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Abstract

We investigate the properties of a strongly correlated electron system in the proximity of a Mott
insulating phase within the Hubbard model, using a cluster generalization of the dynamical mean
field theory. We find that Mottness is intimately connected with the existence in momentum space
of a surface of zeros of the single particle Green’s function. The opening of a Mott–Hubbard gap
at half filling and the opening of a pseudogap at finite doping are necessary elements for the existence
of this surface. At the same time, the Fermi surface may change topology or even disappear. Within
this framework, we provide a simple picture for the appearance of Fermi arcs. We identify the strong
short-range correlations as the source of these phenomena and we identify the cumulant as the nat-
ural irreducible quantity capable of describing this short-range physics. We develop a new version of
the cellular dynamical mean field theory based on cumulants that provides the tools for a unified
treatment of general lattice Hamiltonians.
� 2006 Elsevier Inc. All rights reserved.

1. Introduction

The role played by strong correlations in interacting many-particle systems was brought
into spotlight half a century ago by Sir Neville Mott [1] in the context of metal–insulator
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transitions. In the last decades, the interest in the field of strongly correlated electrons has
increased tremendously, fueled by the discovery of heavy fermion compounds, organic
conductors, and high temperature superconductors. Yet, in spite of many advances on
both the experimental and theoretical fronts, understanding the physics of these materials
continues to represent one of the most difficult open problems in condensed matter phys-
ics. The difficulties faced by the theoretical studies stem from the fact that in these systems
the inter-particle interactions are comparable or larger than the kinetic energy. Conse-
quently, it is at least questionable to proceed along the conventional paths of many-body
physics, starting from a perturbative expansion around the non-interacting limit. The sit-
uation is clearly illustrated by the parent materials of cuprate superconductors, composed
of CuO2 planes separated by spacer layers. As the number of electrons per copper site is
odd, band theory predicts that these materials are metals, but in reality they are insulators
characterized by a sizable energy gap. The source of the insulating behavior consists of
correlation effects. The essence of these effects can be captured by simple models, such
as the Hubbard model [2]. While solving such a model represents a real theoretical chal-
lenge, the solutions of these simply looking problems are crucial for understanding strong
correlations. In addition to the Mott–Hubbard gap, strong correlations are responsible for
other anomalous phenomena, such as the occurrence of a pseudogap, or the spectral
weight transfer over large energy scales. We refer to these key features that characterize
the physics of strongly correlated systems by the term Mottness. This constitutes the back-
ground for a plethora of ordered phases such as anti-ferromagnetism, charge ordering, or
superconductivity.

A significant step forward in the study of strongly correlated systems was made through
the development of dynamical mean field theory (DMFT) [3–6] (for a review see Ref. [7]).
Within DMFT, the infinite number of degrees of freedom associated with the interacting
lattice problem is separated into two sets. A small number of degrees of freedom, namely
those responsible for the local correlations, are treated explicitly, while the rest are consid-
ered as mean-fields acting on the first set. In the limit of infinite dimensions, the self-energy
of the many-body Green’s function becomes local. Based on this property, DMFT maps
the interacting lattice problem onto an Anderson impurity problem with an effective bath
that is determined self-consistently. While the mapping is exact only for d =1, single-site
DMFT represents an excellent approximation for finite dimensional systems whenever the
essential aspects of the physics of a given material are local. For example, DMFT was very
successful in providing a unified framework for understanding the physics of the finite
temperature Mott transition in materials such as V2O3, answering some of the most long-
standing open questions in strongly correlated electron systems.

Despite its great success, single-site DMFT has limitations that stem from neglecting
non-local quantum fluctuations. As a consequence, the theory cannot describe phases
characterized by non-local order parameters, such as d-wave superconductivity. Even
the existence of a normal state pseudogap in model Hamiltonians, which would corre-
spond to the phenomenon observed in underdoped cuprates, is in contrast with the DMFT
prediction of a Fermi liquid at any non-zero doping value. To address these limitations,
several cluster extensions of the single-site DMFT that incorporate short-range correla-
tions explicitly have been proposed [8–12]. The great advantage of DMFT and of its clus-
ter generalizations consists in being non-perturbative approaches that are always in the
thermodynamic limit. In addition, these approximations can be systematically improved
by increasing the size of the effective impurity problem. Using this methodology one
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can identify the minimal cluster size required to describe certain phenomena. As this min-
imal size is related to the range of relevant correlations, the method offers further insight
into the physics of the problem. Studies using small cluster sizes, Nc = 2 or Nc = 4, have
already opened new perspectives in understanding the Hubbard or the t–J models and
have unveiled many aspects that are relevant to the physics of the cuprates, such as the
Mott–Hubbard transition in two dimensions [13–16], the generation of the pseudogap
[17–19], the momentum space dependence of the spectral function [15,20,21], or the basic
elements of the phase diagram [8,12,22].

Unlike single-site DMFT, the cluster extensions are not unique. The dynamical
cluster approximation (DCA) [8], for example, is naturally defined in momentum space.
The corresponding real space cluster has periodic boundary conditions that preserve
explicitly the translational symmetries of the lattice. In contrast, the cellular dynamical
mean field theory (CDMFT) [10] represents a direct generalization of DMFT to a real
space cluster having open boundary conditions. The cluster solution violates the
translational symmetry of the lattice which is restored in a second step, after the effective
cluster problem has been solved, by properly re-constructing the lattice quantities from
their cluster counterparts. While in the limit of large clusters the solutions obtained with
the two methods are identical, finite size approximations may differ, especially for small
clusters, and special care is required in interpreting the results. Also, the difference in
boundary conditions is reflected in a different asymptotic behavior. For a large linear
cluster of size Nc DCA converges like Oð1=N 2

cÞ, while the CDMFT solution, due to
the fact that the effective bath couples only with the boundary sites, is characterized
by a surface region with a slow Oð1=NcÞ convergence and a bulk region where the
solution converges exponentially. Therefore, depending on the nature of the problem
considered, one approach or the other may be more suitable.

In the present article we address one of the key aspects underlying any cluster DMFT
approach to Mottness: does the implicit assumption that the self-energy is a short-range
quantity hold? If not, what are the implications for the cluster DMFT techniques them-
selves and for our understanding of Mottness? In a recent study [23], it was shown that
the irreducible two-point cumulant, rather than the self-energy, represents the basic irre-
ducible object that is short-range in or close to a Mott insulating phase. While this finding
does not imply a change in the DMFT equations for the Hubbard model, it has conse-
quences for a general lattice problem. More importantly, the correct procedure for re-con-
structing the lattice quantities has to take into consideration this fact, regardless of the
details of the implementation of the cluster method. This observation leads to a new
insight into the physics of high temperature superconductors. We find that the origin of
the pseudogap state is associated with the formation of lines of zeroes of the single particle
Green’s function. It is the presence of these lines that determines the opening at the Fermi
energy of a momentum dependent pseudogap. In addition, if a zero line lays in the prox-
imity of the Fermi surface, which is the line of poles of the Green’s function, the corre-
sponding quasiparticle weights vanish. This effect is responsible for the appearance of
Fermi arcs in the single particle spectral function, as detected in ARPES experiments
[26,27].

We argue that cluster generalizations of DMFT, for example the cellular dynamical
mean field theory (CDMFT), not only represent powerful computational tools for tackling
strongly correlated many-body problems, but are able to reveal some of the deep physical
aspects of Mottness. On the methodological side, we identify the ingredients necessary in
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order to incorporate in the cluster schemes the fact that the cumulant, not the self-energy,
is the natural short-range irreducible quantity that has to be used, and we formulate
explicitly a Cellular DMFT approach based on cumulants. Using this approach we find
that in the vicinity of the Mott insulating phase a system is characterized by the presence
of zeros in the zero frequency Green’s function at zero temperature. The presence of the
zero lines produces the opening at the Fermi energy of a momentum dependent pseudogap
in the single particle spectral function. In addition, if a zero line lays in the proximity of the
Fermi surface, which is the line of infinities of the Green’s function, the corresponding
quasiparticle weights vanish. This effect is responsible for the apparition of Fermi arcs
in the single particle spectral function.

The article is organized as follows: in Section 2, we provide the details of the cluster
approach. We construct a generalization of the cellular dynamical mean field theory
having cumulants as the main irreducible quantities. We emphasize the importance of
the lattice re-construction step in a cluster DMFT scheme and discuss the underlying
physics. In Section 3, we present a series of results that illustrate the behavior of the cluster
quantities for systems close to the Mott insulating phase, in particular the emergence of a
pseudogap in the single particle spectral function. Section 4 consists of two parts. In the
first part we establish that, in the presence of Mottness, the self-energy is a long range
quantity that cannot be described properly within a small cluster calculation. In contrast,
the cumulant is short range and, even within small cluster approximations, reproduces
correctly the main features of the system. The implications of this finding for the low
energy physics of a correlated metal are discussed in the second part of Section 4. Finally,
our conclusions and some open questions are presented in Section 5.

2. Cellular dynamical mean field theory: the strong coupling picture

In this Section, we outline a strong coupling approach [28] that represents the natural
framework for a generalization of DMFT. The formalism can be applied to any lattice
problem, providing the tools for a unified treatment of any non-local contribution to
the Hamiltonian. For example, the treatment of correlated hopping [29,30], and the
extended DMFT [32–36] are limiting cases of this unified approach. Within this scheme,
non-local terms such as hopping terms, spin–spin interactions, or non-local Coulomb
interactions are treated on equal footing. Most importantly, this method introduces as
basic building block the irreducible cumulant, instead of the self-energy, identifying it
as the short-range quantity necessary for the study of Mottness.

Using the notation of Ref. [28], we start with a general lattice Hamiltonian

H ¼ H 0 þ H 1; ð1Þ
containing a local term, H0, and a non-local term, H1 that can be expressed using Hubbard
operators, X ab

i , as

H 0 ¼
X

i

X
a

kaX aa
i ; ð2Þ

and

H 1 ¼
X
i6¼j

X
a;b;a0 ;b0

Eaba0b0

ij X ab
i X a0b0

j : ð3Þ
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In Eqs. (2) and (3) a, b, a 0 and b 0 represent single-site states which, taking for simplicity the
case of spin 1

2
fermions, are: |0æ (empty site), |›æ (single occupied site with spin up), |flæ (sin-

gle occupied site, spin down), and |2æ (double occupied site). The Hubbard operators X ab
i

describe transitions between these states and have a fermionic character if the occupation
numbers of the states a and b differ by one, and bosonic character otherwise. The param-
eters ka in Eq. (2) represent the single-site energies and are determined by the chemical po-
tential l, the on-site Hubbard interaction U, and the external fields. The coupling
constants Eaba0b0

ij may include contributions coming for example from hopping tij, spin–spin
interaction Jij, or non-local Coulomb interaction Vij. Within the present approach, all
these contributions are treated on equal footing, and we can regard Eaba0b0

ij as generalized
‘‘hopping’’ matrix elements. To simplify the notations, in this article we will use a single
Greek letter, for example l or m, for pairs of single site states (a,b). Also, we will use
the notations A, for a matrix with elements Alm ¼ Aaba0b0 , and Â for a tensor Alm

ij .
The main object that we want to determine is the Green’s function of the Hubbard

operators. However, the theory is expressed naturally in terms of a generalized irreducible
two-point cumulant, M. We define the Green’s function as

Glm
ij ðs; s0Þ ¼ �Trfq̂T̂ ½X l

i ðsÞX m
jðs0Þ�g þ hX

l
i ihX m

ji; ð4Þ

where the Hubbard operators are in the Heisenberg representation,

X ab
i ðsÞ ¼ eHsX ab

i e�Hs ð5Þ

and the statistical operator is

q̂ � e�bH0 r̂ðbÞ ¼ e�bH0 T̂ exp �
Z b

0

dsH 1ðsÞ
� �

: ð6Þ

The formal relationship between the Green’s function and the two-point irreducible cumu-
lant can be obtained by performing a re-summation of the strong coupling expansion in
the generalized hopping [28]. Diagrammatically, the irreducible cumulant is defined as
the sum of all connected diagrams having two external legs with the property that the
two legs cannot be separated by cutting one hopping line. Notice that the definition differs
slightly from the standard definition [37,7], which requires that the diagram be not discon-
nected by cutting a single line. This is due to the presence of cumulants with odd number
of legs generated by bosonic X-operators with a non-zero average ÆX æ (see Ref. [28]).
Explicitly, we have

Glm
ij ¼ Mlm

ij þ
X

k;l

X
q;p

Mlq
ik Eqp

kl Gpm
lj ; ð7Þ

and, for a translation invariant system

Gðk; ixnÞ ¼ ½M�1ðk; ixnÞ � EðkÞ��1
; ð8Þ

where E (k) is the Fourier transform of the coupling constant matrix.
The approximations that define a DMFT-type scheme can be introduced in an

elegant way by constructing functionals of the quantities of interest, such as Green’s
functions or self-energies. In this framework one can derive the original, single site
DMFT equations [7], the extended DMFT equations [36], and other similar schemes
[11]. In principle, these functionals can be constructed order by order in a perturbative
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expansion in the interactions. Systematic approximations can be obtained, for example,
by restricting the argument of the Baym–Kadanoff functional U [G] from the full
Green’s function to a Green’s function defined only inside a cluster of sites and its
periodic supercell repetition. The standard derivations use a weak-coupling framework
in which the Green’s function and the self-energy represent a pair of ‘‘conjugate’’
quantities and the Baym–Kadanoff functional is defined as the sum of all
vacuum-to-vacuum skeleton (two-particle irreducible) diagrams constructed with the
full propagator G and the interaction vertex. A complementary strong coupling picture
can be obtained by constructing the functionals starting from a perturbative expansion
in hoping [30,28]. Within this picture, the basic quantities are the irreducible cumulant
and its conjugate, the renormalized coupling constant (or renormalized generalized
hopping), Ê, instead of the self-energy and the Green’s function, respectively. The
quantity Ê can be represented diagrammatically as a sum of chains of ‘‘hopping’’ lines
and irreducible cumulants. Analytically we have

Elm
ij ¼ Elm

ij þ
X
p;q

X
a;b

Ela
iq Mab

qpEbm
pj þ � � � ¼ ½ÊðÎ� M̂ÊÞ�1�lm

ij ; ð9Þ

where Î represents the unit tensor. In addition, the strong coupling functional depends on
the average Qi = ÆXiæ of the bosonic Hubbard operators which can be interpreted as a gen-
eralized ‘‘magnetization’’. Its conjugate, hi, represents a generalized ‘‘magnetic’’ field. Typ-
ically, these quantities are non-zero if the system is in a broken symmetry phase and zero
otherwise. Explicitly, the strong coupling functional is [28]

C½E;Q� ¼ X0 þ
1

b

X
xn

Tr ln½̂I� M̂½E;Q�Ê� þ 1

b

X
xn

Tr½M̂½E;Q�Ê�

� 1

2

X
i;j

X
l;m

Ql
i Elm

ij Qm
j þW½E;Q�; ð10Þ

where b represents the inverse temperature and W½E;Q� is the strong coupling equivalent of
the Baym–Kadanoff functional and can be represented diagrammatically as a sum over all
the skeleton diagrams that are two-particle irreducible with respect to the renormalized
hopping lines E and contain bare cumulants nodes dressed with E _Q contributions. The sta-
tionarity condition dC=dEml

ji ¼ 0 yields

�b
dW½E;Q�
dEml

ji ðixnÞ
¼ Mlm

ij ðixnÞ: ð11Þ

In addition, stationarity with respect to Q; dC=dQl
i ¼ 0, determines the generalized ‘‘mag-

netic’’ fields

hl
i �

dW½E;Q�
dQl

i

¼
X

j;b2BQ

Elm
ij Qm

j : ð12Þ

A cluster DMFT scheme consists of two major steps: (1) a recipe for mapping the full lat-
tice problem onto an effective cluster problem, and (2) a recipe for re-constructing the lat-
tice quantities from their cluster counterparts. The effective quantum impurity problem
can be solved using, for example, perturbative approaches, such as NCA, or numerical
methods, such as Quantum Monte Carlo (QMC), or exact diagonalization (ED). The
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use of these ‘‘impurity solvers’’ is independent of the cluster scheme, defined uniquely by
the two steps described above, and may be dictated by the range of parameters of interest
(for example temperature, strength of the interaction, or size of the cluster) or the available
computer power. Within the CDMFT approach we start by constructing a super-lattice by
tiling the original lattice with identical clusters containing Nc sites. The cells of this super-
lattice are treated as ‘‘single’’ sites with internal degrees of freedom. Using the strong cou-
pling functional approach, the CDMFT scheme is introduced by restricting the argument
of the Baym–Kadanoff functional W from the full renormalized hopping to a function E ij

defined only inside the cells of the super-lattice:

WðSLÞ½E;Q� ¼
X

c

w½E icjc
;Q�; ð13Þ

where ‘c’ represents a certain cell and (icjc) a pair of sites inside the cell ‘c’. A direct con-
sequence of this ansatz is that the two-point irreducible cumulant of the theory is short-
ranged,

Mic1
jc2
ðixnÞ ¼

dW
dE ic1

ic1
ðixnÞ

dc1c2
; ð14Þ

with dij being the Kronecker d symbol. If the distance jRic1
� Ric2

j is larger than the size of
the cluster, c1 and c2 represent necessarily different cells and, consequently, the cumulant
vanishes. To complete the fist step of the construction let us observe that the functional
w½E icjc

;Q� can be determined by solving a quantum impurity problem with Nc impurities
coupled to an infinite non-interacting bath. The impurity problem is defined on a real
space cluster C by the statistical operator

q̂imp ¼ e�bH imp
0 T̂ exp �

Z b

0

ds
Z b

0

ds0
X
l;m

X
i;j

X l
i ðsÞ½Dlm

ij ðs� s0Þ þ dðs� s0ÞElm
ij �X m

jðs0Þ
"(

þ
X

i;l

hl
i ðsÞX

l
i ðsÞ

#)
; ð15Þ

where h (s) is an external field that couples to the bosonic X-operators, D (s � s 0) is the
hybridization matrix and H imp

0 ¼
P

i2C
P

akiX aa
i is the local cluster Hamiltonian. The func-

tional construction described above for the lattice problem can also be implemented for
the cluster impurity problem. The corresponding strong coupling impurity functional is

Cimp½D;Q� ¼
X0

N
þ 1

b

X
xn

Tr ln½̂I� M̂imp½D;Q�D̂� þ
1

b

X
xn

Tr½M̂imp½D;Q�D̂�

� 1

2

X
i;j

X
l;m

Ql
i ½E

lm
ij þ Dlm

ij ð0Þ�Qm
j �

X
l;i2C

hl
i Ql

i þWimp½D;Q�; ð16Þ

where D ¼ D½I�MimpD��1 is the renormalized hybridization tensor, Ql
i ¼ hX

l
i i and Dlm

ij ð0Þ
is the hybridization at zero frequency. In addition, the impurity problem contains the effec-
tive fields hl

i that couple with the non-zero average Ql
i of bosonic Hubbard operators. The

diagrammatic representation of the generalized Luttinger-Ward potential Wimp½D;Q� is
identical with that of its lattice correspondent and we have w = Wimp, i.e. the two function-
als coincide, provided:
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Elm
ij ¼ Dlm

ij for any i; j 2 C; ð17ÞX
p 62C

X
m

Elm
ip hX m

pi ¼ hl
i þ

X
j2C

X
m

Dlm
ij ð0ÞhX m

ji: ð18Þ

These relations determine the Weiss fields Dlm
ij and hl

i and define the self-consistent map-
ping of the super-lattice problem defined by Eq. (13) onto a Nc-impurity problem. Finally,
it is convenient to cast Eq. (17) into a more familiar form as an equality between the
Green’s function matrix for the impurity cluster and the Green’s function matrix for
one cell of the super-lattice. After a little algebra, Eq. (17) can by re-written asX

j2RBZ

½M̂�1
c � Êj��1 ¼ ½M̂�1

c � D̂� Ê��1
; ð19Þ

where the j summation extends over the reduced Brillouin zone associated with the super-
lattice. Formally, Eq. (19) is very similar to the standard DMFT self-consistency condi-
tions [7,10]. However, we have to remember that the quantities that appear in (19) are ten-
sors having indices that represent positions inside the cluster as well as single site state
labels associated with the Hubbard operators. In the particular case of the Hubbard mod-
el, one can easily show [28] that Eq. (19) reduces to the standard CDMFT self-consistency
condition.

We turn now to the second stage of the CDMFT scheme: the re-construction of the lat-
tice quantities. The question that we have to answer is how to derive good approximations
for the lattice quantities using the cluster quantities obtained by solving the effective impu-
rity model. Within CDMFT, the answer to this question depends on the size of the cluster.
The physical reason for this originates in the fact that in the CDMFT approach the effec-
tive bath couples only with those sites of the cluster that are within hopping range of the
exterior. For example, in the case of nearest neighbor hopping, only the boundary sites are
coupled to the bath. Consequently, the sites situated within two or three lattice units from
the boundary will be characterized by some ‘‘surface’’ values of the local quantities that
are weakly dependent on the cluster size, while the ‘‘bulk’’ quantities converge exponen-
tially [24] to the lattice values. Therefore, for large clusters it is convenient to use exclusive-
ly, or to weight more, the bulk quantities, while for small clusters having only surface sites
an alternative procedure has to be used. In this article we focus on the re-construction pro-
cedure for small clusters, as presently there is no data available for large clusters (i.e. clus-
ters containing bulk sites) in two dimensions.

Our procedure for re-constructing lattice quantities takes into account two conditions:
(1) The solution has to preserve the symmetry of the lattice. A lower symmetry may obtain
only as a result of a broken symmetry in solutions with long range order, and not due to
the super-lattice construction. (2) The lattice solution has to be causal, i.e. the lattice
Green’s function has to satisfy the condition ImG (x,k) 6 0. In the re-construction step,
we eliminate the artificial breaking of the translation symmetry introduced by the super-
lattice construction. Notice that, in principle, the super lattice construction can also break
the original rotation symmetry of the lattice, as for example in the case of tilling a two
dimensional square lattice with two-site clusters (links). Also notice that there is a finite
number of equivalent ways of covering the lattice with cells of a certain type. This produc-
es equivalent super-lattices that are related to one another by symmetry operations, S. For
example, in the case of a square lattice covered with plaquettes we have mS ¼ 4 distinct
realizations of the supper-lattice related to one another by the translation operations
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generated by the vectors (0, 0) (identity), (a, 0), (0,a), and (a,a), where a is the lattice spac-
ing. A natural way to restore the original symmetry and produce reasonable lattice esti-
mates is to consider the average of the relevant super-lattice quantity over its equivalent
realizations. Explicitly, for the lattice quantity W (Ri � Rj) we have

W ðRi � RjÞ ¼
1

mS

X
S

W ðSLÞðS½Ri�;S½Rj�Þ; ð20Þ

where W (SL) is the corresponding super-lattice quantity and S½Ri� is the new position of
the site Ri after applying the symmetry operation S. Notice that equation (20) represents
a super-lattice average, not a cluster average. As a consequence, irreducible quantities such
as the self-energy, RðSLÞ

nm , or the cumulant, M ðSLÞ
nm , vanish if the sites Rn and Rm belong to

different cells of the super-lattice. The question is what quantity W(SL) periodized using
Eq. (20) will produce the best estimate for the lattice W? One possibility is to periodize
the Green’s function [25]

Gðk;xÞ ¼ 1

Nc

X
i;j2C
½M̂�1

c � Êk��1
ij eikðRi�RjÞ; ð21Þ

Êk being the Fourier transform of the ‘‘hopping’’ on the super-lattice, and Nc the number
of sites in a cell. Alternatively, we can first periodize irreducible quantities, in particular
the self-energy and the cumulant, and then use them to re-construct the lattice Green’s
function. In this article we focus on these last two possibilities as their physical meaning
is more transparent. Explicitly, the periodization of a particular irreducible quantity W

is valid as long as W represents a short-range quantity, so that reasonable approximations
for its relevant components can be extracted from the effective impurity problem, while
components with a range longer than the cluster size can be neglected. A violation of
the validity conditions for the procedure leads either to quantitative errors, if W has in-
deed a finite range but larger than the size of the cluster used in the calculation, or to qual-
itatively wrong results, if the irreducible quantity is long-ranged. Consequently, a careful
analysis of the range or irreducible quantities should be a mandatory step in any cluster
DMFT approach. Taking as an example the plaquette covering of a two dimensional
square lattice, we have three independent values for the cluster quantities, for example
R0 = Rii for the on-site self-energy, R1 = Rij, with i and j nearest neighbors, for the link
self-energy, and R2 = Rij, with i and j next nearest neighbors, for the diagonal self-energy.
The super-lattice self-energy RðSLÞ

ij will have the corresponding cluster value if i and j are in
the same cell and zero otherwise. Taking into account the four equivalent realizations of
the super-lattice discussed above and performing the average (20), we obtain for the lattice
self-energy the expression

Rðk;xÞ ¼ R0ðxÞ þ R1ðxÞaðkÞ þ R2ðxÞbðkÞ; ð22Þ
where a (k) = cos(kx) + cos (ky) and b (k) = cos (kx) cos (ky). Similarly, we obtain for the
periodized lattice cumulant

Mðk;xÞ ¼M0ðxÞ þM1ðxÞaðkÞ þM2ðxÞbðkÞ: ð23Þ
Notice that in real space the lattice quantities have a finite range given by the size of the
cluster used in the approximation and we have M latt

0 ¼ M0, M latt
1 ¼ 1=2M1, and

M latt
2 ¼ 1=4M2 for the lattice cumulant Mlatt, and similar expressions for the self-energy.

Consequently, in this construction the local lattice cumulant is the same as the local cluster
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cumulant, while the link and next nearest neighbor cumulants are half and a quarter of
their cluster counterparts, respectively. Similar coefficients occur in the self-energy period-
ization scheme. These coefficients insure that the imaginary parts of the lattice self-energy
and cumulant are negative for an arbitrary value of the momentum, i.e. that the Green’s
functions constructed from them are causal and satisfy the second requirement of the re-
construction step. As we mentioned above, the physical assumption behind using Eq. (22)
or Eq. (23) is that the self-energy (or the cumulant) are short-range quantities. A detailed
comparison between results obtained using these constructions is presented bellow. In the
standard implementations of the cluster DMFT schemes the first assumption, i.e. the
locality of R, was considered. In Section 4 of this article we will show that this assumption
fails when Mottness is present and the locality of cumulants has to be considered instead.
Moreover, Mottness is associated with a long range self-energy that diverges in certain
points of the Brillouin zone producing zeros of the Green’s function and therefore the
use of cumulants is crucial. Our finding does not apply to CDMFT schemes only, but also
to momentum space schemes such as the dynamical cluster approximation (DCA). In this
case, any attempt to smoothly interpolate between different patches in the Brillouin zone
will have to take into account that the smoothly varying function in k-space is the
cumulant, not the self-energy.

3. Cluster quantities and the short-range correlations induced pseudogap

One of the most remarkable features of the normal state of the high-temperature super-
conductors is the suppression of the density of states at the Fermi energy. Understanding
this pseudogap behavior may be one of the keys in understanding the superconducting
mechanism itself. The existence of a pseudogap in the cluster solution of the two-dimen-
sional Hubbard model has been obtained by several groups [17–19] using cluster DMFT-
type methods. This effect is the result of short-range correlations and no long range order
or preformed pairs need to be invoked. In this section we show that this feature occurs
naturally in a cluster DMFT scheme as a result of taking into consideration the short-
range correlations. The suppression of the density of states at the Fermi level can be seen
directly in the cluster solution, in particular in the local cluster spectral function
Aii (x) = �1/p ImGii (x). We will also point out some of the properties of this pseudogap,
such as the dependence on temperature, doping and strength of the interaction. All the
results are obtained using CDMFT with NCA as an impurity solver (for details of the
implementation see Ref. [38]). In the next Section we analyze in more detail the nature
of the pseudogap, its origin and the connection with the apparition of Fermi arcs.

We start with a half-filled two-dimensional Hubbard model with the on-site interaction
U = 5t, where t is the hopping matrix element. Throughout this article we use t as the unit
for energy. Shown in Fig. 1 is the local spectral function Aii obtained within a CDMFT
scheme using a two-site cluster (Nc = 2-link) with NCA solver for a temperature
T = 0.2t. The pseudogap that opens at the Fermi energy, i.e. at x = 0, separating the lower
and upper Hubbard bands represents the finite temperature remnant of the Mott–Hub-
bard gap. At any finite temperature we observe a residual non-vanishing zero frequency
density of states which increases with temperature. The opening of this gap for small val-
ues of the on-site interaction is in sharp contrast with the results of single-site DMFT
calculations showing a sharp Kondo-like resonance at the Fermi level [7] and reveals
the importance of treating explicitly the short-range correlations. We notice that the
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Fig. 1. Cluster density of states for a half-filled two-dimensional Hubbard model using a two site cluster (link)
CDMFT with NCA solver.
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pseudogap was obtained in the absence of long range antiferromagnetic order by imposing
a paramagnetic solution for the DMFT equations. In the case of the half-filled two-dimen-
sional Hubbard model with particle-hole symmetry, i.e. with t 0 = 0, this behavior is
observed for any non-zero value of the interaction U suggesting the absence of any finite
U metal to insulator transition. This result was confirmed within several cluster DMFT
schemes using either NCA [14] or QMC [13,15] impurity solvers, while a recent study
[19] using exact diagonalization as an impurity solver seem to suggest otherwise. Finally,
let us notice that the two Hubbard bands are characterized by the presence of two narrow
sub-bands near the edge of the Mott gap. These additional features become sharper as we
lower the temperature simultaneously with an increase of the occupation number of the
singlet state in the cluster [31,38]. This behavior reveals that the sub-bands have their ori-
gin in the short-range antiferromagnetic correlations that become enhanced at low temper-
atures. These conclusions about the half-filled state are strengthen by the result obtained
using an increased cluster size Nc = 4 (plaquette). The local spectral function, i.e. the clus-
ter density of states (DOS), is shown in Fig. 2 for U = 4t and T = 0.15t. Notice that the
change in cluster size does not modify the qualitative behavior of the solution.

Next, we examine the evolution of the Mott insulator upon doping. A comparison of
the frequency dependence of the local cluster spectral function for three different filing val-
ues is shown in Fig. 3. The most striking feature of the finite doping spectral functions is
the presence of a pseudogap in vicinity of the Fermi energy, as evidenced by the corre-
sponding suppression of the spectral weight for n = 0.95 (red curve in Fig. 3) and
n = 0.9 (green line). This feature is distinct from the Mott gap which becomes a shallow
minimum and moves at higher energies. Notice that the pseudogap does not fill in upon
doping, but rather moves toward higher frequencies until, eventually, this feature will
be replaced at the Fermi level by the narrow peak of the lower Hubbard band. At the same
time, the corresponding narrow feature of the upper Hubbard band loses weight as the
doping increases. In order to better characterize the pseudogap, let us analyze its temper-
ature dependence. A plot of the local cluster spectral function A11 (x) for three different
temperatures is shown in Fig. 4. The pseudogap disappears when the temperature is raised
above a critical value which in this case is roughly 0.27t. This temperature is related to the
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Fig. 3. Doping evolution of the frequency dependent local spectral function for the two-dimensional Hubbard
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width of the pseudogap that is defined by an energy scale proportional with the distance
between the two peaks neighboring the gap. As the origin of these peaks can be traced
back [38] to the formation of local singlet (left peak) and triplet (right peak) states in
the cluster, the distance between them is roughly equal to the bare single–triplet splitting
[38], J. For U = 5t and Nc = 2 this splitting is about 0.7t, while in the limit of large inter-
action strength we have J � 4t2/U. To verify our conclusions, first we increase the strength
of the interaction from U = 5t to U = 8t. As shown in Fig. 5, we observe a significant
reduction of the pseudogap, consistent with the change in Jeff from 0.7t to about 0.45t.
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Fig. 5. Comparison between the cluster DOS of the two-dimensional Hubbard model with U = 5t (blue line) and
U = 8t (red line). The filling is n = 0.95 and the temperature is T = 0.15t. The solutions were obtained using two
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Next, we modify the size of the cluster from Nc = 2 to Nc = 4. A comparison between the
local spectral functions obtained within these approximations is shown in (Fig. 6). We
notice the same qualitative features in both cluster solutions and the fact that the quanti-
tative differences are significant. These differences provide an estimate for the order of
magnitude of the errors that we expect for the link approximation. Using the plaquette
approximation we compare again the local spectral functions for two different values of
the on site interaction, U = 8t and U = 16t. The comparison is shown in (Fig. 7) while
in (Fig. 8) we plot the spectral function in the pseudogap regime for different temperatures.
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As we lower the temperature, the details of the local spectral function in the vicinity of the
Fermi energy start to emerge. As U is large, we approach the asymptotic behavior with
J � 4t2/U, i.e. approximately 0.25 in this case. As (Fig. 8) shows clearly, the pseudogap,
defined as the minimum between the two peaks on both sides of zero frequency, is indeed
of order J. While the details of the spectral function in the region relevant for the pseudo-
gap may not be easy to resolve, especially when J is small, the temperature at which we see
for the first time a minimum gives a good indication about the energy scale relevant for
this phenomenon. The data from both (Figs. 8 and 4) is consistent with a critical temper-
ature which is about TJ = J/3.
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4. Lattice quantities and the zeros of the Green function

A cluster DMFT approach consists of two main steps, the self-consistent determination
of the cluster impurity solution and the re-construction of the lattice quantities. Some
physical results that can be extracted directly from the cluster solution were presented
in the previous Section. Now we will focus on the problem of re-constructing the lattice
quantities from their cluster counterparts and will present a series of results that reveal
a more refined physical picture of the pseudogap state.

4.1. Short range self-energies versus short-range cumulants

We start by investigating the periodization procedures described in Section 2. In
particular we want to find the optimal scheme for reconstructing the lattice quantities
for systems in or near the Mott phase. To benchmark our method, we analyze the
half-filled one-dimensional Hubbard model with nearest neighbor hopping within a
CDMFT scheme for two sites or four sites clusters using an exact diagonalization
(ED) impurity solver. Before presenting the results, let us notice that the zero temper-
ature Green’s function in a Mott insulator is characterized by a gap at the Fermi
level, i.e. ImG (k,x) = 0 for frequencies in the vicinity of x = 0. In addition, from
the spectral representation of the Green’s function we get for the zero frequency real
part of G the expression

ReGðk; 0Þ ¼ 1

p

Z �D

�1

ImGðk; xÞ
x

dxþ 1

p

Z 1

D

ImGðk; xÞ
x

dx: ð24Þ

Since the spectral function r (k, 0) = 1/p ImG (k, 0) of the half-filled one dimensional Hub-
bard model is symmetric for k ¼ �p=2; rð� p

2
; xÞ ¼ rð� p

2
;�xÞ, the two integrals in Eq.

(24) completely cancel each other and we have

G k ¼ � p
2
;x ¼ 0

� �
¼ 0; ð25Þ
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i.e. the interacting Green function has zeros [42] at momenta corresponding to the non-in-
teracting Fermi points. Consequently, the corresponding self-energies will diverge. Our
goal is to identify the periodization procedure that better reproduces these features.
To this end, we calculate the lattice Green’s function Gij (ixn) on the Matsubara axis
using 2-site and 4-site cluster approximations and compare the results obtained by
applying the self-energy and the cumulant periodization schemes. Due to the symmetry
of the spectral functions, Gij (ixn) is real for |Ri � Rj| odd and imaginary for |Ri � Rj|
even. Shown in (Fig. 9) is the local lattice Green’s function G11 (ixn). We notice that
the cumulant solution correctly reproduces the low-energy behavior expected for the
Green function in the presence of a gap, i.e. G11 (xn) � const · xn. In contrast, the
self-energy solution has a finite zero frequency value proportional to the density of states
of a fictitious ±p/2 quasiparticle. In addition, the cumulant curves for Nc = 2 (orange)
and Nc = 4 (red) are almost on top of each other, signaling a high degree of convergence
of the solution even for small clusters. This supports the assumption of the cumulant
scheme, i.e. that cumulants are short-range quantities in the Mott phase. In contrast,
although the self-energy solution converges toward the cluster solution as we increase
the cluster size, one would need an infinite cluster to rigorously recover the correct qual-
itative behavior. These conclusions are supported by higher order even parity Green’s
functions. On the other hand, the behavior of the odd parity components is exemplified
by the nearest neighbor Green’s function shown in (Fig. 10). Although quantitatively the
two solutions are comparable, qualitatively they differ: the cumulant solution (red and
orange lines) correctly reproduces the low energy limit, G12ðxnÞ � G12ð0Þ þ const� x2

n,
while the self-energy solution has a non-zero slope at xn = 0 as a consequence of the
spurious k = ±p/2 quasiparticles. We can conclude that: (1) There is no significant quan-
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Fig. 9. Imaginary frequency dependence of the imaginary part of the local lattice Green function (real part
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version of this paper.)
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titative difference between the cumulant and the self-energy solutions for the nearest
neighbor Green’s function. They converge, from below and above, respectively, to the
real solution the lays in between the two families of curves. (2) There is a major quali-

tative difference between the two solutions as the assumption that the self-energy is a lo-
cal quantity fails to reproduce the correct low energy behavior. To support our
statement that the real solution lays in between the families of cumulant and self-energy
solutions, we notice that ReG12 is related to the kinetic energy of the Hubbard model
which can be determined using the Bethe ansatz. In (Fig. 11), we compare the Bethe an-
satz result (red line), with the kinetic energy extracted from the lattice G12 obtained using
the cumulant scheme (magenta) and the self-energy periodization (blue line with trian-
gles). We also include the Green’s function periodization scheme (green line with squar-
es) and the kinetic energy obtained directly from the cluster nearest neighbor Green’s
function. First, notice that the cumulant and self-energy results represent indeed lower
and upper bounds for the exact solution. In fact the average of the two estimates for
the kinetic energy, K, represents an excellent approximation for the exact result for
any value of the on-site interaction, as shown in the inset of (Fig. 11) where the devia-
tion DEKin = KBA � 1/2 (KM + KR) is represented as a function of U. Second, notice that
the values of the kinetic energy given by the cluster Green’s function (black) are signif-
icantly different from the exact result, while the curves obtained using the lattice Green’s
function, extracted using various procedures, cluster around the Bethe ansatz line. Also,
the results obtained by periodizing the Green’s function (green) and those obtained by
periodizing the cumulant (magenta) are remarkably similar, especially in the strong cou-
pling regime. This analysis shows clearly that in any small cluster DMFT scheme observ-
ables should be always extracted from the physical lattice quantities and not from their
cluster counterparts.

To get further insight, we study the momentum dependence of the zero frequency lattice
Green’s function,

Gðk; 0Þ ¼ � 1

rðkÞ þ igðkÞ ; ð26Þ
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where r (k) = � (k) + ReR (k, 0) represents the renormalized band energy and �g (k) is the
imaginary part of the zero frequency self-energy. As we mentioned at the beginning of
this section, the self-energy, and consequently r (k), is singular at k = ±p/2, while g (k)
vanishes everywhere, except the singularity points, due to the presence of the Mott
gap. To explore how these features are reproduced by the periodization schemes, we cal-
culate the renormalized energy and compare in (Fig. 12) the self-energy periodization
procedure (green line for a 2-site cluster and blue line for a 4-site cluster) with the cumu-
lant periodization procedure (orange line for Nc = 2 and red line for Nc = 4). We ob-
serve that the cumulant periodization correctly reproduces the divergence of the self-
energy, i.e. the zero of the Green function, at k = p/2. In contrast, the self-energy peri-
odization produces a zero of the renormalized energy, i.e. a pole in the Green function.
In addition, increasing the cluster size does not change qualitatively the cumulant solu-
tion but produces small quantitative corrections. The corrections to the self-energy solu-
tion determine a slow convergence to the cumulant solution starting with momenta far
from the singularity (see the inset of Fig. 12). Notice that in the vicinity of k = p/2 r (k)
should diverge as const/(k � p/2). This behavior is correctly reproduced by the cumulant
solution, while the self-energy solution is totally unphysical. The real solution has to
have a negative slope in the vicinity of p/2, but the self-energy solution for Nc = 2
has a positive slope everywhere. The situation does not improve much for Nc = 4 (except
for small values of k, as shown in the inset). The fact that the self-energy solution is not
changing much as you go from Nc = 2 to Nc = 4 does not mean that it is almost con-
verged, but rather that the convergence is very slow. This is not so surprising because
the underlying assumption (i.e. finite range self-energy) totally contradicts the physical
reality (infinite range self-energy).
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The conclusion of the present analysis of the half-filled one-dimensional Hubbard mod-
el is that a CDMFT scheme using cumulants as the basic irreducible quantities for re-con-
structing the lattice Green’s function correctly reproduces the qualitative features of the
solution for any cluster size, beyond any uncertainty associated with the resolution of
the approximation. In contrast, a solution based on the assumption that the self-energy
is a local quantity, fails to reproduce the zero of the Green function at (k0 = ±p/2,
x = 0) and zero temperature. Instead, this assumption generates poles in the Green func-
tion with a residue Zk0

that vanishes only in the limit of infinite cluster size. The physical
reason for this behavior is that the zero frequency self-energy in a Mott insulator is not a
local quantity. The short-range quantity that has to be used for describing such a system in
any DMFT cluster scheme is the cumulant. The signature of this property in the numerical
solution can be seen already in the cluster quantities, i.e. before introducing any periodi-
zation procedure. For our 1D system at half filling treated in a four site cluster approxi-
mation, the shortest range non-vanishing zero frequency self-energies (or cumulants) are
the nearest neighbor and the third-order neighbor components. Calculating the ratio
between the cluster average of these components we obtain

R14

2=3R12 þ 1=3R23

¼ �0:531029; ð27Þ

M14

2=3M12 þ 1=3M23

¼ �0:0926043: ð28Þ

This clearly shows that the cumulant is a short-range quantity that rapidly decreases as the
distance |Ri � Rj| increases, while the self-energy is not. Therefore, in the presence of Mott-
ness, it is the cumulant that represents the natural quantity to be used in the CDMFT
super-lattice construction and the subsequent re-construction of the lattice quantities.
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To further emphasize our point we show in Fig. 13 the distance dependence of the zero
frequency lattice self-energy obtained using the cumulant scheme for the Nc = 4 cluster.
These self-energies are obtained by Fourier transforming the lattice R (k, 0) constructed
using the cumulant periodization scheme. We have to recall that, at zero frequency, all
the even parity functions are zero by symmetry, therefore we show only the odd parity
self-energy components (normalized by R12). The figure shows clearly that the self-energy
cannot be considered a short-range quantity. In contrast, the cumulant practically vanish-
es within a few lattice sites. This is illustrated by the small ratio of the only two non-zero
components, i.e. with odd parity and a range smaller than the cluster size, that we have in
this approximation, M14, and M12.

Turning now to the two-dimensional (2D) case, we note that all the qualitative features
discussed above can be observed in the CDMFT solution for a 2D half-filed Hubbard
model. In particular, we can estimate the kinetic energy using either the nearest neighbor
cluster Green’s function, or its lattice correspondent obtained with various periodization
schemes. The results are shown in (Fig. 14) which represents the 2D analog of the one
dimensional analysis presented in (Fig. 11). Notice that, again, the values obtained from
the lattice Green’s function are very similar, especially those given by the cumulant and
Green’s function periodization schemes, while the cluster estimate is significantly different
re-enforcing our conclusion about the necessity of the lattice re-construction step. On the
other hand, the failure of the self-energy construction to capture correctly the Mott phys-
ics can be illustrated by calculating the local spectral function A11 (x) = �1/pImG11 (x),
i.e. the density of states (DOS), for the half-filled Hubbard model. The results obtained
using a four cluster CDMFT with exact diagonalization impurity solver are shown in
(Fig. 15) for a model with U = 16t. The large value of the on-site interaction should pro-
duce a sizable Mott–Hubbard gap, which is clearly visible in the cluster solution (black
line). While the cumulant scheme (red line) generates indeed a cluster local spectral func-
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tion that exhibits a well defined gap, the self-energy reconstruction scheme (green line)
generates spurious states within the gap. These states are obviously not physical and they
signal the failure of the procedure at half filling. We note that the local cluster quantities
are expected to be reasonable estimates for the corresponding lattice quantities, even in the
case of small clusters. In fact, in the Green’s function periodization scheme the values of
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G11 (x) for the lattice and the cluster coincide and are both represented by the black curve
in (Fig. 15). The same identity holds for the cluster and lattice local cumulants in the
cumulant periodization scheme. However, the agreement between the local lattice Green’s
function obtained in the cumulant scheme and the local cluster Green’s function is not a
trivial result and it reveals that the underlying assumption of a short-range cumulant is
correct.

To test the validity of the re-construction schemes away from half filling we calculate
the doping dependence of the chemical potential for the 2D Hubbard model at finite tem-
perature. As shown in (Fig. 16) the filling derived from the lattice Green’s function
obtained with the cumulant scheme agrees nicely with the cluster filling. In contrast, the
self-energy periodization scheme produces significant deviations for doping values smaller
than 20%, signaling the failure of the underlying assumption in this regime. At large dop-
ing all the periodization schemes converge, revealing the fact that the local components of
both the self-energy and the cumulant are much larger than the non-local components. On
the contrary, in the Mottness regime close to half-filling, the non-local components of the
self-energy cannot be neglected. To further substantiate our claim that, even away from
half-filling in the small doping regime, the short-range irreducible quantity that is appro-
priate for a cluster DMFT description of the Hubbard model is the cumulant, rather than
the self-energy, we compare in Fig. 17 the local spectral functions obtained using the
cumulant and the self-energy periodization schemes within a CDMFT approach for
Nc = 2 and Nc = 4. Our previous conclusions are supported by the good agreement
between the lattice Green functions obtained with the cumulant periodization scheme
(red lines) and their cluster counterparts (black). In contrast, the self-energy method pro-
duces a qualitatively different result characterized by the filling of the Hubbard gap and
the absence of the pseudo-gap feature near the Fermi level. Not surprisingly, the discrep-
ancy is stronger for Nc = 2 and becomes weaker as we increase the cluster size. Also notice
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Fig. 16. Density as a function of chemical potential, l, for the 2D Hubbard model with U = 8t at a temperature
T = 0.1t. The black line represents the filling of the cluster, while the filling of the lattice is given by the red circles
(if we periodize the cumulant) or the blue triangles (if we periodize the self-energy). The results were obtained
using a plaquette CDMFT + NCA approach. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this paper.)
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that the main qualitative features of the cumulant result are independent of the cluster size,
while the self-energy solution varies strongly with Nc.

4.2. Mottness and the hidden zeros of the Green’s function

The next goal is to identify the consequences of our analysis of the re-construction
schemes and of their underlying assumptions for the low energy properties of a correlated
metal in the proximity of a Mott phase. To this end, we investigate the structure and prop-
erties of the zero frequency Green’s function G (k, 0) for the 2D Hubbard model with near-
est neighbor hopping using the CDMFT approach. To have a better grasp of the physical
meaning of our results, let us derive the explicit expression for the renormalized energy
r (k) (see Eq. (26)) in terms of cluster self-energies.

In order to take full advantage of the symmetry properties of the cluster, it is convenient
to consider instead of the usual matrix elements Wij labeled by the site indices, combina-
tions that can be labeled by the irreducible representations of the point group determined
by the symmetry of the cluster. In the case of a plaquette (Nc = 4), the corresponding point
group is D4 which has four one-dimensional irreducible representations (A1,A2,B1,B2) and
one two-dimensional representation (E). Using the notations W0, W1, and W2 for the
local, link, and diagonal components, respectively, we can define

W A ¼ W 0 � W 2;

W B ¼ W 0 � 2W 1 þ W 2;

W C ¼ W 0 þ 2W 1 þ W 2;

ð29Þ

where WA ” W (E,E) = W (E 0,E 0) is double degenerate and can be indexed using the two-
dimensional representation of the symmetry group, while WB ” W (B1,B1) and
WC ” W (A1,A1). In terms of the combinations defined by Eq. (29) all cluster matrices
are diagonal and we can write easily the cluster cumulants in terms of cluster self-energies,
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MAðxÞ ¼
1

xþ l� RAðxÞ
;

MBðxÞ ¼
1

xþ l� RAðxÞ
;

MCðxÞ ¼
1

xþ l� RAðxÞ
:

ð30Þ

Using the diagonal cluster cumulants, the expression (23) for the periodized lattice cumu-
lant becomes

Mðk;xÞ ¼ MAðxÞSAðkÞ þMBðxÞSBðkÞ þMCðxÞSCðkÞ; ð31Þ
where the momentum dependent SX (k) functions are

SAðkÞ ¼
1

2
½1� cosðkxÞ cosðkyÞ�;

SBðkÞ ¼
1

4
½1� cosðkxÞ � cosðkyÞ þ cosðkxÞ cosðkyÞ�;

SCðkÞ ¼
1

4
½1þ cosðkxÞ þ cosðkyÞ þ cosðkxÞ cosðkyÞ�:

ð32Þ

Notice that 0 6 SX 6 1 and SA + SB + SC = 1 for any k-vector in the Brillouin zone. In
addition, for k = (0,0) we have SC = 1 while the other two functions vanish so that
M (k = (0,0),x) = MC (x), i.e. the origin is controlled by the ‘C’ component. The other
two components control the (p,p) point (B) and (0,p) point (A), as well as the points relat-
ed with them by symmetry. Introducing now Eq. (30) into Eq. (31) and using the general
relation between the lattice cumulant and the lattice self-energy, M = 1/(x + l � R), we
obtain the expression of the lattice self-energy in terms of cluster self-energies within the
cumulant periodization scheme

Rðk;xÞ ¼ xþ l� SAðkÞ
xþ l� RAðxÞ

þ SBðkÞ
xþ l� RBðxÞ

þ SCðkÞ
xþ l� RCðxÞ

� ��1

: ð33Þ

This relation is highly non-linear, in contrast with Eq. (22) obtained within the short range
self-energy assumption. The implications of the assumptions about the range of the irre-
ducible quantities for the low-energy physics of a correlated metal become now transpar-
ent. In the limit of zero temperature, the imaginary parts of the cluster self-energies vanish,
as we will show bellow, so that the zero frequency Green’s function (26) depends only on
the renormalized energy r (k) that can be expressed within the self-energy and cumulant
periodization schemes as

rðRÞðkÞ ¼ �ðkÞ � lþReRAð0ÞSAðkÞ þReRBð0ÞSBðkÞ þReRCð0ÞSCðkÞ; ð34Þ

rðMÞðkÞ ¼ �ðkÞ þ SAðkÞ
ReRAð0Þ � l

þ SBðkÞ
ReRBð0Þ � l

þ SCðkÞ
ReRCð0Þ � l

� ��1

: ð35Þ

In principle, there are two possible regimes for the interacting system. In the first regime,
the diagonal cluster self-energies are dominated by the local component, or more precisely
by ReR0 � l, while the non-local components ReR1(2) represent small correction. In this
case, Eq. (35) reduces in the first approximation to Eq. (34) and the only effect of the inter-
actions is to renormalize the bare energy band by dynamically generated hopping terms,
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teff = t + ReR1 (0) and t0eff ¼ ReR2ð0Þ. In this regime all the periodization schemes con-
verge and, in fact, the single-site DMFT represents a good first-order approximation. In
the Hubbard model this regime is realized for large doping values, for example x > 20%
for U = 8t. In contrast, in the second regime, close to the Mott insulating phase, the
non-local components of the self-energy become comparable or larger than ReR0 � l
and the self-energy re-construction scheme fails. Moreover, the denominators in the right
hand side of Eq. (35) may acquire opposite signs generating divergences of the renormal-
ized energy r (k), or, equivalently, zeros of the Green’s function. In the remaining of this
Section we discuss in detail the appearance of these zeros and their connection with the
opening of the pseudogap at the Fermi level, and, based on this analysis, we provide a sim-
ple picture for the formation of Fermi arcs.

We mentioned above that the imaginary parts of the cluster self-energies at zero fre-
quency can be neglected in the limit of zero temperatures. To support our claim, we pres-
ent in (Fig. 18) the imaginary parts of the diagonal cluster self-energies as functions of the
Matsubara frequency for a two-dimensional Hubbard model with U = 8t for a filling
n = 0.93. The tendency of the self-energy to vanish in the limit of zero frequency can be
observed, within the resolution of our numerical methods, for all doping values, the major
difference being that the slope of the curves at small frequencies increases as we approach
the Mott insulator [20]. While the imaginary parts of the self-energy are negligible, the real
parts, more precisely ReRX (0) � l, are strongly dependent on doping. In (Fig. 19), we
show the ‘A’ and ‘C’ diagonal components versus the chemical potential for the two
dimensional Hubbard model. The third component, ‘B’ (not shown) is always positive.
We can easily recognize the two regimes: one, characterized by a short-range self-energy,
for l < 1.4, which corresponds to roughly 20% doping for our system, where the local self-
energy dominates and the diagonal components tend to become equal, and the other gov-
erned by Mottness and dominated by the non-local self-energies. The relevant zero fre-
quency quantities for the large doping regime are shown in (Fig. 20) for a system with
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Fig. 18. Imaginary parts of the diagonal cluster self-energies as functions of the Matsubara frequency. The
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22% doping. We notice that, indeed, the two periodization schemes give almost identical
results for r (k) so that the corresponding curves, red (cumulant) and green (self-energy),
are almost indistinguishable. The points where r (k) vanishes correspond to the quasipar-
ticle poles of the Green’s function. The locus of these points in the Brillouin zone repre-
sents the Fermi surface which, in this case, is a large electron-type surface (blue line in
the lower left panel). The Fermi surface can also be observed in the spectral function
A (k, 0) and corresponds to the location of the maxima (red color in the lower right panel).
We can conclude that in this regime the system is a Fermi liquid and that the corrections
due to short-range correlations are small.

As we approach the Mott insulator, the short-range correlations become more and
more important and start to modify the physics. Within our approximation, the first sig-
nature of this new physics occurs around 20% doping, when the diagonal component
ReRA � l changes sign (see Fig. 19). Shown in (Fig. 21) is the renormalized energy for
a system with 18% doping. The renormalized energy r (k) (red curve) starts to develop sin-
gularities in certain points of the Brillouin zone corresponding to zeros of the Green’s
function. Notice that the singularities occur in regions far from the Fermi surface, i.e. from
the points where r vanishes. For comparison, we also plotted the r (k) obtained within the
self-energy re-construction scheme (green curve), which fails in this regime. The assump-
tion that the self-energy is short range will always generate a normal Fermi liquid with
poles but no zeros in the Green’s function. The emergence of lines of zeros in the Green’s
function at zero energy described here is similar to that found by several groups in quasi
one-dimensional systems [39–41,43].

If we continue to reduce the doping, the system becomes more and more incoherent
and, eventually, the quasiparticles disappear. This evolution is illustrated in (Figs. 22
and 23). In Fig. 22, we observe that for n = 0.92 r (k) still vanishes in the vicinity of
(p/2,p/2), while in the vicinity of (p, 0) the curve ‘‘sinks’’ below the Fermi level indicating
the absence of a Fermi surface in that region of the Brillouin zone. In addition to the
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Fig. 20. Upper panel: renormalized energy r (k) along a path in the Brillouin zone,
(kx,ky) = (0,0) fi (p,p) fi (p, 0) fi (0,0) in the cumulant re-construction scheme (red) and self-energy recon-
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cumulant periodization scheme, green (r < 0), blue (r = 0), and yellow (r > 0); (right) spectral function A (k, 0) in
the cumulant scheme. The calculations were done for a 2D Hubbard model with U = 8t for n = 0.78 and T = 0
using a CDMFT + ED approach. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this paper.)
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Fermi surface we observe a line of divergences of the renormalized energy, i.e. zeros of the
Green’s function (red color in the upper panels of Fig. 23). We stress that the only well
defined quasiparticles correspond to a vanishing r (k) and are located along the Fermi sur-
face. For doping levels smaller than 10% the Fermi surface is represented by a hole pocket.
The pocket shrinks as we reduce the doping x and, within the present approximation, dis-
appears for x < 5%, while the line of zeros persists. In this regime the Fermi surface does
not coincide with the location of the maxima of the spectral function which may have
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coherent contributions coming from the quasiparticles, as well as important incoherent
contributions. For example, if n = 0.95 (Fig. 23 lower middle panel), the entire contribu-
tion to the zero frequency spectral function is incoherent, i.e. there are no zero frequency
quasiparticles. To understand the relationship between the presence of a line of zeros of
the Green’s function and the opening of a pseudogap at the Fermi level we calculate
the frequency dependence of the spectral function for different points in momentum space.
As we show in Fig. 24, the points on the Fermi surface, for example A and B in the figure,
are characterized by peaks in the spectral function centered at zero frequency. However, in
the proximity of the zero line (point B) the spectral weight is strongly suppressed. There-
fore, the closed Fermi line that obtains at small doping appears in the zero frequency spec-
tral function as an arc due to the presence of the zeros near the ‘‘dark side’’ of the Fermi



Fig. 23. Renormalized energy (upper panels) and spectral function (lower panels) for various values of filling
using the short-range cumulant assumption. The color code for the upper panels is: green (r < 0), blue (r = 0),
yellow (r > 0), and red (|r| fi1). The parameters for the Hubbard model are the same as in Fig. 20 and the scale
for A (k) is relative. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this paper.)
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bubble. In addition, the proximity of the zero line determines a shift of the spectral func-
tion peak away from zero frequency for k-points that are not on the Fermi line (point C in
Fig. 24). This shift is responsible for the opening of a momentum dependent pseudogap at
the Fermi energy which we identify with the pseudogap seen in leading edge study of pho-
to emission experiments. Notice that this small shift is distinct from the larger gap between
the peaks above and below the Fermi level.

We may ask the question whether the lines of zeros at or near a Mott insulator can be
associated with the Luttinger theorem [44] in its generalized form [45],

N
V
¼ 2

Z
Re Gðk;x¼0Þ>0

d2k

ð2pÞ2
: ð36Þ

A change of sign for the Green’s function may take place by passing through either a pole
or a zero. Consequently, the generalized Luttinger theorem states that the volume enclosed
by the surfaces of both poles and zeros yields the particle density. In principle, the existence
of zeros opens the interesting possibility of having a strongly correlated system with a
small Fermi surface, or no Fermi surface at all, that satisfies Luttinger theorem. However,
our cluster calculations show that the theorem is not satisfied in the small doping regime
(x < 20%), except at half filling where extra symmetries are present (see Fig. 24, upper left
panel). This violation may suggests a breakdown of the weak-coupling skeleton expansion



Fig. 24. Frequency dependence of the spectral function for different points in the Brillouin zone. On the Fermi
surface (point A) the spectral function has a peak at x = 0, while in the pseudogap region (point C) the peak of
the spectral function is shifted to negative energies. At point B the spectral weight is suppressed by the proximity
of the zero line.
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used in the proof of the theorem. To determine the exact shape of the surface of zeros for
an arbitrary doping would require large cluster approximations that are not yet available.
However, the main message of our analysis is that the zeros exist and they are closely con-
nected to key features of Mottness that emerge from strong correlations. The last piece of
evidence that we present in support of this view, is a comparison between the CDMFT
results obtained for the Hubbard model using 2-site and 4-site cluster approximations
shown in Figs. 25 and 26. We notice that both approximations produce the same qualita-
tive picture. In particular they predict the existence of a line of divergences in r (k), i.e. a
line of zeros of the Green function, near the (p,p) region of the Brillouin zone. Is it signif-
icant that in the link approximation the Fermi surface is again hole-like and has a ‘‘dark
side’’ in the proximity of the zero line, in spite of the fact that a bubble-shaped surface is
prohibited by the specific k-dependence of the form F (k) = F (cos(kx) + cos (ky)). The con-
sistency of these two approximations is particularly evident in Fig. 25 (blue and orange
lines). We stress that the lines of zeros are not a necessary consequence of the periodization
scheme that we used, namely Eq. (35), but a consequence of the fact that the off-diagonal
cluster self-energies are large in comparison with the diagonal components. We interpret
this as a signature of the non-locality of the lattice self-energy. In particular, for the 4-site
cluster we have the ratios

jR12j
jR11 � lj ¼ 2:923

jR13j
jR11 � lj ¼ 4:461 ð37Þ

jM12j
jM11j

¼ 0:876

jM13j ¼ 0:626 ð38Þ
jM11j
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Fig. 26. Comparison between the 2-site (left panels) and 4-site (right panels) CDMFT solutions for the 2D
Hubbard model with U = 8t. The upper panels represent the renormalized energy, while the lower panels
represent the spectral function (cumulant solution).
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This is in sharp contrast with the situation at large doping, for example at n = 0.78
where we get |R12|/|R11 � l| = 0.24 and |R13|/|R11 � l| = 0.29, and shows that, close to
the Mott phase, any procedure based on the assumption that the self-energy is a local
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quantity (or, equivalently, a smoothly varying function of momentum) is bound to
fail. On the other hand, it also shows that the cumulant range at finite doping is
larger than the cluster size used in the calculation, which implies that our approxima-
tion is not able to provide quantitative predictions for the shape and location of the
Fermi and zero lines. Nevertheless, we believe that the rich physics uncovered by this
CDMFT analysis springs from the very essence of Mottness and deserves further
investigation.
5. Concluding remarks

We have shown that the cluster DMFT methodology is intimately related to the
physics of strongly correlated systems. Mottness is dominated by short-range physics.
From here, dynamically generated gaps, pseudogaps, broad spectral features, Fermi
arcs, the breakup of the Fermi surface and other non Fermi liquid-like features
emerge. Their hallmark is the existence of a surface of zeros of the one particle
Green’s function in the zero temperature limit. For values of the momentum
corresponding to a surface of zeros the self-energy diverges, meaning that its real
space Fourier transform is long-range. Therefore, the self-energy is not a quantity
well suited to describe the short-range physics associated with Mottness and,
consequently, any approximation that involves a short-range assumption for the
self-energy is bound to fail. We identify the two-point cumulant as the best
candidate for a short-range irreducible quantity that naturally captures the physics
underlying Mottness. A cluster DMFT scheme based on cumulants, such as the
one described in the present article, is tailor made to provide non-perturbative
approximations for cumulants with a range smaller than the size of the cluster. As
we have shown, even small cluster calculations open new and sometimes surprising
perspectives on the behavior of highly correlated electron systems providing results
that are consistent with many of the features observed experimentally in cuprate
superconductors. Future large cluster calculations are expected to deliver results that
can be quantitatively compared with experiments. Moreover, the large cluster calcula-
tions could answer a series of open questions. A direct determination of the range of
the irreducible quantities, in particular of the cumulant, should clearly establish the
possibility and the requirements for cluster approximations that are quantitatively rel-
evant. In particular, one should be able to observe that the cumulant becomes prac-
tically negligible at distances comparable with the cluster size. With the available
techniques, this is presently possible only in one dimension. Finally, the evolution
of the topology of the Fermi and zero surfaces and its possible connection to an
underlying critical point at finite doping in the cuprate phase diagram deserve further
investigation.
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