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Physics 464/511  Lecture [ Fall, 2016

1 Differential Equations

Now it is time to return to differential equations

Laplace’s: Vi =0

Poisson’s: V) = —p/ey
Helmholtz: V2 + k%) =0
Diffusion: V) — a%%—f =

Wave Equation: %)) = 0, 0% .=v?2 - 6%3722
Klein-Gordon: %) — p?h =0

Schrodinger: BV 4+ V)¢ —ih% =0
All are of the form Hiy = F, where H is a differential operator which
could also depend on 7,

p(2 000 t
oz oy oz ot Y

Simplifications:
1. All the equations are linear in 4. This is crucial.

2. They are second order differential equations. In fact all of these are
differential only through involving V? and 9/0¢. This is because the
physics involved is rotationally invariant.

We will start with the results of the method of separation of variables.
We already considered the Helmholtz equation in spherical coordinates r, 0,
and ¢. Recall that periodicity in ¢ required ®(¢) = ™?, with m an integer.
This solution will appear whenever the equation and boundary conditions
are symmetric under rotations about one axis.

In cylindrical coordinates Z(z) o e for some real or imaginary a. There
are no automatic boundary conditions here, but the particular problem may
impose them, determining possible a’s. For example, we might have a closed
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pipe with Z(z) =0 at z = 0 and z = L, or we might require good behavior
as z — +oo.
In spherical coordinates we found Legendre’s equation

1 d de m?
T <sm 9%> +L(0+1)0 — nZd 9@ =0,

where I have replaced the constant @ by ¢(£+ 1) for future convenience. Let

d ., d .
z = cosd, so o = s GE' Then if y(z) := ©(0),

dy m?
E[(l—z)d } +€(€+1)y—1 zQy_O

is another form of Legendre’s equation. We may also write it as

m2
122)3;:0

The radial coordinate satisfied R(r) of Bessel’s equation

2

(1—;:2)@—2 d—+<€(£+1)—

dz2 d

Zd’R dR 9 9

d2+2d + (K*r* = 4(t+1)) R=0
and a similar Bessel’s equation arose in cylindrical coordinates. We will
also want to consider the Laguerre equation which arises in the radial wave
functions of the hydrogen atom, and Hermite’s from the wave function for a
harmonic oscillator. Chebyshev’s is important in curve fitting in numerical
analysis.

Because all of these equations are second order linear equations, they can

be written

y'+ Px)y + Qz)y = F(x),

where there may be values of x for which P and @ are singular. (e.g. r =0
or z ==+1.)

If either P or @ (or both) are singular at x = xg, x, is called a singular
point. If not, it is called an ordinary point.

If x¢ is a singular point, but (x — o) P(z) and (z — x)?Q(z) are analytic
at * = xg, xg is a reqular singular point. Otherwise it is called an essential
singularity.
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We say that z = oo is an ordinary point, a regular singular point, or an
essential singularity if, after changing variables to z = 1/x, z = 0 is that
kind of point.

We are nearly always interested in equations where all singularities except
at infinity are regular.

Our equation is linear in y. If F(x) = 0 it is also homogeneous. The
problem of finding all solutions with a given F'(x) can be reduced to

e Find one solution.

e Find all solutions of the homogeneous equation with F' set to zero.
Then the general solution is the sum of the one solution with F' and an
arbitrary solution to the homogeneous equation.

1.1 Frobenius’ Method

We will first try to solve the homogeneous equations by power series expan-
sion about zy. o may be ordinary or a regular singular point, but not an
essential singularity. For convenience only we assume xg = 0.

Let us look for a solution of the form

oo

y(z) = 2" Zan ",  with ap # 0
n=0
_ Z an Ltk

n=0

y'(r) = Z(n—i—k) a1
n=0

Y'(@) = Y (n+k)n+k—1)a,z" "
n=0

Now zP(x) = Z byr" and 2%Q(x) = Zcrxr as these are analytic at
r=0
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0, so
> k) n+k—Daa™ 243N (0 + k)agbam
n=0 n=0 r=0
o0
+ Z Z apcp T2 = .
n=0 r=0

Collecting powers of zP++—2

p
a,(p+k)(p+k—1) +Zan pn(n+ k) + cpn) = 0.
n=0

For p = 0 we get the indicial equation
) [k)(k’ — 1) + bok + Co] = 0.

But ag # 0, so we get a condition on k, which determines the power we start
off from.

This quadratic equation for k always has roots, so in the generic case with
two distinct roots we will get two solutions, one from each root. Higher a,
can be determined recursively from

p—1

- Z an (bp—n(n+ k) + cp_p)

n=0

[(p+k)p+k—1)+bo(p+ k) + co]a, =

provided p + k does not satisfy the indicial equation. Thus each root will
always give solutions except for the smaller of two roots differing by an
integer. We also only get one solution if the roots are equal.

Let’s consider some examples:

1. An ordinary point has by = 0, ¢¢ = ¢; = 0. The indicial equation
k(k—1) = 0 has solutions k = 0,1. The equation for ay, k(k+1)a; +
agb1k = 0 does not determine a; when k£ = 0, but is consistent. There-
fore there are solutions with arbitrary ag and a; (k = 0), giving the two
required solutions. As k = 0, the solution is analytic at the ordinary
point.

2. Suppose P(z) is an odd function of x and Q(z) is an even function.
Then the Parity operator ¢(x) — 1(x) := ¥ (—x) applied to a solution
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will give a solution. Either this is the second solution (but with the
same initial power of z*) or it is the same solution multiplied by +1.
The first case can be reduced to the second anyway, so the solutions
will be either even or odd functions of . As there are nonzero b’s and
c’s only for even indices, the equation for the even a,’s never involve
the odd ones, and vice versa. a; must satisfy its own indicial equation.

3. Bessel’s equation is

2
y”+ly'+ <1— n—2>y:0
x x
so by = co = 1, ¢g = —n?, all others zero. The indicial equation
k(k—1) + k —n? = 0 gives k* = n*, k = +n. Thus for integral or
half-integral n (which is what arises physically), the two roots differ by
an integer, and if we try to find the a’s corresponding to k = —n, we
may not be able to solve the equation for p = 2n. But we have derived
at least one solution with & = +n.

Fuchs’s Theorem: This method, called Frobenius’ Method, of expanding
about an ordinary or regular singular point, always gives at least one solution
as a power series expansion which converges up to the nearest singularity of

P(z), Q(z), or F(x).

1.2 Wronskian

If we have a linear n'*" order ordinary differential equation,
(where d®y means y) (1)

we know there ought to be n linearly independent solutions. Given n solu-
tions, we want to know if they are linearly independent, and given fewer, we
would like help finding the rest. One useful tool is the Wronskian.

First we consider n ordinary vectors ‘7] in an n-dimensional vector space,
expressed in some basis. If the matrix My; = (V}); has a nonzero determi-

nant, there is no non-zero vector a; for which >, My;a; =0 = (ZJ ajVj> ,
k

and hence the vectors are linearly independent.
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Now consider the vector space of solutions of Eq. (1), and n functions
y(z) which solve that equation. Define the Wronskian as the determinant

of the matrix of j'*" derivatives, j = 0,...,n—1 of the n functions v,
dz*lyk o djyij-u
W(.I) = det 7(1;13(—1 = iz:i €ir,royin o 7dl’j .
],...7 n =

If the Wronskian vanishes, even at one point, it means that at that point
there is a nonzero a; such that ) a;y;(x) vanishes along with its first n—1
derivatives, but then, as it satisfies Eq. (1), its n'*' derivative also vanishes,
and it is identically zero, so the n y;’s are not linearly independent.

If we differentiate the Wronskian, we can show dW/dx = —P,_1(x)W (z),
and thus we can solve for W (z), Thus W satisfies a first order differential
equation with solution

W(z) =W(a)exp — /x P, i (2")dz'.

For a general proof see my supplemental note “Wronskian”, but we are inter-

ested in second order equations. Forn =2, W(z) = (‘]}3 fﬁ = fi(z) fo(x)—
1 J2
fi(x) fa(x). Suppose y; and ys are solutions of y” + P(z)y’ + Q(x)y = 0.
d
Wh= (e = 11y2) = hiye — Y1y

=y (—Pys — Qy2) — y2 (—Py) — Q1)
—P(x) (1 — viy2) = —P(x)W
So, at least for n = 2, we have verified our solution for W (z).
Suppose we have a known solution 7, and we want a linearly independent

2. Overall normalization doesn’t matter to us, so we can assume W(a) = 1,
solve for W (x), and find a first order equation

by dy
W (z) = yiyy — Yiyo = yf@yf,
xT W(x/)
: _ da'|
o i) =nio) | [ 5]

[For n > 2, if we know n — 1 solutions, noting that we know the Wronskian,
which depends on y,, and only its first n — 1 derivatives, we have an (n—1)’th
order differential equation for y,, which might be easier. But it is for n = 2
that we will find this most useful.]
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1.3 Solutions of Bessel’s Equation

1 2
y"+—y'+<1—n—>y—0

So P(z)=1/z, Q(z) =1— 12, so bo = 1,co = —n?, ¢ = 1, all others vanish.
The indicial equation is k? = n?, so Frobenius’ method gives us a solution
from k& = n. Successive a’s are given by

Bessel’s equation is

p—1
[(” +P)2 - Zay p—3.0(J + 1)+ 0pjia — 251%]’] = —ap-2,
7=0
or )
a :_7(1_2, so a, = 0 for odd p,
P p(p+2n) P P

(=)™ (2n)ay
T 2m)N(2m 4 2n)!1
Let ag = 1/(2"n!) in order to get Bessel’s function normalized by standard

convention. Then .
(-1)

22mtnml (n +m)!
e —1)m T\ 2m+n
and  yi(z) = Jy(x) == Zom'(T—f)—m)' (§> :

This is called the Bessel function of the first kind.
Now let us turn to finding the second solution. As P = 1/x, W(x) =
exp— [*P(2')dx' = e " =1/z.

ya(x) = Jy(x) /r ﬁ(f)dy.

Writing the integrand in a Laurent expansion, the most singular term at
x = 0 comes from J,, ~ "

(—1)™nlag
22mm! (m +n)!’

Aom =

1
nign 5 SO

n—1

(n—1)!

ya(x) ~ n! 2"z" /x(m’)l%dx/ = 7" (14 O(x)) n # 0.

At first sight it looks like this is just what we would get from Frobenius,
using the root k = —n, and indeed for n not integral that is correct. But
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for integer n the expansion of 1/2'J2(2') will in general have a term a_;z7,

which on integration gives a Inz rather than a constant, multiplying J,.
2 4
Forn=0,Jo~1—-%+5+-,
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The irregular solutions to the Bessel equation are called Neumann functions,
N,(x) or Y,(z). As the Bessel equation arises from the Helmholtz equation
in cylindrical polar coordinates, circular wave guides will have modes with
radial dependence given by J,(ar), or, for coaxial ones, where the solution
needn’t be regular at the origin, by a superposition of J and N.

1.4 Sturm-Liouville, Self-Adjoint differential equations
Consider a differential operator £ such as

du

Lula) = pola) T4+ pr(2) 2+ pa(a)u(a) )

which is of the same type we considered before, but with py not divided out.
We consider £ as a map on the space of functions defined on an interval
[a,b] (a = —00 or b= +00 is okay), where (a,b) contains no singular points,
and within which pj, pg, p|, and py are continuous.
If we defined an inner product (v, u) = f; v*(x) (x)dzx, then the hermitian
conjugate of £ would be defined by (v, Lu) = (u, Lv)*, or f r)dr =

f;u(x)ﬁv*(x)dx, where I have assumed the p’s are real (for real :1:) So

b - b &2 b d b
/av*(x)ﬁu(x)dx:/a up()@v*d:c—k/a uplﬁv*dx—i—/a upov*dz.

Integrating by parts and throwing away the end point contributions,

/ab v (@) Lu(z)de = /abv* [dd; (pou) — % (p1u) +p2u] ,
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SO ) 2 p

Lu = - pou) = — (pru) + pou (3)
is a good definition of an adjoint operator. Take this as a motivation rather
than a proof, as we have ignored the surface terms (i.e. end point contribu-
tions.)

L is a self-adjoint operator if £ = £. But expanding (3),

P — d? 49 d du+ d*u d du+
U = dl_on u dmpo dr pode dm]h U pldx b2t

so equality (for all u) with (2) requires

pdr0 Ppo _dpy
A b1 = D1, A2 dr P2 = P2,
or % — py, from which both follow.
T
d d
If £ is self-adjoint, Lu = . [po(x)d—u} + pa(z)u(z). Then we call p = pg

T T

and g = ps.

Clearly not every 2" order differential operator is self-adjoint, but each
equation can be made so by finding a suitable function to multiply it by. If
y'+ P(z)y +Q(z) =0, then Ly = poy” + p1y’ + p2 = 0 with p; = Ppo, ps =

d
Qpo and self-adjointness of £ requires only % = Ppy, or Inpy = [ P(x)dz.
x

In our treatment of separation of variables, we got relations of the form
Lu(x) + Mw(z)u(z), where A was an unknown separation constant and w(z)
was a known function necessary in order to get things to separate. For
example, for Helmholtz in spherical coordinates, for R(r) we have £ = 7"2%—1—
2rd — (((+1) and w(r) = r% with A = k% Multiplying by a function to
make £ self-adjoint will only change the form of w(x), so we may as well
consider only self-adjoint £. We will assume w(z) > 0 on (a,b) for reasons
to emerge.

Let us start with a very simple example. Take the equation ® satisfies in
axially or spherically symmetric problems:

d*®

T&+m2@:0.
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Here p=1,¢g=0,w=1,A=m? anda=0,b=27. (¢ -z, ® — yor
u or v). There are always some kind of boundary conditions to be imposed.
Here they are periodicity. If v = ® is an acceptible solution, it is periodic
u(0) = u(27) and v/(0) = u/(27).

We know the solutions are o cosmax or sinmx. It is the boundary con-
dition which forces m to be an integer. We could also consider e™?, but we
would still find m quantized to be an integer.

Let us define ¢,,(z) = \/%eimx. Then

2w 1 2w

O () n () d =

=5 T g = 5.
0 T Jo

Thus the ¢’s are orthonormal basis vectors of an infinite dimensional vector
space.
How does this generalize to the general case
(£ +2w)y = - () 4 gl)yle) + Mo(ly(e) 7
w)y=— | p=—= x)y(x w(x)y(r) -
Y dz p dr a\r)y )

a) the boundary conditions:
If £ is to be considered Hermitian, we must have (v, Lu) = (u, Lv)*
(with p, ¢ real), or

/ab {”*(l")% (M@%) + U*(CU)Q(:E)u(x)} dx

_ / ’ <u% <p(x) Cg) —l—u(:c)q(x)v*(x)) dx

The qu*u terms cancel. Integrating the first expression by parts,

b b
dv* du dv*
[ e = wleon)

b /b du ( )dv*
— —D\x .
" “ dzP g

The [ terms cancel, so £ is hermitean on these two functions if

du
dx

v (2)p()

b b

d_u
dx

dv*
dx

= u(x)p(z)

a

v (2)p(z)

a
This is a rather nasty condition to impose, for each u must satisfy it with each

allowed function v in the space on which we can consider £ to be hermitean.
Here are some examples of how it is imposed.
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(a) The case of ®: All functions in the space are periodic, so u*(b) = u*(a)

d d

and d—u(a) = d—u(b), and the same for v. As p = 1 here, both sides
x T

vanish.

(b) The harmonic oscillator problem in quantum mechanics, which gives the
Hermite polynomials. p = e, w = e **, ¢ = —00, b = +00. u and v
are required to vanish at infinity.

x

(c) The Legendre equation (for general m, for x € [—1,1])

d2y dy 2
1—2%) — — 22—~ (0+1) — =0.
( I)dﬁ dx + e+ 1) — 2 Y
d dy
dx( m)d:r SO p T

The limits # = 0,7 correspond for x = cosf to —1 and +1, and y is
required to remain finite there, with finite derivative, even though +1
are regular singular points. As p — 0 at a and b, finiteness of du/dz is
all that is needed.
1 2 d d
(d) Bessel’s equation y"+—y'+ (1 — n_2> y = 0. Multiply by z, — (x—y) +
T x der \ dx
2
<x - y =0, s0 p =x. Zero and oo are the singular points, so they
x
are the natural a and b.

The boundary conditions are finiteness at the origin (where p — 0) and
vanishing sufficiently fast at infinity. (to be investigated later).

(e) Dirichlet or Neumann boundary conditions. If we require all solutions to
vanish at the boundaries (Dirichlet) or to have their derivatives vanish
at the boundaries (Neumann), then both sides vanish.

We have been discussing u as vectors and £ as an operator, a kind of
infinite matrix by analogy. The equation Lu(x) = —Aw(z)u(z) is said in the
book to have eigenfunctions u and eigenvalues A. But an eigenvalue equation
Muv = v does not have a —w(z) in it.

More accurately, we can say that u is an eigenvector of the differential
operator O = —w(lz)ﬁ. Then our equation is Ou = Au, so u is really
an eigenvector with eigenvalue A. But O is not hermitian according to the
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definition of the inner product we used earlier, (v,u) = [v*(z)u(z)dz. We
may instead define a different measure of distance on our space of functions,

(v, u) :—/ w(x)v*(z)u(r) dx.

The w measure just cancels the 1/w in O, so with respect to this new metric,
O is hermitian. A measure needs to be positive, which is why we imposed
that constraint of w(z).

Now to remind you of some linear algebra!

(a) Any hermitian matrix O can be written O = UDU ™" with a diagonal
Dij = )\i(si]' and U a unitary matrix.

(b) The set of vectors ) . e;U;; = ¢;, for each j, is a complete set of eigen-
vectors (with eigenvalues \;). That is, any vector V =" a;¢;.

(c) The N’s are real, and the ¢’s corresponding to different \’s are orthogonal.
(In fact, all the ¢,’s I have defined are orthonormal.)

Now let us see how this applies to solutions

Let u; be another solution with A;. Then u}fﬁui + Aiwuju; = 0. This is also
true with 7 < j, and the complex conjugate taken. u;Lu} + Nwuu; = 0.
But we showed from the hermiticity of £ that

(uj, Lu;) = /u;[,ui = (u;, Luj)" = /ulﬁu;‘
SO

(X — X)) /uj(:z:)ul(m)w(x)ds =0.

If i = j the integrand |u?|w(z) is positive so the integral cannot vanish,
and \; = Af, or )\; is real. If \; # \;, the integral must vanish, and (u;, u;) =
0, the u’s are orthogonal with measure w. If A\; = X; but w; and u; are
linearly independent, they are not necessarily orthogonal, but span a two

LOf course you probably only saw these facts for finite-dimensional algebras. Hopefully
they will apply to our infinite dimensional ones as well. We discuss completeness below.
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dimensional space with some basis which can be chosen orthonormal with
respect to w(zx).

What about completeness? Can any function F'(x) be written as ) a,,dy,
where ¢, is a set of eigenfunctions? We say that ¢, is complete if there is a
sequence a,, such that

2

lim [ |F(2) =) angn(z)| w(z) =0

We take ¢, to be an orthonormal set (even if there are degenerate eigenval-
ues). Then if F'' = Y a,dy, a, = [ F() Jw(x)dz. If we define the
ay,’s this way, even if we don’t assume F’ is glven by Y02 o Ann, then

F(I) - Z an¢n

[ -3 = [1Fwr

—Zan/mnw Z /¢Fw+2an /wmw

m,n=0

If the series Y |a,|?, which is monotone increasing, reaches [ F?w, which
bounds it, then F' = > a,¢,.
Theorem without proof: ¢,, is complete. And can be chosen real.

2

w(x) dz

o0

o
IN

CL myn

d:p—Za:‘lanZO

n

Bessel’s inequality

The § function:

Let K(z,t) =Y, ¢om(x)o

/U)(t)K(x?t)F(t)dt = Zan(bM(I) /Qﬁn(t)ﬁbn(t)w(t)dt = Zan¢n<$) = F($)7
1)

m,n

*(t). Then if F(t) = > andn(t),

so w(t)K(x,t) is the Dirac delta function §(x — t)
Finally a Green’s function, and the solution of the inhomogeneous equa-
tion

Lip(x) + dw(x)ip(x) = —p(x).
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Let G(z,vy) Z (%)\7(]5)\() Applying £, + Aw(z) to G(z,y) (y is fixed)
(Lot Nola)) Glay) = 3 ExlI LAl o)
_ Z —)\nw(x)(bn)(\ﬂ:):r)\)\w(x)qﬁn(x) o (9)
= —w(2) Y éal)dr(y) = —0(z —y).

Thus V(z) = [ G(z, y)p(y) dy satisfies
LV (z) + Aw(z)V(x) = —p(z)

and we have found the inhomogeneous solution V.



