INTRODUCTION TO MANY BODY PHYSICS: 620. Fall 2025

Answers to Questions 4. Weds, Nov 12th

1. (a)

We begin by noting that the matrix elements for the tight-binding Hamiltonian are
€ (i=1])
(i|H[j) =< —t (i, j, nearest neighbors) (1)
0  (otherwise)

where € is the energy of an isolated orbital and —t is the hopping matrix element. Now the
orbital at site A, position r; is connected to orbitals at sites B which are located in the
unit cells at positions r;, r; —b and r; — a. (Note the minus signs). Consequently, the
tight-binding Hamiltonian takes the form

hopping between /Elearest neighbors
= —tz { {wT Y+ i p(r; —a)+ T p(r; — b)} Ya(r;) + H.c} +(e—p) Z(nA(i)+nB(i)).
Z 2

Here ' A,B(rj) creates an electron at site A or B respectively in the unit cell located at
position r;.

If we Fourier transform, writing

’lﬁT/\(I‘ C' k)€ —iker; ()\ = A, B) (3)
)= Ay
then substituting into the Hamiltonian, we obtain
—>Ns5k K/
) —
H — _72 zk.a_|_ Zkb)CAe i(k— k)rj—l—HC + €— 1 ZCkACkA
j kK
_ t t > E—H A(k)] (CkB> 4
= c'kp,c .
Z( kB kA |:A (k) €—p CrA ()

k

where ‘ ‘
A(k) = —t(1 4 k2 4 kb

The eigenvalues of the matrix

[e — A*(k)}
k) e—n
ax = FAK)+(e—p)
= +t1/(3+ 2cos(k.a) + 2cos(k.b) + 2cos(k.(a — b))) + (€ — p) (5)
(see Fig. 1)



Figure 1: Contour plot of dispersion € given by equation (5).
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(c) If ea = ¢t | Kb — ™% then clearly,
27

A(K) o (1 + ciKa + ez’K-b) _ (1 + ei%" + e_ZT) -0

To satisfy the conditions

V3 1 2
Ka = Y2(K.a)+-Kya= 2
a \3_( a) + 5 Kya 3

3 1 21

Kb = —-(Ksa) - jKya=——

we require K, =0, K, = 3%, or K = 37j. When k = £K, A(k) = A(+K) = 0.

(d) If we expand A(p + K) for small p, we obtain

Ak) = —t[ltei%(1+ip2-a)+e_i2?ﬂ(1+ip-b)}
= —itle’Sp-ate 'S p-b
L1 V3 1 V3
= —zt[(—i—i-z?)p-a—l—(—i—17)p-b]
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so that we can write

€— [ Ap+K)| _ €— I é(py +ipe)| e —
[A*(p +K) €— } - [5(1731 — ipy) g— H } =(e-wl
= (e—p)l+c(dxp) (8)

In the vicinity of k ~ K, we thus have

: ; €— [ A(p+K)| (cpikB
Z (c p+KB,C p+KA> [A*(p +K) €E— U Cp+KA

p~0
= > Plor (€= w1+ x p)Ppy (9)
p~0
where
Cp+KB
_ 7 10
Vet (Cp+KA> (10)
Similarly, for k = p — K, where p is small, we have
e—p  Alp- K)} [ €~ —&(py — ipm)} T
. ~| . =(e—p)l+c(pxo 11
[A P-K) e—up —c(py + ip) €—p (e-mltép )
so that
t T ) €— [ A(P—K)] <Cp+KB>: F (e — )1 + &G x ~
5 (el Rl 5 V- (e L+ By
(12)
where
Cp—KA
_ = , 13
o = (o ) (13
Combining the two contributions (9) and (12), the low energy Hamiltonian thus has the form
H =Y "9!,0(€ (6 x p) + (e — 1) 1)pa (14)
pPA

If we take the expression for the Free energy
F(\) = —ThnZ(\) = =T In Tr[ePlHoAAV]) (15)

and differentiate it, we obtain

oF Tz



Now
YA HeBlHo+AV]
_ _ _ —B[Ho+AV]
N Tr[ia/\ ] BTr[Ve ] (17)

so that

OF  Tr[Ve AlH-AVI o
%= 7 = (V) = (Vint) /X (18)

By integrating the result of part (a) over A, we obtain

L aF Lax
AF—/O d o, 7(‘%1&()\» (19)

If the interaction energy has an expansion (Vi (\)) = AV3 + A2Va + A3V3 + ..., then

Ldx 1 1
AE = [ Vi OI6) = Vi + 5Va + Vit . (20)
0

When we turn on the interaction, the change in the ground-state energy involves the contri-
butions from both the change in the Hamiltonian and the change in the ground-state. The
factors of % appearing in front of the n-th order terms reflect the fact that the ground-state
relaxes in response to the change in hamiltonian, so that the change in the ground-state
energy from each term is less than the corresponding change in the expectation value of the
interaction.

) The crosses represent the scattering amplitude V}, ;v and the lines represent the propagators.

Diagrammatically, we have:

or
Grx (E) = GO (B)oie + GV (Bt 10 (E)GY) (E) (21)

where the “blob” is the t-matrix, represented by the following sum of diagrams

Written algebraically, this becomes

dlq Uk-a)
2m)d E — E(q) + 16 ¥
where we assume that the Fermi surface is empty (i.e = 0, so that dx = 0 for all states.)

If U(z) = U6 (z), then U(q) = U and the t-matrix is now momentum independent. We
may immediately solve (22) to obtain

how () = Uk — K) + / (B) (22)

U

t(w) = m (23)

where

d
Flw) = / (gﬂl;dG(O)(k, w)
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(d) Let us examine how the integral in the denominator of the t-matrix scales with energy at low
energies. We take the case of a “drained Fermi sea”, in which the chemical potential p = 0.
, so that for w < 0,

dk d 1
- (0) g-H__ =~
F(w) / (2W)dG (k,w) o /dee R ——

x —(—w)(%_l)

~ —ln<A>, (d=2). (24)

Thus in dimensions d < 2, if U < 0, the denominator of the t-matrix

_ U]
will pass through zero at some small w = —w* o |U|>?=9 for arbitrarily small |U], giving

rise to a pole in the t-matrix. To see that this means the development of a bound-state,
consider the density of one-particle states

pw) = b(w—En) (25)
A
where E) is the energy of the eigenstate |\). We may rewrite this in the form
1 1
- 1 -
p(w) ™ mz)\:(w—E,\—f—ié)

= Y IGE)
A

L {G’(w)] , (26)

s
where G(w) = (w— H +1i6)~!. We may also take the trace by summing over the momentum
eigenstates, rather than energy eigenstates, so that

p@) = S Gk
k

= —% > ImGiex(w) (27)
k

Writing the Green-function in terms of the t-matrix, the change in the density of states due
to scattering is then

1 % 2
Ap(w) = ——=Im GV (k,w) ) t(w) (28)
™ (2m)d
Near the pole at negative energies, we may write this in the form
1 1 1 1\? 1
——— ] t ~———Iml|t 29
(- i) <w>] AImlw)]  (29)

Ap(w) = —=Im[F(w)*t(w)] = ——Im
7 T
Thus a pole in t(w) implies a pole at negative energies in the density of states, indicating a
bound-state.




