Fiber Optics
Waves can be guided not only by conductors, but by
dielectrics. Fiber optics cable of silica has n(r) varying
with radius.

Simplest: core radius a with
n = ny, surrounded (radius Jh
al

b) with n = ng < n;. Au\k

Total internal reflection if

a > a, =sin Y (ng/n1)
Equivalently 6 < fmax = cos™!(ng/n1).
This is geometrical optics. Needs A < a.

Two kinds of fibers:
» multimode, a > A, treat with geometrical optics.
Typically a =~ 25 pm, b ~ 75 pm, A ~ 0.85 pm.
» single mode, a ~ A, treat as wave guide. Typically
a~ 2 pm.

Problem with simple fiber

At each angle 6 < Omax, light travels indefinitely down
the fiber. But to go a large distance L down the fiber,

Aégzzziifiii\\\\\\
it travels a different distance Lsec 6, so light from
different 0’s arrive with different phases, and interfere!

Fix: make several transitions
to lower n. In fact, for home-
work (Jackson 8.14) you will 5 ~
find a “perfect” fix, using n
varying continuously with ra-
dius.

The same for H:
% (% )

~V2H +V (ﬁ . ﬁ) = —iwV x (eE)
~V2H = —iw (65) x E —iweV x E

= —iw (Ve ><E_"+ w2eH.
( ) Ho

€

. L o1 /o .
Thus V2E+u0wzeE+V<f (Ve)-E) -0

=
Il
o

V2H + HOWQEFI —iw (ﬁe) X

Assume e varies slowly compared to A,
€ ew

Ve<<X=?.

Other terms are w?/c? times E or H, but Ve terms are
Ve/e) times E, < A2 = w?/c?, so they can be ignored.
Both F and H satisfy

(v2+ w2 ) vt =0

Physics 504,
Spring 2010
Electricity
and
Magnetism

Shapiro

Fiber Optics

Physics 504,
Spring 2010
Electricity
and
Magnetism

Shapiro

Multimode
fibers

Physics 504,
Spring 2010
Electricity
and
Magnetism

Shapiro

Analysis with
varying n

Multimode fibers

n2

2 _
Define A = LZO ~1- @, typically about 0.01.
2ny ny

cos fmax ~ 1 — %B%Hlx =1-—A, 50 Omax ~ V2A.
How many modes can propagate?

Uncertainty principle: only one mode can fit per unit
dpdq b
2rh
mode in D dimensions. Here D = 2, the cross section has
coordinate integral fdzq = ma®. As

|EL| < k. tanfpax = kzﬂ»

[ d?p=h? [ d*k = 2rh?k2A. There are two polarizations,
SO

“volume” in phase space, N = / for each

L
(2m)?
whereV := kav/2A is called the fiber parameter.

N=2 (ma?) (27k2A) = %vz,

n(x) varying with radius z
Consider dielectric with €(Z) varying smoothly, u = pg as
silica is not magnetic. Assume single frequency w.
Maxwell gives

V.eE = 0=<§e>~ﬁ+e€~ﬁ
O, i .
VxE = *MO%:WOWH
VxH = 66—EzfiweEﬂ
ot
V-H = 0.
So
ﬁx(ﬁxﬁ) = —V2E+§(ﬁ~ﬁ)=iuowﬁxﬁ
= uowzeﬁ
ye =1 /2N =
= —le—v<f (ve).E>
€
Eikonal

1 oscillates rapidly (on scale ~ ). Take this away by
defining the eikonal S(7), with

w(F) — ein(F)/C

so V¥ = V. <%€Se"’“’s(ﬂ/c>
_ | ™ore 5 (WY (gg)?| iwsire
= [Cvs z(c) (vs) }e
— 7(w2n2/62)6iw5/c
and n%(7) — VS - VS = —i SV2S. Now ¢/w ~ A while VS
w
varies with n(7), much more slowly, so we can set the r.h.s

to zero, for the

Eikonal approzimation: VS -VS = n’(F).
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The Eikonal approzimation: VS - VS = n?(F)
doesn’t give the direction S changes, but does give the
rate.

Define k(7) so VS = n(7)k(7). Near a point, ro,

o)~ (S(FO) + (7= 7) - ﬁs) Je
(wS(7)/c eiwiﬁ (7= 770)”1(7-")/07

50 it is locally a plane wave with || = wn(F)/c.
Consider an integral curve, that is, a ray following Vs s
and let s be the distance along that curve. Then
di/ds = k, n(F)dF/ds = VS, so

% (mmﬂ) = iﬁs =V d—‘?

Meridional rays pass through axis (m = 0 as waves)
skew rays do not, travel helically (m # 0 modes).

Gd’r 1d
n'—s = -—
dz?  2dx
Looks like ma = —dV/dz with potential —1n?(z) and
time z, so as for Newton, multiply by “velocity” dz/dz, to
get

1yd (de\® 1d , ., (dz\> 5 =
o <d2> =35" () =n = =n*(z)—n".
——

=0 at Tmax

n’ ()

The distance travelled along z in getting from the axis to
T is - - d
T 1y : -
z(x):/ —dac:ﬁ,/ —_—
o dz Jo \/n2(z) —n?

and the distance from one axis crossing to the next is

rmax d‘ r
7 =290 / T
0

/n2(z) —n?

We will not cover single-mode fibers, or normal modes in
fibers. So we are skipping section 8.11.

Now we will discuss sources of electromagnetic fields in
conducting waveguides.

Next time, we will begin discussing sources more
generally, We will first cover spherical waves of Jackson
89.6, and then come back to the beginning of chapter 9.
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We will treat only meridional, effectively in zz plane, with
x a radial direction and z along the fiber. We assume
n(r) = n(z) independent of z.

Take z and z components of

d dr -
(1): T <n(f’)E) = Vn(F)
dn(z) _dn(7)
dv ' C dz
So n(x) cos§ = constant. With 0(0) < fmax ray reaches a
maximum radius max with 7 := n(0) cos 0(0) = n(xmax)-

=0.

dis (n(x)sinf) = d%’ (n(x) cosh)

dz n d nod
E:cos@:m7 Z:ma
so the 2 component of (1) gives
dn n o d n dx n d (_dx
& s (Ot i)~ (Vi)
2.
S0 ﬁz% = (z)dz(f) = %%nz(:r)

The optical distance [ n(z)ds between axis crossings is

ds dz

Tmax
L = 2 x)——d:
opt /0 ”(T)dz dz r

emax n(x) n
= 2 —
/0 n(z) - a2 T
Tmax 2
— 9 / S CO N
0 n?(z) — n?

Over a long distance L, many axis crossings (L/Z), total

phase change is proportional to L OZpt. It is ideal if OTpt
is independent of 71, for otherwise different rays will
destructively interfere.

You will find the ideal in problem 8.14.

Signals will also degrade with distance if there is
dispersion over the bandwidth of the signal. There is also
some absorption in real dielectrics. These two issues for
silica favor using A ~ 1.4um.

Sources of Waves in Wave Guides

We discussed waves propagation without sources in
waveguides. Now consider a given distribution of charges
and currents in a localized region of the waveguide. We
assume the charge motion is otherwise determined,
ignoring back reaction of the fields on the charges.

Then Maxwell’s equations are still linear (inhomogeneous)
in the fields, with boundary conditions still
time-independent, so fourier transform in time will give
frequency components independently in terms of
frequency components of the source distribution.

Away from the sources, waves as before, with the general
fields superpositions of normal modes with z dependence

given by
k=4\/w?/c? =~}
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k=4\/w?/c2 =~}

We need to consider not only right-moving (k real, > 0)
and left-moving (k real, k < 0) modes, but also the
damped modes, w < ¢yy, with k& imaginary. Far from the
sources, only the real k& modes will matter, but we need
all modes for a complete set of states.

Expand our fields in normal modes, indexed by A, which
includes a type (TE or TM or TEM) as well as indices
(“quantum numbers”) defining the mode. Each mode A
has two k values,

a “positive” one, k > 0 real, or k imaginary, Im k& > 0, and
a “negative” one, k < 0 real, or k imaginary, Im k < 0.
For each A let k) be the “positive” value (i.e. positive real
or imaginary with positive imaginary part.)

The normal modes are determined by solutions of the
Helmholtz equation (V7 +73) ¢ = 0, with [ = 0 for
TM modes or Neumann conditions on I' for the TE
modes. With two more indices, A} give a complete set of
functions on the cross section with 9|, = 0, and AT give

a complete set of functions on the cross section with

o 0.

Note that if ¥y and 1), are solutions to (Vf + ’y?) P =0
with 7 = )\ and v = 7, respectively,

= N\ (s _ = - B 2
[ (@) (Fwn) = [ [T (1a¥) = a920]
B oYy, ' 9
= [ [ wvi,
= 0+1% / Uy
A
where the vanishing of the [, holds if )y satisfies

Dirichlet boundary conditions x| = 0 or ¢, satisfies
Neumann conditions 9v,,/dn|, = 0.

It is convenient to chose the basis functions so that the
transverse electric field (at z = 0) is real and normalized.
For TM modes, E = i (kx/73) Vb, E, =1, so we chose 1
to be imaginary for k) real and real for k) imaginary, with

/ Uty = m

Then

[ BB = B [ (Fn) - (Sn)
Kk,

= '73\7;21, (7% Awk"pu)

kk,

Vi
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For the positive mode part of the fields, we have

Ef(z,y.2)

H)J\r('Lv Y, Z)

[EA(z, y) + ZE. A (x, y)] ez

[Ais ) + 2Hr ()| €2

where EA(x, y) and H A(z,y) are purely transverse, and are
determined by E, and H, as in lecture 6 (Jackson 8.26).

The negative modes are found by z <+ —z, which involves
a parity transformation, under which £, changes sign but
the transverse part doesn’t. But the magnetic field is a
pseudovector, so under parity it behaveq the opposite way,
and H, doesn’t change sign but H (z,y) does. Thus

ﬂ;(a:m ,2) = [EX(J:,];) - éEZ,\(z,y)] e~z

Hi(@y,2) = [~Hr@y)+Ha@y)] e ™

Reversing p < A, we see that if both satisfy the same

condition,
7;21 / 7/})\1/) iz
A

() - (Fewn) =33 [ v =

so if v\ # Y, fA arpy, = 0. If there are several solutions
with the same v, with 42 real, we may choose them all to
be real (or have the same phase), in which case [, a1, is
a real symmetric matrix which can be diagonalized, so we
may choose basis functions 1) to be orthonormal under
integration over A.

For TE modes, Ay = i (kx/73) Vita = 32 x E, where
Zy = Zok/kx, k :=w/c. Here we choose 1) imaginary (as
kaZ) is real) with

/1/),\1%7/ Hz)\qu kgzzéhu

Then for two TE modes
5= kxk,Z7\Z, = =
/A ByB = -2 [ (Vi) (o)
5 [t o)
= P — [ AViY
73\’7,3 r Aan A AvEn

kaky, ( 2/
= G 0+ v, ¢AI/} L
7372 AMaT

kak, —3
N 7{’67% =
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Fmally7 suppose Ais a TM mode with
E>\ =1 (k)\/y/\) Vﬂ/))\, and p is a TE mode, with

Eu = - ( ” u/%) Zx Vu/)u. Then
s = Rk, - -
/A E\-E, = 7’&7’% /A(Vﬂh) (Z X VH/’#)
_ kkk/tzu 3. = S
= 'y/\fyu /A(vt’l/))\> X (V{Lﬁ#)
The integral

[/ (S« () = [ %o (1n5)

/F o (Vet) - de =0

by Stokes theorem and the fact that 1) vanishes on the
boundary.

For a rectangular wave guide

If the cross section is (0 < z < a) x (0 <y < b), the
equation separates in = and y, modes are labelled by
integers m and n, the number of half wavelengths in each
direction, and

TM waves: Pls =0
Eopn = ¥ = %sin (?) sm( b ) ,

Expansion of Free Waves

Except where there are sources, the fields are an
expansion in terms of normal modes, divided into positive
and negative components:

E=E*+E-, H=H"+0",

with

=Y AFE, =Y aEAE,
A A

Coefficients Af are uniquely determined by transverse E
and H along any cross section. For example, at z = 0 E
has expansion coefficients Aj{ + A, while H has
coefficients AI — AY. From the orthonormality properties
we find

1[4 = -
Af:§/AE-E,\iZ§H-H,\.
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Thus we have shown (or chosen) that the transverse
electric fields for the normal modes satisfy

/ E\-E, =6,
A

for all the modes, TE and TM.

As we have shown / E\- E";i = Oy, and as
A

Hy = Z;lé x Ey, we have /AH)\ H,‘ = ZZ
calculating the time average power flow

(P) =4 [, (E x H)

/A(Exxﬁﬂ) .2:2%@#

Oxu> and in

- Z to the right, we can use

TE waves: anl.=0
S
—2iYmn mnT nry
H = ¢p=——"=cos (—) cos (—) ,
zmn A \/@ P b
—2mn mnT nmy
Frne = e () (),
o ’Ymnb\/i b
2mm mnx nmwy
E = ——————sin (—) cos (—) R
vy 'Ymna\/% a b
where

2 2
2 2 m n
Tinn =T (ﬁ*ﬁ)-

The overall constants are determined from the

normalization | A B2+ E; =1, except that for TE modes,

we need an extra factor of 1/ V2 for each n or m which is
zero, as [ cos?(mrz/a) = a(l + 6mo)/2.

Localized Sources
Now consider a source .J (F)e~ ™!

confined to some region z €

[z, z4]. Consider cross sections

S_ and S, with all sources be- s — S

tween them.

so at Sy there is no amplitude for any mode with

negative k or with —i|k[, which would represent

left-moving waves or exponential blow up (as z — +00).

The reverse is true at S_, so

E= ZA/\,E/\,,

E= ZAA’ o

A=Y ALA;  ats.

H=Y A H;, at$_
v
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In between, we have the full Maxwell equations (with
sources),

Physics 504,
Spring 2010
Electricity
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R B _, - o o £ o o Magnetism
VxE = —%—t —iwpoH, VxH= J+eo%t = JoiweoB, o

Shapiro

while the normal modes obey Maxwell equations without
sources:

vV x ﬁj\t = 7iw6()Ef, V x Ef = iwuoﬁf
If we apply the identity
ﬁ‘([fxé):(ﬁxff)~§—§-<ﬁx§),weﬁnd

- (Ex A - B < )

- (”XE).ﬁf—E‘(ﬁxﬁ}) Loesin

~(VxEf) -+ Ef- (V)
=iwu0ﬁ~ﬁf+iweoﬁ~ﬁf —iwugﬁf~ﬁ

- - - - P
+Bf - (T-iweal) = T E
Physics 504,
" N _ . _ Spring'Z?IO
S [ (B xdip - B i)
I Sy z Magnetism
n 1 = . 1 = - i(kathy)z Shapiro
=ZA)\, 7E)\, ~EA—7E)\~E)‘/ €
A, A \Zx A%

1 1 )
=S Ahsa (7 _ 7) giltba i) _ .
2 Moz g
On the other hand, the contribution from S_ is
ZA}/ —<E;Xﬁ;—ﬁj><ﬁ;).5
v s
= ZA;\’ / _(EA’ X ﬁA + EA X ﬁAI> . 3 eHka—ky)z Localizd
IV Js_
2 2
=—Y A, 6w =—A]
; N7, O 7

_ Z - o
SO sz——/VJ~E/\+.

If we integrate this over the volume between S_ and S,
using Gauss’ theorem and the boundary condition that
Ej =0 at the conductor’s surface,

_/S(Exﬁ;_ﬁfxﬁ).ﬁ;/vfﬁf,

where S consists of S} with 7 = 2, and S_ with 7 = —2.

Let’s take the upper sign. The contribution from S is
can be reduced to an integral over A at z = 0:

ZA;/S (B = Ay — Bf < 7).
N +

= ZA;(,/ (EAr X ﬁ)\ — EA X ﬁ)\/) tlathy)z
v St z

= ZA; A(EX X (Z;l?:‘ X EA>
N

_Ey\ x (Z;,lz x EA)) pilkathy)z

z

The same argument for the lower sign, as spelled out in
the book, gives the equation with the superscript signs
reversed, so both are

Z I

+ A

A =—?/J‘EI.
4

In addition to sources due to currents, we may have
contributions due to obstacles or holes in the conducting
boundaries. These can be treated as additional surface
terms in Gauss’ law (by excluding obstacles from the
region of integration V'), but this requires knowing the
full fields at the surface of the obstacles or the missing
parts of the waveguide conductor. This is treated in
§9.5B, but we won’t discuss it here.

So finally we are at the end of Chapter 8.
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