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Algebra of Lorentz Generators

Shapiro
Last time, proper isochronous Lorentz transformations
are exponentials of infinitesimal generators,
o
w N L\ M
A* = lim ((5 + —L) = (ew ) Generators,
v N_>OO . N . . v ) Algebra

with L, = —L,,, real. These are linear combinations of

6 basis matrices, L,g, L, = Z P (Lap)",, where ¢ is
af
antisymmetric, ¢®® = —¢8, and!
(Lap)"” = 0805 — 6507

Note up-down motion of indices, and that each L,z is a
4 x 4 matrix, not the a8 matrix element of one.

'The L of Jackson 11.90 is L*, = (L,%)" .

v
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Loj generates a Lorentz boost, L;; generates a rotation. et
nd
Deﬁne Maganetism
NG ]. E\’ Shapiro
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The generators S; are ¢ times the angular momentum
operators with a familiar (from QM) commutator algebra,
[Si, Sj] = €ijxSk. More generally? Arzenia"™

Algebra

Los Lol = <{(65nﬁpézncy<a<>ﬁ>)«y«»cd}

@y 5o Q)

= gy (La)", = mpc (Lan)",
—Nay (Lse)", + Na¢ (Lgy)", -

2Lines of algebra skipped — see lecture notes.
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Note: 1) commutator of two generators is a linear
superposition of generators.
This closure is one requirement for a Lie Algebra.
Symmetry transformations leaving the invariant length
unchanged must form a group, continuous ones make a
Lie Group, with generators forming a Lie Algebra. Alachra ™™
2) Commutator of a rotation L;; = €S, with a Lorentz
boost Loy = —Kp:

1

1
(S, Ky] = — 5 ik [Lij, Loe) = S€ijk {neLio — nielijo}

= e K,

Shapiro

so the boosts transform like a 3-vector under rotations.
Finally

[K,‘,Kj] = [Eo,‘,ﬁoj] = —ﬁij = _Giijka

so the commutator of two Lorentz boosts is a rotation!
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In three dimensions we have the gradient operator V. In
four dimensions we use a different notation,
0
me ax#' Generators,
Algebra
Why covariant? Chain rule:
Py 0 or¥ 0 'z
N T T LN T Y

where I have used A,” = 90x”/dx'# derived last time. And
that is the way a covariant vector is supposed to
transform.



Application to Electromagnetism
We have discussed scalars, invariant under Lorentz
transformations, including rotations, and
4-vectors, a combination of a 3-vector and a scalar, and
could also have
tensors, with several co- or contra-variant indices.?
We saw the energy and momentum are combined into
4-vector p® = (E/c, p), but what about the 3-vectors E
and B?
From the Lorentz force law* for a particle of charge g,

F:‘g:q(EJrsz)

while the rate of change of the kinetic energy of the
particle is the power provided by the electric field,

dE E—
— =qF 7.
dt
3We will not discuss spinors here.
4Jackson has switched to Gaussian units. See lecture notes, or

appendix of Jackson.
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For a nicely transforming law we should shift to d/dr, I

using proper time, and the 4-velocity U® = (¢, y0): s 20
and
dpa dt dpo‘ UO R R 17 R Magnetism
—_— — _—— = g— E{?E *XB apiro
dr dr dt T S Tz
= g(Eﬁ,UOEJrﬁxé).
c

E and B cannot transform independently — particle at

rest ignores B , one in motion does not. The L.h.s. of this Blectromegaeti
equation is a contravariant 4-vector depending linearly on

the 4-vector UP, but not proportional to it. So the

coefficient must be a tensor, F'%,, with

dp” ¢ 3
— = F° .
dr c ’BU

Matching terms we see

FOO — 07 Foi = Ez on = Ei, FZ] = €UkBk



Field Strength Tensor

If we raise the second index or lower the first, we get

0
0 —-E, —E, —E 0
x 1 z — F FZ
pes_ |E: O —B. B,
E, B, 0 -B. |’ = Lo = —Fo.
E, _By B, 0 sz = EijkBk:>
]_ .
0O E, E, E, B = ek,
g _|-B 0 -B. B, 2
“=|_-E, B. 0 -B, B P
= €ijk
-E. -B, B, 0
= €zij

Note that F', which is called the field-strength tensor, is
antisymmetric: F# = —FVH,
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Forms? consider F := %Fagda:adxﬁ . Then dF is a 3-form
associated with the vector

1
Eeaﬁ“f{aﬂp%

where €*7¢ ig the totally antisymmetric Levi-Civita
symbol for which® €"12 = 1. The zeroth component of 12
times this is

—

GOMCGQF% = eijkaiij = eijkai(—l)ejkng =_2V. B,

which vanishes according to one of Maxwell’s laws.

°In flat space. In general relativity €?'3® = 1/4/] det(g,z)]-
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The ¢’th spatial component is
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P = €09FG Fyy, + 267708, Frg
1 0By
= —EEi]’k <_5jkéat> - 25ijkaj(_Ek)
5 _ 2 0B;
= 2 (V X E)Z + EW’ Field Strength

Tensor

which also vanishes, by another of Maxwell’s laws. Thus

dF =0 or )
ieaﬁ% 9pF,c =0 (1)

constitute the sourceless half of Maxwell theory.



Dual Field Strength

This encourages us to also consider the dual field strength
tensor

0 -B, —-B, —B.
B, 0 E. -BE,
B, -E. 0 E, |’
B. E, —E, 0

1
Fol = SePp =

which is associated with the Hodge dual *F of the field
strength 2-form. Then we can write these Maxwell
equations as

8, F" = 0.

The dual field strength tensor is the result of applying the
duality of sourceless electromagnetism, £ — B and
B — —F.
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But Maxwell’s equations are not invariant under this
duality except in the absence of sources, for there are no
magnetic monopoles, at least as far as we currently know. el

Magnetism
What is the equivalent of dF or Eq. 1 with F' — F7? :

Physics 504,
Spring 2010
Electricity

Shapiro
PP = PN aﬁe%pgéFW =3 (9507 — 9597 OF*
= 605F°"
Well, the o = 0 component of 85F°‘f6 is
9, F% = V. E = —4np, T

and the spatial components are

-~ = 10E
+0;(—€ijpBr) = <—V X B+ c@t) = .

OF™

OgF" =
Y cot

7

We see that we need to combine J and p into

5 4
§& = (cp, J) and we now have 0,F" = ij.
c
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Notice this has a familiar immediate consequence: Shapiro

4
0y (0,F™) = 8,5 =0

where the vanishing comes because 9,0, is symmetric
under p < v while F'*¥ is antisymmetric. Thus we see
Field Strength

that Tensor
. dcp = - Op

the equation of continuity follows from Maxwell’s
equations.



Is p like 27

Why does the charge density p transform like the zeroth
component of a 4-vector?

Charge is invariant, so the charge in a given infinitesimal
volume, dq = pd3z should be invariant. But volume has a
Fitzgerald contraction. In fact, the four-dimensional

volume element d*z = dz'd>z is invariant, because
ox'H
d*z’ = det (;x’/) d*z = det (A*) d*z.

Taking the determinant of the condition for A" to be a
Lorentz transformation,

naﬁAauABl, = Nuv (2)

we have det n..(det A',)2 =detn. or det A = +1.
If we can rule out —1, the answer is yes.
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Proper and orthochronous?

Neglected issue: Is any matrix satisfying (2) a Lorentz
transformation? Can we have det A" = —17

If O"s reference frame was originally boosted from O’s by
firing the rocket engines, the velocity relative to O and
the Lorentz transformation should evolve continuously.
As it starts with A”, = §5 which has determinant 1, and
a matrix with continuously varying matrix elements has
its determinant varying continuously, the determinant
cannot jump to —1 and must be 1. So d*z is invariant
and p transforms the same way dz° and z° do.

Are there other constraints on A for a continuous change
in v? Taking the 00’th matrix element of (2), we have

N A" gAYy = (A%)? — (A%))? =1, so |A%| > 1. Again,
starting at 1, it cannot vary continuously to get to a
negative number.
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We will call any matrix satisfying (2) a Lorentz
transformation, but restrict our attention to those with
determinant +1 (proper Lorentz transformations) and
with A% > 1 (orthochronous Lorentz transformations).
Note the latter is the condition that time runs in the
same direction for both observers. The parity operation
I — —Z, t unchanged, is an improper orthochronous Field Strength
Lorentz transformation, while time reversal together with

parity, ¥ — —Z, is non-orthochronous but proper.

Physics, so far, is invariant under proper orthochronous

Lorentz transformations, as Einstein wanted, but not the

others (see Wu and Yang, Fitch and Cronin).

Shapiro



Vector Potential

Recall Maxwell tells us dF = 0, F is closed and should be
exact, so what 1-form A satisfies F = dA? Or, if you are
form-unfriendly, what vector A, satisfies

F,, =0,A, —0,A,. (3)
Clearly we are to suspect the 4-vector A* = (<I>, ff),
where @ is the electrostatic potential and A the usual
vector potential. Indeed the 0j component of (3) says®

104, _ 194
E]—Cat—aj®——<v®+cat> 3

J
and the ij component gives®

_eijkBk = aiAj — (9in = _Eijk (ﬁ X A’)k

-,

5 Note A, for p = jis A; = —A? = —(A);. I apologize for this
confusing notation, one reason for preferring the opposite choice of
sign for ) from the one Jackson chooses.
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The Lorenz gauge condition is

- o 194A°

0=V -A+-——=0,A"
+ c Ot K

Finally, the operator for the wave equation in empty
Spa’ce is Vector

1 82 Potential

2 .
- 0*2@ - —3#8“ --. —D
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