Therefore linearity.

So we can fourier-transform in time.

Then from §6.2,
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For our fourier mode, 9/t — —iw, so each component of
A and P satisfy

(V2 + k) U(F) = —s(), (1)
with k = w/c, and with the prescribed source s(Z).

Solution by Green function, from §6.4. Let us review this.

Finding G(Z,%')

A point charge at origin: V(%) = 1
drep|z|
~ - T S &
F=-VWV=¢g—r _ V-E=-V2V = ¢53(&).
Vv (1471'60‘30‘37 v vV
| . "
So we see ¢(F) = T2l has Vé = 7&’ V3¢ = —470%(T).
On the other hand, W := ¢*™"l satisfies VIV = ﬂk%W
and
vw = |k (gl wore i w
|| |z] ||
(‘“2 2
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Thus
(V24 R)Wo = (VEW)o+2VW)- (Vo) + W (V29)
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The Basic Equations

Consider one fourier component, with all fields having a
time dependence e ™,
They are generated by the fourier components

/i(f,t) = pﬂ(f)e*"’_“t,
J(@t) = J@e

The fields E(f, t) and H(Z,t) generated by these charges
and currents may be described by the electrostatic
potential ®(Z, ) and the vector potential A(Z,t).

But as discussed in §6.2, ® and A have a
gauge-invariance. To determine them, need Maxwell’s
equations and a gauge condition.

- - 10d
Choose Lorenz Gauge: V - A + 0—2% = 0. Then the fields

A and ® are determined.

Solution by Green function

(V2 + kQ) W(Z) = —s(&) is (inhomogeneously) linear in W,
so solution is sum of solutions of the homogeneous
Helmbholtz equation and specific solutions for “each piece”
of the source. The equation is an elliptic partial
differential equation, having a unique solution once
boundary conditions are specified.

Think of the source as a sum of pieces at each point,

5(&) = / d#'s(3)53(F' — 7),

and solve for a delta function source with the Green
function

(V2 + k%) G(7,3") = —0%(& — 3"). (2)
Then the solution for ¥ is

T (7) = /dai’s(f')G(f,E').

(Vi+E)Wo = (VIW) o+ 2(VW) - (V) + W (Vi9)

+EW ¢
= 2 rantw. T aws (@)
|| [z =]
= —4x63(2)

as W (2)63 (&) = W (0)8%(2) = 63().

N We exiklz|

So for ' =0, G(Z,0) = —~ = .
(,0) 4 Ar|x|

But the operator (Vg + kz) is translation-invariant, so we

may translate:

k|7

Tmi-z|

G(.#) (3)

We’ve ignored boundary conditions. Want outgoing waves
only. Choose upper sign.
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In Spherical Coordinates

We are often interested in sources confined to a compact
area and how it radiates out to large distances. Spherical
coordinates are most suitable.

In spherical coordinates V2 =

or? o ror

B3z —2') = Tt )30 — 0")d(p — ¢)’) due to the
r2 sin

metric factors h;, From the completeness relation (J3.56)

for the spherical harmonics, the angular part of the delta

function can be written as a sum, and we have

2 20 1 L
(ﬁ + ;g - ﬁ[? + k‘2> G($,I/)
§(r—r' oo 0
= S S Va0 i 0.0),
(=0 m=—{

while for r > 7 we want only outgoing waves, with e*%",

so the solution is pure hl(zl) with no hf) (or 7o)

ge(r,r') = be(T/)h?)(kr) for r > 1’

But from (3) we see that the

Green’s function is symmetric G(#,7")=
under # « 7/,

so ag(r) = aghil)(k‘r) and by(r) = agje(kr), and we may
write more generally

ge(r,1") = agje(kr<)h{) (krs),

where 7~ is the smaller of r and 7" and 7~ is the greater.

Green function in spherical coordinates

So all together

etklZ—T'|
GF-7) =

4m|Z — 3|

= ik Y elkr S (krs)Yo, (0, ¢') Vi (0, 6).

tm

We are now ready to examine the solutions to the
Helmholtz equation,

k\T |
A= 3. T2
A = 2 [ i)

—mgkz / &2 jo(kr )RS (ks ) Y7o (0, 6 Yo (0, 6) T (2
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Writing G (7, %) = Z R (r,2") Y (0, ¢), we have

tm
P20 Mt
Z <w + ;E 2 +k > Rém(rv“L )}/Zm 0 ¢)

tm
o L
8= D Y0, ¢)Yun(0.9),
=0 m=—¢
=30 9e(r, 7)Y (0", ¢') where

2
< 9 20 w + k2> ge(r,r’) = 7%25(7“ —7').

a2 " ror r?
For r # 1/ this is just the spherical Bessel equation, so the
solutions are combinations of jy(kr) and ny(kr), or better
of je(kr) and h,gl) = jo(kr) + ing(kr) = (=) ek [k
; 2>
For r < 7’ we need the solution to be regular at r = 0, so
there are no n or h contributions, only jp,

so we see that R(r, 7’

ge(ryr") = ag(r')jo(kr) for r < 7/,

The delta function source for the spherical Bessel equation
on g¢(r,7") means the first derivative is discontinuous,

1
ge(r=r'+e) = gy(r=r'-€) = 73
= agkjo(kr)hy ™ (k) — agkh () (kr)jp(kr).
)

This is kay times the Wronskian of h;’ and jg, which
should be —r' 2. This agrees with the general statement
that the Wronskian satisfies dW/dr = —P(r)W, where
P(r) is the coefficient of the first order term, here 2/r.
Thus we can determine ay at any point 7/, and as Jackson
3.89-90 tells us for small z,

\/%JZ+1/2('75) - 21“(27\1773/2) <§>27

- £+1
wlo) = 5 Vet — 12 (2) 2

h?) = Jo+ing — ing,

O (er) = B (r)jakr) — i/ (kn)2, and ag = ik.

.
=
e
8
~
Il

S0 jg(r)h;

If the sources are restricted to some region |#’| < d, and
we are asking about positions further from the origin,
r >d, then ro = 7" and r~ = r, and

- -

‘m

We see that A has an expansion in specified modes (¢, m)
with the sources only determining the coefficients of these
modes. If the source region is small compared to the
wavelength, d < A = 27 /k = 2r¢/w, we have kr' < 1
whereever .J | (") # 0, so we may use the expansion

Je(z) = 2%/(2¢ + 1)!1, appropriate for z < 1. We see that
the lowest ¢ value which contributes will dominate.

A(@) = ipok Y h§" (kr)Yom (6, ¢)/d‘r’]g (ke )Y (0, &) T(E").
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Zones (Jackson §9.1) Lt s i

Spring 2010

Electricity Electricity
and and
We have derived a quite general expression for the fields, Magneting Magnetism
but we can almost always find ourselves in a zone for Shapiro Shapiro
which things simplify, depending on the relative sizes of d, < )
A, and r. Froo Space We have not bothered to find ®(Z) because the Lorenz
. : 2 _ O X eives it 1 o

If d and r are both much smaller than A, we are in the gauge —iwd/c? = —V - A gives it in terms of A, except for z
near zone, we may set k = 0 while setting w = 0, for which ®(Z) is given by the static Coulomb

expression integrated over all the charges, the electric
field is given by Coulombs law, and there is no magnetic
field arising from ®.

k'j((kr<)h§1)(kr >) to ﬁ% The fields are essentially
instantaneously generated b; the currents and charges. If,
in addition we assume d < r, the lowest ¢ value will
dominate.

If > X and r > d, the fields oscillate rapidly with
hgl)(kr) — (=) /7, falling off only as 1/r, typical of
radiation fields, and this is called the far or radiation
zone. If we also have d < A, kr- is small whereever J
doesn’t vanish, and the lowest £ mode will dominate.

That expression, E(f) ~ —ipgw et [4rr, is accurate for

3 3 Physics 504, Physics 504,
Electric Dipole Spring 2010 all 7 > d to lowest order in d/, provided the dipole Spring 2010
and N ’ and
Now let us consider the zone d < A < r, which should be Magnetism mofnent lsn't zer% . . ) ) ) Magnetism
dominated by the lowest £. If the ¢ = 0 term does not Shapiro Quite generally, H = /TOV x A, while outside the region Shapiro
vanish, we may write with sources,
1A~ inkh® (e 3, 77 D . L iZys =
AT) =~ Luokh(() )(kr>Yoo/d ‘L/Y(]T)J(‘L/) Electric Dipole % = —iweE =V x H= E = %v x H, Electric Dipole
Ho ekror 3,0 T(7!
= ET/d «'J(Z), with Zy = \/po/€o. The curl of pif(r) is # x pof/0r, so
for our electric dipole source, we have?
because h(()l_)(x) = —ie® /2. We are assuming all sources a2 1\ eikr
have an E’“"j time dependence, so the continuity equation H = T PXp <1 — T) ,
tells us V - J = —dp/0t = iwp, we may write! g LT "
[ B2 J(Z') = —iw [ d®2’7'p(2'). The integral is just the and
Co T ipow _e*r
electric dipole moment, so A(%) ~ — i P . ik , 1 ik
T E(%) = —k%F x (7 % 3PP p) =Pl 5 —— )¢
@)= o {H7 x Gx )+ 3G9 -1 (5 -
See the lecture notes for some algebra justifying this and the
messy expression for E below. 2See lecture notes for algebra details.
Note the first term in E is perpendicular to Z, but the = Power radiated at large distances: =
second is not. However this longitudinal term falls off as S average power per unit solid angle is D
r~2, so may be neglected in the radiation zone r > X, Maga:edtism (P) TZR . (E y ﬁ*) Zo2kt i x (F x 4)\2 Maga:edtism
i ~—~ = —Rer- N P x (P
where we can write . — a0 D) 2(dn)? p -
; in the
- ok e mue Zoc’kt oo Zoc’Kt 5
=o' X P radiation = a2 P (1 —cos®0) = 35,2 P sin 0,
=3 7}6262.]” N N = zone Electric Dipole . Electric Dipole
E=———¢x("xp)=—2F x H :
Amegr
where 0 is the angle between p
In the near zone, that is when d < r < A, we have f"nd . The total power radiated
) is
- wo.
H= gt x? "0 o)
. 1 in the near zone (P) = 277/ df sin Q—Q
E=——@3¢7r-p)— 0
o (7 )~ ) SN
_ 0¢ 2 3
= 6 P / df sin” 0
I
The electric field in the near zone is just what we would 72 0
have from a static dipole of the present value at each - e 2,
moment, and the E field dominates the H field in this 127
zone.




Next order, / =1

If ¢ = 0 vanishes, need ¢ = 1 term in the expansion,

m=1

AN = ipo (k1) D Vi (6, 6) / /i (kr') Yy (0, 6) T(@).

m=—1
With
W =< (14 1), hw=2 (1+0a?)
1 x x)’ 3 ’
and
m=1 3 R
mglylm(es oY, (0',9)) = ETA -1,

we see that 3

P 3 1eihr 2 -
1) _ 3,00 2l !
A Lu0k4 <1+ k7-> /d a'r -2 J(Z).

5T disagree with Jackson 9.30 by an overall sign

Again, Q;; = L / a3’ (32 T; + 3ai Ty — 2(2 - T)dij).
w

SO ’F . Q = Z’sz”é] =

%/d%/ (37 @@ + 303" J@) - 22 - J@7).

For completeness we need to consider a electric monopole
term

. 21 ; -
Mg = /d‘ix'xlzp(a'é’) = i/ddI/.’f/-J.
w

So our complete £ = 1 vector potential is

- uok etkr i
AW = —in <1 + H) (67 X 17 + iwf - Q + iwMpt).
Let us evaluate H and E only to leading order in 1/r, so
we need only consider the derivative acting on e’*", and
needn’t worry about V x #. We can also drop the i/kr
term.

Electric Quadripole

One might be tempted to think the electric quadripole
also vanishes, as it involves 7 x (7 - Q), and Q is
symmetric. But that is incorrect: in

7 x (7 Q) =Y €jkfiQjeeéy, the summands are
symmetric under i <> ¢ and antisymmetric under i < j,
but that does not make things vanish. Jackson defines the
vector Q(i) := 3" Qijnjés, and then we have # x Q(7).
Then again keeping only 1/7 terms,

. ick3 eik'r . -

H"™ = PP Q(7)

. T kB etk -
Bee = %%r x (r x Q(f)).
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The multipole moments involved here are tensors
~ 2'J(Z'). The antisymmetric part is the integral of the
magnetization
1 .
M3 = 55' x J(Z'), with i = /d%'/\/t(z’)

the magnetic dipole moment.
1 - -
P = 5 /d%' [(f @7 — (- z’)J(z/)] .

The symmetric piece is related to the electric quadripole
moment

Qij = / d*a' (31?;1?; - x'215i_j) p(Z")
) i o
— /d“x' (Sxix; — x'zéij) UV -J
- / a3 T ()0, (3 — 2'%65)

= i/ dSI'Jk(f,) (35%179- + 35jka:2 — 2x;c§'ij)

Magnetic Dipole

Then AV = L5 x AV
Ho
k2 eikr
=% 7 x (67 X M+ iwr - Q + iwMgT).

Notice that the electric monopole vanishes due to
7 x 7 = 0. The magnetic dipole contributes

k2 6ilw'
4T v

EMD _ @ﬁ % ﬁMD _
k

P 7 x (7 X 11)

kZZ Jikr
—S R X x (7 x )

k220 eik'r
= 3 7 X 1.
™ r

These are of the same form as for the electric dipole, but
with E and H interchanged. The radiation pattern is the
same, but the polarization has Elm here, while E lies
in the plane including 7 and p for the electric dipole.

Power radiated

Probably the most interesting thing one might ask is how
much power is radiated, and in which directions, as we
did for the electric dipole.

For an electric quadripole, |Q] is
a symmetric real traceless tensor,
so we could rotate the coordinate
system so that it will be diagonal.
If we take an axially symmetric
case, with Q.. = —2Q; > 0.
The average power per unit solid
angle is

as shown.
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