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Shapiro
We have seen that in field theory the Lagrangian is an ?

integral of the Lagrangian density Canonical
L(9i,09/0a" %)

Tmunu
and the equations of motion come from the functional
derivatives of L with respect to the local values of the
fields, but because the Lagrangian density is local, these
L

and
i(27) (0pi(z7))
functions of z#. The Euler-Lagrange equations involved
not a total momentum but a momentum density. For a

scalar field ¢; this would be

are given by 7 , which are

oL

L
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The Stress (Energy-Momentum) Tensor

Discrete mechanics: H =3, Pi¢i — L, ¢; — P

Shapiro
Field theory: Hamiltonian density ’
- L 00
H(Z) := ZP ¢z z) — ):;8(8@/81’0)@7
The Stress
ﬁé‘;ﬁ.wm)

Time has been picked out. More generally, let
oL 0p;
TH, = — —obL.
v ZZ: 9(0¢;/0xH) Oxv

This object goes by the names energy-momentum
tensor or stress-energy tensor or canonical stress
tensor, and we see the hamiltonian density is the 00
component of this tensor.
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If 7% is the energy density, is 7% the density of Shapiro
momentum?

T = LR = B0 = o (Bx B+ (B.9) 4) .

1
Poynting tells us the first term is the correct expression.
The second term is unwanted, and also not gauge

invariant.

But we haven’t included charges in the momentum, and if
no charges, V-E= 0, (E . 6) A=V (ALE) —AV-Eis
a total derivative, and won’t affect the total momentum.

Stress-Energy
for E&M

So we do have the good property [ d3zT% = PH, the

total momentum. But we don’t have the right density.

For electromagnetism we have not a scalar but four fields
A", so we have four 4-vector fields

oL
P OAX(Z, 1)\

Oxt
Last time we saw that the lagrangian density for the
electromagnetic fields is

Pt =

1
L= —FF Y Fuw — EJ#A“7
so the canonical momentum densities are
P = 705 = 7LF“

o T 90A(7, 1)) | am @

because, as we saw last time, only the F? term depends
on QA% /dxH.

T" for electromagnetism
For electromagnetism, ¢; is replaced by A*,
oL oA
™, = ———— — ML,
Y 9(0AN Oxt) D vL
The first factor in the first term is

L = _ipﬂ
O(0AN OzH) 4o N

so our first (tentative) expression for the energy
momentum tensor is

1 AN 1
oo = g (P~ P Fos)

This expression has good and bad properties!

We have seen 7% is the Hamiltonian density.

Conservation of Momentum

If £ has no explicit dependence on z#, we can show
8MT”,, =0, where 0, is the stream derivative. For

8MT#V_Z<8H6(6 ¢)> I/¢l Za u¢)a ar/(/)z

The derivative in the last term is given by the chain rule

oL
772(‘) I/¢Z Za( 80}1¢1
SO

oL oL
0= (g 32.) 0

and the parenthesis vanishes by the equations of motion.
Thus we have
91", = 0. 0

This is a good thing.
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Non-symmetry is a bad thing
Note: this TH” # TV*. This is a problem. We expect the
angular momentum density to be given by eijkx]-TOk, but
that requires T"” to be symmetric.
So our T" is good at giving the total momentum and
being conserved, but bad in not being symmetric or
gauge-invariant. Need modification keeping good
properties but changing bad ones.
If we have a tensor ¢P*” = —pP¥ (antisymmetric in first
two indices) and we add 0,¥"* to TH,

A(0,T™) = 00" =0,

so the new TH" is also conserved. Furthermore,
/ dP e AT = / B rd ™ = / dPady" = / np?% =0
s

for surface S — oco. So adding 9,9”* keeps all the good
properties.

Ambiguities in £

1
— R y
167 s

1
in the action, —— / d4xJu(:rp)A“($") is not, so £ is not a
c

is gauge invariant, but the interaction term

unique function of the physical state (E and B and JH).
Is there an ambiguity in the action under a gauge
transformation A4, — A, = A, + J,A? This adds a piece
to the action AA = —(1/c) [ d*aJ"0,A. But

/ d*zJ A = / n, JHA — / d*zA 0, ",
S N~~~
%/_/ 0

— 0
S—

so this will not affect the action.

More generally, adding a total divergence to the
lagrangian density in a field theory, like adding a total
time derivative in a particle theory, does not affect the
equations of motion, and is irrelevant to the physics.

P! is not conserved

Thus the total 4-momentum of the electromagnetic field
v 1 3 Ov ¢ =
PEM:E d°zO™ (),
is not conserved, but rather

Py, 1d

dt cdt
_ ! / PP (@)F,(T) - / Pr0,6"
P c P

% / B I?(@)F," (7).

Bz 0% (z) = / a3z 0,0 (%)

as the second term is the integral of a divergence.
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Improving 7"

So consider PHV

1 1 Shapiro
—0, (AVFIP) = — (0,A") FI**

=00 (AP = - (0,4°)

because 0,F" = 0 in the absence of a source J#. But this

is just what we need to add to T*" to make

1 1 1
oM — Tuu_,'_EF,uﬁapAv — _? (FM?FVp _ ZnuuFaﬁFa6> . StressEneray
This expression has all the good properties and is also
gauge invariant and symmetric. Furthermore,

1
41

1
i

_ u [P
Qv = FYF, = —FEjekBr = o B x B

the correct momentum density or energy flux, as given by
Poynting.
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The energy-momentum tensor of the electromagnetic field Blectrivity
is Magnetism
o 1 1p v 1 v o Shapiro
(_‘)EM:7E F prin F¥Fas ),

and is conserved (8,04 = 0 if there are no sources.
What if there are?

1
47D, QM Ay <FW’F,," + Z"WFaﬂF“*3>
1
= (9, F*)F,” + F'Q,F," + 5lwwa"E,ﬁ

MY with

currents

4w v 1 af v v
= ZJRY+3F (0aF," = 0sF," + 0" Fug)

4 1
= %J"Fp" + 5PN (@aFp + 95Fpa + pFas)

=0 as dF=ddA=0

ar
= ?J”Fp" # 0.

Not conserved!
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Electricity
Consider a charged particle of mass m;, charge ¢; at point Mogstism
Z;(t). Its mechanical 4-momentum changes by
. Shapiro

Ph _1IFG 1 aipy oy
= = FY (Z,)U!.
dt v dr vc P '
This particle corresponds to a 4-current

T = (ep,J) = (cqit® (& — ), qiuid® (& — &)

a UL (T - 7).

ith
currents

Plugging this into our expression for the change in the
momentum of the electromagnetic field, we have

dPY, qi 3 v —1 3= = 9 v =
R ?/d RE, (@0 UL ) = — L (E)UY,

and the total momentum, Pk, + P(‘;) is conserved.



Equations of Motion for A"
Euler-Lagrange tell us

Op F7H = 0,07 At — 0H0,A° = 4—TrJ“.
c
If we knew 9,A% = 0 (the Lorenz condition), we could

discard second term, and have

0,07 AF = 4—7TJ“7
c
which has solutions given by
1) a particular solution, given in terms of the Green’s
function on J, and
2) an arbitrary solution of the homogeneous wave
equation 0,07 A* = 0. The homogeneous solution is

Z (ALL ezk T—iwy + Au 1I€4i'+iwk~t> )
P )
k

where w = c|k|, where

Solving the inhomogeneous equation
But we are free to impose the Lorenz condition. Let’s do
S0.

Now we turn to the inhomogeneous equation
OA* = 950" A = %J*‘,
with the solution
Al (z) = 47” /d%’D(x,x’)J“(z’),

where D(z,2') is a Green’s function for D’Alembert’s
equation

O.D(z,2") = 6%z — o).
We are interested in solving this in all of spacetime. No
boundaries, translation invariance, so

D(z,2') = D(z — 2’) = D(z). Solve by Fourier transform:

write D(z) = / d4k“f)(k“)e—ikuz“_

1
(2m)*

Disambiguate with Contour choice

Clarify ambiguity by specifying how to avoid the
singularities and writing

3 i 7lkoz
D(z) = d’ke" Z/dk
)="Gr )4/ k2 — k2

Specifying contour

I'"s avoidance of the Ko
poles at kg = +|k|.
Three such con- F———=—7________ — s
tours are shown.
Integrand analytic The retarded (r), advanced
except at poles so (a), and Feynman (F') con-
the contours may tours for defining the Green’s
be deformed while function.

avoiding the poles.
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But we assumed the Lorenz condition, which constrains Physics 504,

N . T T Spri 2010
the coefficients u)A%ir Fk-Ap, =0. These are the Eloctricity
H . . and
solutions for an electromagnetic wave in empty space. Magnetism
Shapiro

Without imposing the Lorenz condition,
0,07 At — 019, A7 =0

which is inadequate to determine the evolution of A*(Z,t)
in time. Fourier transform:

kok? AM (k") — K"k, A% (k") = 0, which is not four
independent equations, because dotting with k, gives
kokTky AP (KY) — Kk ko A7 (KY) = (K — k) k,AP (k") = 0

Equations of
Motion for
AR

telling us nothing about A?(k*). Euler-Lagrange only
determine the components transverse to k.

This is gauge invariance again. No physics constrains the
gauge transformation A(Z,¢) in the future, so A* is
underdetermined.
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As 04 (zH) = (2# [ d*le= 1" we have k2D (k*) = —1, so Blechisiy
the solution for the Green’s function is Magnetism
Shapiro
~ 1 1 g, €
D(k") = 2 and D(z!) = D /d kT
As 0%(zH) = ﬁ [ d*ke=%#*" | the solution for the
Green’s function is
~ 1 1 1 efzk“zf
D(k") = 2 and D(z!) = @t /d kikz .
Looks like what we did for Poisson, but here k% = 0 is
more difficult, as it requires only k% = k2, not k = 0.
For Poisson, trouble from k& = 0 gives ambiguity of reson for

wave equation

v=Vo+7- é, a uniform E and ambiguous constant in .
For wave equation: arbitrary waves satisfying free wave
equation.

Deform the integration path to resolve the singularities.
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Consider D for contour r. If source at 2’ = 0, and we look Plectricity
for A later, z° > 0. Close contour in lower half plane, Magnetiom
where ’e’ik"zo = ¢~ Mmkol2* \kT) 0, so this semicircle Shapiro
adds nothing. So D = —2mi times the sum of the
residues. minus because clockwise. The residues are
e*ikozo 71koz
Res ——————5— _
ko=IE| (ko + |k[) (ko — Ik\) kaf—\k\ (ko + |K[) (ko — |K])
emilkIY Gilkl= ,sin(\k|zo)
= = - =—i - .
2kl —2[k| ||
But if 20 < 0 close in upper half plane, no residues,
D =0, so all together
G "
) zsin ‘k‘ ) e Suition

D,(z) = Hl
D is rotationally invariant, so we may choose the North
pole along Z using spherical coordinates.




We get
(%) %2 : kR cos Si(K2°)
Dr _ R i cos
(2) (2%)2/0 k= dk dfsinfe 3
_ 9GY) [ dn (s
= 271'2R/0 dksin(kR) sin(kz"),

where R = |Z].

This is the retarded Green’s function aka causal, as the
effects on A* of the source are felt only after the source
acts.

The contour a gives the advanced Green’s function useful
only if you want to configure an incoming field which
would magically be totally dissolved by a given source.

Finally the contour F' gives the Feynman propagator,
which is used in quantum field theory.

Full solution for A

So how do we describe the field when we know what the
sources are throughout space-time? We can use any of the
Green’s functions to get the inhomogeneous contribution,
and then allow for an arbitrary solution of the
homogeneous equation. Thus we can write

1 4 41 NETTT
Ar = Afn(x)jt?/dzDr(:rf:r)J’(x)

N 4 :
At (@) + o / dz' Dy(x — 2')J"(2).

If the sources are confined to some finite region of
space-time, there will be no contribution from D, at times
earlier than the first source, and A/:n(’l“) describes the
fields before that time. Also after the last time that the

. . . . . u
S(l)urce influences things, the field will be given by AL . ()
alone.

Better expression for J# from charges

The expression we wrote earlier for the current density of
a point charge,

I = qn UL (F - )

can be written in this four-dimensional language as

P = g / dt6(t — 2° /o)y UL (E — F(1))
= qic/d7'54(:r“ — 2l (r)U?,

where 7 measures proper time along the path of the
particle.
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Simplifying D
We may simplify D, by noting

sin(kR) sin(k=") — % [cos(k(R — 2°)) — cos(k(R + z0))]
_ l[ei(zU—R)k _ it Rk | gilzo—R)(~F)
1

_;,_ei(Zo*R)(*k)}

0 oo . .
so Dp(z) = (;E;R) dk [el(z"*R)k — el(za+R)k]
_ 9"
= 4B [6(z0 — R) — (20 + R)]
_ oY
= 4R S0 - R)

where the second ¢ was dropped because both 20 and R
are positive. So the Green’s function only contributes
when the source and effect are separated by a lightlike
path, with Az0 = |AZ].

Radiation Field.

Of course the source may be persistent, for example if
there is a net charge, but we may often consider that the
effect of the source is confined to the change from Afn(z)

to A% (x). Then we define the radiation field to be

4T
Aﬁa(l(x) = Agut(z) - Ailn(x) . /d4ac'D(1: —a)J*(a"),

where D(z) := D,(z) — Dq(z).
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