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Cosmological Imprint of an Energy Component with General Equation of State
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We examine the possibility that a significant component of the energy density of the Universe has a
equation of state different from that of matter, radiation, or cosmological constant (L). An example is a
cosmic scalar field evolving in a potential, but our treatment is more general. Including this componen
alters cosmic evolution in a way that fits current observations well. UnlikeL, it evolves dynamically
and develops fluctuations, leaving a distinctive imprint on the microwave background anisotropy an
mass power spectrum. [S0031-9007(98)05521-5]

PACS numbers: 98.80.Cq, 95.35.+d, 98.65.Dx, 98.70.Vc
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Inflationary cosmology predicts that the Universe
spatially flat and that the total energy density of th
Universe is equal to the critical density. This predictio
is consistent with current measurements of the cosm
microwave background (CMB) anisotropy and may b
verified with high precision in the next generation of CMB
satellite experiments. At the same time, there is growi
observational evidence that the total matter density
the Universe is significantly less than the critical densi
[1]. If this latter result holds and the CMB anisotrop
establishes that the Universe is flat, then there must
another contribution to the energy density of the Univers
One candidate that is often considered is a cosmologi
constantL or vacuum energy density. The vacuum densi
is a spatially uniform, time-independent component. Co
dark matter (CDM) models with a substantial cosmologic
constant (LCDM) are among the models which best fi
existing observational data [1]. However, it should b
emphasized that the fit depends primarily on the fact th
the models have low matter density and are spatially fl
the fit is not a sensitive test of whether the additional ener
contribution is vacuum energy.

In this paper, we consider replacingL with a dynami-
cal, time-dependent, and spatially inhomogeneous com
nent whose equation of state is different from baryon
neutrinos, dark matter, or radiation. The equation of sta
of the new component, denoted asw, is the ratio of its
pressure to its energy density. This fifth contribution
the cosmic energy density, referred to here as “quinte
sence” orQ component, is broadly defined, allowing a
spectrum of possibilities including an equation of sta
which is constant, uniformly evolving or oscillatory. Ex
amples of aQ component are fundamental fields (scala
vector, or tensor) or macroscopic objects, such as a n
work of light, tangled cosmic strings [2]. The analysi
in the present paper applies to any component who
hydrodynamic properties can be mimicked by a sca
field evolving in a potential which couples to matter onl
through gravitation. In particular, we focus on equation
of state with21 , w , 0 because this range fits cur
rent cosmological observations best [3–7]. This has m
tivated several investigations [3,4,8,9] of components w
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w , 0 in which a spatially uniform distribution has been
assumed, e.g., a decayingL or smooth component.

In this Letter, we begin by arguing that a smoothl
distributed, time-varying component is unphysical—
violates the equivalence principle. Hence, predictions
CMB and mass power spectra which have not includ
fluctuations in the new component are not valid. We ou
line the general conditions needed to havew , 0 consis-
tent with the equivalence principle and stable again
catastrophic gravitational collapse. We show that
evolving scalar field automatically satisfies these cond
tions. We then compute the CMB and mass power spec
for a wide, representative class of models [see Figs. 1 a
2(a)], taking careful note of the effects of the fluctuation
in theQ component. We show that the fluctuations leav
a distinctive signature that enables aQ component to
be distinguished from dark matter and a cosmologic
constant and makes it possible to resolve its equat
of state. Comparing to observations of the CMB an
large-scale structure [Fig. 2(b)], we identify a new spe
trum of plausible models that will be targets for futur
experiments.

Introducing a dynamical energy component is at lea
as well motivated by fundamental physics as introducin
a cosmological constant. In fact, the theoretical prej
dice based on fundamental physics is thatL is precisely
zero; if it is nonzero, there is no conceivable mechanis
to explain why the vacuum density should be comparab
to the present matter density, other than arguments ba
on the anthropic principle. On the other hand, dynamic
fields abound in quantum gravity, supergravity, and sup
string models (e.g., hidden sector fields, moduli, pseud
Nambu-Goldstone bosons), and it may even be possi
to utilize the interaction of these fields with matter to fin
a natural explanation why theQ component and matter
have comparable energy densities today.

As noted above, a number of studies [3,4,8] have a
sumed a “smooth” (spatially uniform), time-depende
component with an arbitrary equation of state (sometim
called xCDM) which does not respond to the inhomo
geneities in the dark matter and baryon-photon-neutri
fluid. In computing the CMB anisotropy, one finds a nea
© 1998 The American Physical Society



VOLUME 80, NUMBER 8 P H Y S I C A L R E V I E W L E T T E R S 23 FEBRUARY 1998

e

t
y

d

n
r
a-

f
e

].
.
g
s

s
le.

d

FIG. 1. CMB power spectrum,,s, 1 1dC,y2p vs , where
C, is the multipole moment, illustrating that the spectrum
changes significantly as a function ofw and VQ . Thick
solid lines represent SCDM; thick dashed lines correspond
LCDM. For thin solid lines, legends list the parameters i
sequence according to the height of the curve beginning fro
the topmost. The variation withVQ is shown in (a) and (b); (c)
compares the predictions for aQ component with fluctuations
(dQ fi 0) to a smooth component (dQ ­ 0). The differences
due todQ at large angular scales change COBE normalizatio
which is responsible for the substantial variation of the acous
peaks withw, as shown in (d). Panel (e) shows the resul
for time-varyingwshd as determined by specifying a potentia
V sQd and initial conditions, whereV sQd is an exponential or
cosine functional ofQ in the examples shown. Included also is
the prediction for a constantw ­ 21y6, which differs from the
results wherewshd is time varying andwsh0d ­ 21y6. In (f)
is shown the polarization (amplified 100-fold) forw ­ 21y2
compared to SCDM andLCDM.

degeneracy [3] withLCDM for a wide range ofw. In this
Letter, we show that the degeneracy is significantly br
ken when fluctuations in theQ component are included.
However, it is important to realize that the smooth an
Q scenarios are not competing models. A smooth, tim
evolving component is ill defined, since the smoothne
is gauge dependent, and unphysical, because it viola
the equivalence principle to ignore the response of t
new component to the inhomogeneities in the surroundi
cosmological fluid. Hence, a fluctuating, inhomogeneo
component is the only valid way of introducing an add
tional energy component.

There have been some discussions in the literature of
energy component consisting of a dynamical, fluctuatin
cosmic scalar field evolving in a potential [5,10,11], o
an energy component evolving according to a speci
equation of state [4,8,12]. In the case of a scalar fiel
the CMB anisotropy and power spectrum were comput
by Cobleet al. for a cosine potential [5], and by Ferreira
and Joyce for an exponential potential [11]. Here we g
beyond these isolated examples to explore the range
to
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FIG. 2. (a) Variation of mass power spectrum for som
representative QCDM examples. (b) The variation ofs8 with
VQ . For LCDM, VQ is VL. The suppression ofs8 in
QCDM compared to SCDM makes for a better fit with curren
observations. The gray swath illustrates constraints from x-ra
cluster abundance.

possibilities and the range of imprints on the CMB an
large-scale structure.

The class of cosmological models we consider i
this work are spatially flat, Friedmann-Robertson-Walke
(FRW) space-times which contain baryons, neutrinos, r
diation, cold dark matter, and theQ component (QCDM
models). The space-time metric is given byds2 ­
a2shd s2dh2 1 $dx2d wherea is the expansion scale fac-
tor and h is the conformal time. For the purposes o
CMB and mass power spectrum prediction, we model th
Q component of the fluid as a scalar fieldQ, with self-
interactions determined by a potentialV sQd. In an ideal
adiabatic fluid withw , 0, a concern would be that the
sound speed is imaginary,c2

s ­ w , 0, and small wave-
length perturbations are hydrodynamically unstable [13
However, a scalar field is not an ideal fluid in this sense
The sound speed is a function of wavelength, increasin
from negative values for long wavelength perturbation
and approachingc2

s ­ 1 at short wavelengths (shorter
than the horizon size) [14]. Consequently, for the case
considered here, small wavelength modes remain stab
In general, our treatment relies only on properties ofw
andc2

s , and so it applies both to cosmic scalar fields an
1583
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to any other forms of matter-energy (e.g., nonscalar fiel
or topological defects) withw and c2

s which can also be
obtained by a scalar field and some potential. Otherwis
we make no special assumptions about the microsco
composition of theQ component.

We implicitly assume that any couplings to other field
are negligibly small, so that the scalar field interacts wi
other matter only gravitationally. The average energ
density is rQ ­

1
2a2 Q02 1 V and the average pressure

is pQ ­ 1
2a2 Q02 2 V , where the prime represents≠y≠h.

As Q evolves down its potential, the ratio of kinetic
( 1

2a2 Q02) to potential (V ) energy can change; this would
lead to a time-varying equation of statew ; pQyrQ.
In this paper, we consider constant and time-varyin
w models for whichw ; pQyrQ [ f21, 0g, since this
range includes models which best fit current observation

We have modified numerical Boltzmann codes for com
puting CMB anisotropy and the mass power spectrum.
one approach, we use anexplicitly defined equation of
statewshd, which spans all models but requires that th
equation of state as a function of time be known. A
properties of the model are determined by the proscrib
wshd ; wfashdg and

rQ ­ VQro exp

∑
3 ln

ao

a
1 3

Z ao

a

da
a

wsad
∏

, (1)

where ro and ao are, respectively, the critical energy
density and scale factor today. An effective scala
potential which produces thisrQ is computed as a by-
product. A second approach uses animplicitly defined
equation of statein which we specify the potentialV sQd
directly, which is useful for exploring specific models
motivated by particle physics.

A series of codes has been developed for synchrono
and for conformal Newtonian gauge by modifying standa
algorithms [15–17]. In the synchronous gauge, the lin
element is given by [18]

ds2 ­ a2shd f2dh2 1 sgij 1 hijddxidxjg , (2)

wheregij is the unperturbed spatial metric, andhij is the
metric perturbation. The scalar field fluctuationdQ obeys
the equation

dQ00 1 2
a0

a
dQ0 2 =2dQ 1 a2V,QQdQ ­ 2

1
2

h0Q0 .

(3)

Here,h is the trace of the spatial metric perturbation, a
described by Ma and Bertschinger [16].

We have found the observable fluctuation spectrum to
insensitive to a broad range of initial conditions, includin
the case in which the amplitudes ofdQ, dQ0 were set
by inflation. All of the examples shown in this pape
havedQ ­ dQ0 ­ 0 initially as measured in synchronous
gauge. With this choice of initial conditions, the imprin
of dQ on the CMB anisotropy would be negligible if we
did not include the response ofQ to the matter density
perturbations through theh0Q0 source term in Eq. (3). If
1584
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Q0 ­ 0, as occurs forLCDM, the scalar field remains
unperturbed. In the implicit approach whereV is given,
the energy density, pressure, and momentum perturbat
are

drQ ­
1
a2

Q0dQ0 1 V,QdQ ,

dpQ ­
1
a2

Q0dQ0 2 V,QdQ ,

srQ 1 pQd syQdi ­ 2
1
a2

Q0sdQd,i . (4)

These quantities must be included in the evolution ofh,
the total fluctuation density contrastd, and the total ve-
locity perturbationy. For cases wherewshd is provided
explicitly, the same relations may be applied where an
fectiveV is computed by the code fromwshd [18].

Although we have examined many models [18], we r
strict ourselves here to a representative spectrum. Figur
illustrates CMB studies showing Cosmic Background E
plorer (COBE)-normalized [19] CMB anisotropy spectr
assuming adiabatic initial conditions in the matter wi
tilt n ­ 1, Hubble constantH0 ­ 100h km s21 Mpc21

with h ­ 0.65, andVbh2 ­ 0.02, whereVb is the ratio
of the baryon density to the critical density. Because t
models are spatially flat, the angular size of the sou
horizon at last scattering is nearly the same for all o
models and, consequently, the acoustic oscillation pe
are at nearly the same,’s as in standard CDM (SCDM)
[20,21]. However, the shape of the plateau for low, and
the shapes of the acoustic peaks at high, are distorted by
three effects: a combination of early and late integrat
Sachs-Wolfe effects [21] due to having a fluid compone
with w fi 0 and the direct contribution ofdrQ on the
CMB. Figures 1(a) and 1(b) show how the spectra va
with VQ, the ratio of the energy density inQ to the
critical density, for fixedw. The behavior is different
for different equations of state. Forw ­ 21y6 the first
acoustic peak rises and then steadily decreases asVQ in-
creases; forw ­ 22y3, the acoustic peak rises uniformly
as VQ increases. Figure 1(c) compares predictio
assuming a smooth, nonfluctuating component (a case
argued is unphysical) with the full spectrum includin
fluctuations inQ, illustrating the substantial difference
at large angular scales. Figure 1(d) shows spectra
fixed VQ ­ 0.6 and varyingw. When fluctuations in
Q are not included, the curves for21 , w , 21y2
are very nearly degenerate [3], but the degeneracy
substantially broken in Fig. 1(d) by the contribution o
Q fluctuations at large angular scales at a level mu
greater than cosmic variance. Figure 1(e) illustrates
sults for a time-varyingwshd obtained using exponentia
[10] and cosine [5] scalar potentials. The expone
tial potentials are of the formV sQd ­ m4 expf2bQg
where Q ­ Q0 ­ 0 initially; for the examples shown,
sm, bd ­ s0.003 58 eV, 11.66m21

p d for the case with
wsh0d ­ 21y6 and sm, bd ­ s0.00 243 eV, 8.0m21

p d for
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wsh0d ­ 22y3 as expressed in Planck mass (mp) units.
For the cosine potential,V sQd ­ m4s1 1 cosfQyfgd,
wheresm, fd ­ s0.004 65 eV, 0.1544mpd with Q ­ 1.6f
andQ0 ­ 0 initially [5]. Two of the curves are especially
interesting because they compare the CMB anisotro
for two models with the same value ofw today but
with different values ofw in the past. One model has
constantw ­ 21y6, whereas the other model, based o
a scalar field rolling down an exponential potential, ha
w evolving from –1 to –1y6. The two models produce
easily distinguished CMB power spectra even though t
equation of state is the same today due to the differen
in past evolutionary history and the direct contributions
dQ. Hence, the evolution ofw can also be determined
from CMB measurements. Also shown are exampl
of other exponential and cosine potentials compar
with SCDM which illustrate that the CMB anisotropy
is sensitive toV sQd. Figure 1(f) illustrates an example
of CMB polarization, which has similar variations with
parameters as the temperature anisotropy.

Figure 2 illustrates the mass power spectrum pred
tions. The key feature to note in Fig. 2(a) is that the pow
spectrum is sensitive to all parameters: the value ofw; the
time-dependence ofw; the effective potentialV sQd and
initial conditions; and the value ofVQ . Hence, combined
with the CMB anisotropy, the power spectrum provides
powerful test of QCDM and its parameters. An importa
effect is the suppression of the mass power spectrum a
s8 (the rms mass fluctuation at8h21 Mpc) compared to
SCDM, which makes for a better fit to current observatio
[1]. The gray swath in Fig. 2(b) represents the constra
from x-ray cluster abundance forLCDM [22]; in general,
the constraint is weakly model dependent.

While QCDM andLCDM both compare well to cur-
rent observations of CMB and of large-scale structu
today, QCDM has advantages in fitting constraints fro
high redshift supernovas, gravitational lensing, and stru
ture formation at large redshift (z ø 5). Constraints based
on classical cosmological tests onL (wL ­ 21), such
as supernovas and lensing, are significantly relaxed
QCDM with w ø 21y2 or greater [23]. Another prop-
erty of QCDM (or LCDM) is that structure growth and
evolution ceases when theQ component (orL) begins
to dominate over the matter density. Comparing QCD
and LCDM models with VQ ­ VL, this cessation of
growth occurs earlier in QCDM. For larger values ofw,
the growth ceases earlier. Hence, more large-scale str
ture and quasar formation at large redshift is predicted,
better accord with deep redshift images.

In conclusion, we find that the “quintessence” hypoth
esis fits all current observations and results in an impr
on the CMB anisotropy and mass power spectrum th
should be detectable in near-future experiments. Its d
covery could indicate the existence of new, fundamen
fields with profound implications for particle physics, a
well as cosmology. A number of follow-up studies ar
underway including: a quantitative analysis to determin
py
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how well future CMB experiments can resolve aQ com-
ponent and how well one can simultaneously resolve ot
cosmic parameters; numerical simulations of galaxy f
mation and evolution in the presence of aQ component;
and search for quintessential candidates in models of f
damental physics.
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