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We have seen that in field theory the Lagrangian is an
integral of the Lagrangian density Canonical

Momentum,
Tmunu

L(pi, 0 )0x” , z°)

and the equations of motion come from the functional
derivatives of L with respect to the local values of the
fields, but because the Lagrangian density is local, these

are given by 3 jﬁ and , which are

(zv) = 0(9pi(x”))

functions of z#. The Euler-Lagrange equations involved
not a total momentum but a momentum density. For a
scalar field ¢; this would be

oL
Pl (zP) = .
5 (@) 0u®; | 1o



For electromagnetism we have not a scalar but four fields
A, so we have four 4-vector fields

o
wo._
Fo (AN
oxH

Last time we saw that the lagrangian density for the
electromagnetic fields is

1

L= 167

1
FH =~ Ju A,

so the canonical momentum densities are

oL 1
PH .= =——F*
“ 0(0A>(Z,t)/0xzH) A= @

because, as we saw last time, only the £ term depends

on 0A%/0x*.
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The Stress (Energy-Momentum) Tensor

Discrete mechanics: H =), P;g; — L, ¢; — P
Field theory: Hamiltonian density

oL 0¢;
Pi(3)i(7) - oL B
Z Hei(T) ~ L(7) Z 8(9¢; /020) D
Time has been picked out. More generally, let

oL 0o
Ko — E _SH
o — 0(0¢;/dxt) ¥ oL

This object goes by the names energy-momentum
tensor or stress-energy tensor or canonical stress
tensor, and we see the hamiltonian density is the 00
component of this tensor.
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For electromagnetism, ¢; is replaced by A*,

TIUJ B 8£ 814)\ B 5uL Shapiro
Y O0(0AN 0k Oxv VT

The first factor in the first term is
oL 1

=  — ____F#
D(0A* | OzH) 4= N
for e Y

so our first (tentative) expression for the energy
momentum tensor is

1( 0A 1

Ty = in Fm\@ - 477WFaﬁFaﬁ> .

This expression has good and bad properties!

We have seen T% is the Hamiltonian density.



[T = pi

If T is the energy density, is 7% the density of

momentum?

i_ L
47

T° !
vIe 7

Poynting tells us the first term is the correct expression.
The second term is unwanted, and also not gauge
invariant.

But we haven’t included charges in the momentum, and if
no charges, V- -E= 0, (E . ﬁ) A, =V- (A,E) — A,V Eis
a total derivative, and won’t affect the total momentum.

So we do have the good property [ d3zT" = P*, the

total momentum. But we don’t have the right density.

Fondid = B0y = (Ex B+ (B-¥) 4) .
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Conservation of Momentum Physics 504,
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If £ has no explicit dependence on z#, we can show Blectrisity
9, T", = 0, where 9, is the stream derivative. For Magnetism
Shapiro
aMTuyzz< 5 > Dyi-+ Za SLEETS
i
The derivative in the last term is given by the chain rule
—O.L = Z 3@ Z 7 M@ 300 Ot g Bperey

SO
oL oL
0% =Y (g ~ 54 )

and the parenthesis vanishes by the equations of motion.
Thus we have

9, T", = 0. (1)

This is a good thing.



Non-symmetry is a bad thing
Note: this TH” £ T¥#. This is a problem. We expect the
angular momentum density to be given by eijkijOk, but
that requires T"” to be symmetric.
So our T" is good at giving the total momentum and
being conserved, but bad in not being symmetric or
gauge-invariant. Need modification keeping good
properties but changing bad ones.
If we have a tensor ¢P* = —i)*P” (antisymmetric in first
two indices) and we add 9,y to TH,

A (9, T") = 0,0, =0,

so the new TH" is also conserved. Furthermore,

/ dr AT = / B d,y = / Brdp™ = / 7% 0
S

for surface S — oco. So adding 0,9"*" keeps all the good
properties.
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So consider YP* = AV FHP /4 and adding T,
1 1 Shapiro
—0, (AVFHP) = — (0,AY) F*°
because 0,F"” = 0 in the absence of a source J#. But this
is just what we need to add to TH” to make
om — vy Lpuog g — _ L (puopy _Lwpesy e
=L 0 AT = p " of | - BrEENee

This expression has all the good properties and is also
gauge invariant and symmetric. Furthermore,
1 1 1

Q% = —FYR. = —FEiBr = —
47 J o Ax 3k Dk 47r(

=,

X E)z,

the correct momentum density or energy flux, as given by
Poynting.



Ambiguities in £

1
_WFW F,,, is gauge invariant, but the interaction term
T

1
in the action, —— /d4mJu(xp)A“(:rp) is not, so £ is not a
c

unique function of the physical state (E and B and J m.
Is there an ambiguity in the action under a gauge
transformation A, — A), = A, + 9,A? This adds a piece
to the action AA = —(1/c) [ d*zJ*d,A. But

/ d*zJ oA = / ny JHA — / d*zA 0, ",
S S~~~
N’ 0

soa?
so this will not affect the action.
More generally, adding a total divergence to the
lagrangian density in a field theory, like adding a total
time derivative in a particle theory, does not affect the
equations of motion, and is irrelevant to the physics.
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and is conserved (9, 0%y = 0 if there are no sources.
What if there are?

1
4r9, 0" = 0, <FW)FpV + 4?7“”F0‘/3Fa[3>

1
= (3ﬂpup) va + F"pﬁqu” + 5FocﬁayFaB

OMY with
currents

4 1
- %J”Fp” P (0uF," — 03F," + 0" Fup)

4 1
= %J’)Fp” + SFOn"? (0aF3p + D3Fpa + 9pFap)

=0 as dF'=ddA=0

4 »
- ?Jpr 750

Not conserved!



P? is not conserved e
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Thus the total 4-momentum of the electromagnetic field Shapiro
v 1 3 Ov (=
P, =—- [ &’z (Z),
c

is not conserved, but rather

dPgM _ 1d 3 Ov /= _/ 3 Ov /=
i &’z O©"(Z) = | d’x 0,0 (X)
1 3 = V(=2 1 3 (22 oMY with
= C/d CCJp(I)Fp (.’E) - C/d I‘ale currents

_ ! / PrT? (), (),

Cc

as the second term is the integral of a divergence.
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Consider a charged particle of mass m;, charge ¢; at point
Z;(t). Its mechanical 4-momentum changes by

Shapiro
v
W6 LG 1 dip
dt ~; dr e PV
This particle corresponds to a 4-current
JP = (ep,J) = (cqid®(T — ), quid® (% — T7)
= g UL (@ — 7).

OHY with

currents

Plugging this into our expression for the change in the
momentum of the electromagnetic field, we have

dP‘rlj/M Qi/ 3 — 3= = 4di -
e _ G [ pBop V(@ U (F-7) = — 2 FY (3,)U°
o . d’zF, (Z)y; "UL6° (Z—7;) =~ p(ac u?,

and the total momentum, P}, + P(l;) is conserved.



Equations of Motion for A* e B

Spring 2010

Euler-Lagrange tell us Eleca:édty
Magnetism
g, o o 471' .
8UF b= 80'8 A,LL - 8/180_14 == 7:]#. Shapiro
c

If we knew 0,A% = 0 (the Lorenz condition), we could
discard second term, and have

0,07 40 = L gn,
C

which has solutions given by

1) a particular solution, given in terms of the Green’s

function on J, and

2) an arbitrary solution of the homogeneous wave el o o
equation 9,07 A* = 0. The homogeneous solution is A

Al pik-E—iwgt | gl ez‘hfﬂw,;t)
Z( k+ A ’
k

where w = ¢|k|, where w = c|k|.



But we assumed the Lorenz condition, which constrains Physicsl504)

K — — Spring 2010
the coefficients wA%i Fk- AEi = 0. These are the Tt v
: . . and
solutions for an electromagnetic wave in empty space. Magnetism
Shapiro

Without imposing the Lorenz condition,
0,0° A — 0*0,A =0,

which is inadequate to determine the evolution of A*(Z,t)
in time. Fourier transform:

kok® AM(KY) — kMky A% (KY) = 0, which is not four
independent equations, because dotting with k, gives

kok%k, AM(EY) — kP ha AT(KY) = (K2 = B2k, AP(EY) =0,  mquations of
Motion for
AW

telling us nothing about A?(k¥). Euler-Lagrange only
determine the components transverse to k.

This is gauge invariance again. No physics constrains the
gauge transformation A(Z,t) in the future, so A* is
underdetermined.



Solving the inhomogeneous equation

But we are free to impose the Lorenz condition. Let’s do
S0.

Now we turn to the inhomogeneous equation
4
A" = 950° A1 = = g»,
c

with the solution
47

Ab(z) = — /d4x/D(x7x/)J“($/),
c
where D(x,2’) is a Green’s function for D’Alembert’s
equation
O.D(z,2') = 6*(x — /).
We are interested in solving this in all of spacetime. No
boundaries, translation invariance, so

D(z,2') = D(xz — 2') = D(z). Solve by Fourier transform:

1 ~ )
write D(z) = (2 )4 /d4kuD(k,u)€zk#z#‘
™
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Fourier transformed equation
As 64 (2H) = (2# [ d*ke=*u#" | we have k2D(k*) = —1, so
the solution for the Green’s function is

—ikyzH

k2

D(k*) = f%, and D(z") = (271r)4 /d‘%e

As 54 (M) = (271r)4 [ d*ke=%*1=" the solution for the
Green’s function is

B —iky 2t
D(k) = _1?12’ and D(z") = — (27104 /d‘*kaQ.

Looks like what we did for Poisson, but here k? = 0 is

more difficult, as it requires only k:g =k 2 not k=0.

For Poisson, trouble from k=0 gives ambiguity of

Yv=Vy+7- c , & uniform E and ambiguous constant in ®.

For wave equation: arbitrary waves satisfying free wave

equation.

Deform the integration path to resolve the singularities.
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Disambiguate with Contour choice

Clarify ambiguity by specifying how to avoid the
singularities and writing

1 N~ e—ikozo
D zZ) = — /d kel z / dk E————
&)=~y Pk KPR

Specifying contour

I’s avoidance of the k,
poles at ko = £|k]. - EhREORE P EEE PR PR PP
Three such con- F——o——7 _—
tours are shown.
Integrand analytic The retarded (r), advanced
except at poles so (a), and Feynman (F) con-
the contours may tours for defining the Green’s
be deformed while function.

avoiding the poles.
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Retarded Green’s function

Consider D for contour r. If source at 2’ = 0, and we look
for A later, 20 > 0. Close contour in lower half plane,

—ik‘ozo — e—‘Im k0|z0

— 0, so this semicircle
|ke| =00

adds nothing. So D = —27i times the sum of the
residues. minus because clockwise. The residues are

where ‘ e

efikozo efikozo
Res — s— + Res_ — 5
ko=I| (ko + [Kk[)(ko — [k[)  ko=—IFl (ko + [K[)(ko — [KI)
B 6—i|E|z0 ez’|E|z° B _isin(|g|20)
2|k| —2[k| k|

But if 20 < 0 close in upper half plane, no residues,
D =0, so all together

o2 zsin(|k|z
Dy(z) = (2(@3/&”/{61 (H)

D is rotationally invariant, so we may choose the North
pole along Z' using spherical coordinates,
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0 o0
- (;)Sﬁz /O dk sin(kR) sin(kz°),

where R = |Z].

This is the retarded Green’s function aka causal, as the
effects on A* of the source are felt only after the source
acts.

The contour a gives the advanced Green’s function useful
only if you want to configure an incoming field which
would magically be totally dissolved by a given source. Green’s

function for
wave equation

Finally the contour F' gives the Feynman propagator,
which is used in quantum field theory.



Simplifying D
We may simplify D, by noting

sin(kR) sin(kz")

so D,(z) =

= 5 [cos(k(R — 2%)) — cos(k(R + z0))]

=N

+ei<z0—R)(—k)}

2(52 /OO dk [ei(zo—R)k _ ei(zo—&-R)k}
0 —

e 0

45;) [8(20 — R) — 8(z0 + R)]

0(z%)

4T R 220 — R),

where the second § was dropped because both 2% and R
are positive. So the Green’s function only contributes
when the source and effect are separated by a lightlike
path, with Az0 = |AZ].

[ei(zo—R)k _ ¢ilz0+ Rk | iz0—R)(~F)
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Full solution for A*

So how do we describe the field when we know what the
sources are throughout space-time? We can use any of the
Green’s functions to get the inhomogeneous contribution,
and then allow for an arbitrary solution of the
homogeneous equation. Thus we can write

A = Al (2)+ am / 42/ Dy (z — o) J* (2
4
= AL (z )+:/d4:ﬂ'Da(3:—x')J“(m’).

If the sources are confined to some finite region of
space-time, there will be no contribution from D, at times
earlier than the first source, and A (z) describes the
fields before that time. Also after the last time that the
source influences things, the field will be given by Aout< x)
alone.
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Of course the source may be persistent, for example if
there is a net charge, but we may often consider that the
effect of the source is confined to the change from Afn(ac)
to AL . (x). Then we define the radiation field to be

Agad( ):Agut( ) — A#( ) = 4:/d4$/D( ') JH(x"),

where D(z) := D,(z) — Dgy(2).

Green’s
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wave equation



Better expression for J" from charges el
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The expression we wrote earlier for the current density of Sheps
a point charge,
JP = gy UPS(E — 7;)
can be written in this four-dimensional language as
) = g / dt3(t — 2 Jo)y PSS (E — (1))
= qic/d7'54($“ — i (7))U?,
where 7 measures proper time along the path of the oo for

wave equation

particle.
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