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Abstract

In this paper we present two hybrid Particle
Swarm Optimisers combining the idea of the par-
ticle swarm with concepts from Evolutionary Al-
gorithms. The hybrid PSOs combine the tradi-
tional velocity and position update rules with the
ideas of breeding and subpopulations. Both hy-
brid models were tested and compared with the
standard PSO and standard GA models. This is
done to illustrate that PSOs with breeding strate-
gies have the potential to achieve faster conver-
gence and the potential to find a better solution.
The objective of this paper is to describe how to
make the hybrids benefit from genetic methods
and to test their potential and competetiveness on
function optimisation.

1 Introduction
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of the standard GA and the PSO, could lead to further ad-
vances.

We present such a hybrid model. The model incorporates
one major aspect of the standard GA into the PSO, the re-
production. In the following we will refer to the used re-
production and recombination of genes only as “breeding”.
Breeding is one of the core elements that makes the stan-
dard GA a powerful algorithm. Hence our hypothesis was
that a PSO hybrid with breeding has the potential to reach
a better optimum than the standard PSO.

In addition to breeding we introduce a hybrid with both
breeding and subpopulations. Subpopulations have pre-
viously been introduced to standard GA models mainly
to prevent premature convergence to suboptimal points
([Spears94]). Our motivation for this extension was that th
PSO models, including the hybrid PSO with breeding, also
reach suboptimal solutions. Breeding between particles in
different subpopulations was also added as an interaction
mechanism between subpopulations.

The introduced hybrids were tested against both standard

The Particle Swarm Optimisation (PSO) algorithm wasPSO and standard GA models.
originally introduced in [Kennedy95] as an alternative 10 1o next section presents the structures of the hybrid PSO

the standard Genetic Algorithm (GA). The PSO was in-

models. Section 3 describes the experimental settings used

spired by insect swarms and has since proven to be a com fing the results described in section 4. The experimen-

petitor to the standard GA when it comes to function opti-

tal results are discussed in section 5 and finally section 6

misation. Since then several researchers have analysed thg 1 marises the study.

performance of the PSO with different settings, e.g., neigh

bourhood settings ([Kennedy99, Suganthan99]). Work pre-

sented in [Shi98] describes the complex task of paramete? Model

selection in the PSO model. Comparisons between PSOs

and the standard GA were done analytically in [Eberhart98]The traditional PSO model, described by [Kennedy95],
and also with regards to performance in [Angeline98]. An-consists of a number of particles moving around in the
geline points out that the PSO performs well in the earlysearch space, each representing a possible solution to a nu-
iterations, but has problems reaching a near optimal solumerical problem. Each particle has a position vecigy,(a

tion in several real-valued function optimisation problem velocity vector §;), the position ;) and fithess of the best
Both Eberhart and Angeline conclude that hybrid modelspoint encountered by the particle, and the indgxdf the



best particle in the swarm. childa(x;) = p; * parenta(xz;) + (1.0 — p;) * parenty (x;)

In each iteration the velocity of each particle is updatedyherep, is a uniformly distributed random value between
according to their best encountered position and the begj and1. The velocity vectors of the offspring is calculated
position encountered by any particle, in the following way a5 the sum of the velocity vectors of the parents normalised

~ S o o = o to the original length of each parent velocity vector.
U = x(wi; + G1i(Pi — &) + Gai(Pyg — &i)) 9 9 P y

wherey is known as theonstriction coefficientiescribed ;. iy () = parent (V) + parents (V) iparenty (7))
in [Clerc99],w is theinertia weightdescribed in [Shi98B, |parent: (V) + parents (V)|

Shig8] andp, is the best position known for all particles.

1 andy- are random values different for each particle and ) . parent (¥) + parents () .
for each dimension. If the velocity is higher than a certain childs(7) = |[parents(v)|

or e vel  |parent (¥) + parents(v)]
limit, called V,,,., this limit will be used as the new ve-

locity for this particle in this dimension, thus keeping the The arithmetic crossover of positions and velocity vectors
particles within the search space. used were empirically tested to be the most promising. The

» o i ) . arithmetic crossover of positions in the search space is one
The position of each particle is updated in each iterationy¢ ihe most commonly used crossover methods with stan-
This is _done by adding the velocity vector to the position 4o real valued GAs, placing the offspring within the hy-
vector, L.e., o percube spanned by the parent particles. The main motiva-
Ti =i+ Ui tion behind the crossover is that offspring particles benefi
The particles have no neighbourhood restrictions, meanfrom both parents. In theory this allows good examination
ing that each particle can affect all other particles. Thisof the search space between particles. Having two parti-
neighbourhood is of typeatar (fully connected network), cles on different suboptimal peaks breed could result in an
which have been shown to be a good neighbourhood typescape from a local optimum, and thus aid in achieving a
in [Kennedy99]. better one.

The structure of the hybrid model is illustrated in figure 1. We used the same idea for the crossover of the velocity vec-
tor. Adding the velocity vectors of the parents results im th
velocity vector of the offspring. Thus each parent affects

be?r?itialise the direction of each offspring_ velocity _vector equally._ln
while (not terminate-conditiopdo order to control that the offsprmg velocny was not _gettmg
begin too _fast or too slow, the offspring _velouty vector is nor-
evaluate malised to .the length of the velocity vector of one of the
calculate new velocity vectors parent particles.
move Finally, the starting position of a new offspring particte i
breed used as the initial value for this particle’s best found opti
end mum ;).
end

Figure 1: The structure of the hybrid model. 2.1 Subpopulation Model

The breeding is done by first determining which of the par_The motivation for inFroducing_subpopulations is to regtri
ticles that should breed. This is done by iterating throughthe gene flow (k_eeplng the diversity) and thereby attempt
all the particles and, with probabilityb (breeding proba- (© evade suboptimal convergence.

bility’), mark a given particle for breeding. Note that the The subpopulation hybrid PSO model is an extension of
fitness is not used when selecting particles for breedingihe just described breeding hybrid PSO model. In this new
From the pool of marked particles we now select two ran-model the particles are divided into a number of subpopu-
dom particles for breeding. This is done until the pool of jations. The purpose of the subpopulations is that each sub-
marked particles is empty. The parent particles are redlacepopulation has its own unique best known optimum. The
by their offspring particles, thereby keeping the popelati  velocity vector of a particle is updated as before excepit tha
size fixed. the best known positiorpy, in the formula) now refers to

The position of the offspring is found for each dimension the best known position within the subpopulation that the

by arithmetic crossover on the position of the parents, i.e. particle belongs to. In terms of the neighbourhood topology
suggested by Kennedy in [Kennedy99], each subpopulation

childy(x;) = p; x parent1(x;) + (1.0 — p;) * parenta(z;)  has its ownstar neighbourhoad



The only interaction between subpopulations is if parent ] e
from different subpopulations breed. Breeding is now posil'able 15 tSezt;\;ch stpace and asymmetric initialisation ranges
sible both within a subpopulation but also between differ- oreach test function.

ent subpopulations. An extra parameter cajpedbability Function Search space | Initialisation range
of same subpopulation breedifygsb) determines whether fi —100 < z; < 100 50 < x; < 100
a given particle selected for breeding is to breed within ) —100 < z; <100 15 <x; <30
the same subpopulation (probabilityb), or with a particle I3 —600 < z; < 600 300 < x; <600
from another subpopulation (probability— psb). fa -10<z; <10 2.56 < x; < 5.12

Replacing each parent with an offspring particle ensures a
constant subpopulation size.

Search space and initialisation ranges for the experiments
3 Experimental Settings are listed in table 1. The number of generations run for each
test function was set to 1000, 1500 and 2000 correspond-
Both the PSOs and the standard GA were tested on foung to the dimensions 10, 20 and 30 of the test functions
benchmark problems, all minimisation problems. The firstrespectively.
mg;glnﬁ;ﬁn;::%rfolégllrmg%ghgﬁ :‘Eié?i«s)tnt\s,vgr\gzr:sglrigc-i In both the standard PSO model and the hybrid model, the
such that their global minimurﬁ was at or near the origin ofPPer I|rln|ts.for<p_1 anqm were set (.0, and a Ilqearly
the search space decreasing inertia wellght startmg gt 0.7 and ending at 0.4
' was used. The constriction coefficiepivas setto 1. The
The first test function was the generalised sphere functiomaximum velocity ¥7,...) of each particle was set to be
given by the equation half the length of the search space in one dimension (for
instanceV,,,.. = 100 for fi and f5).

fi(z) = Z ; Two sets of experiments were conducted; Experiments with
i=1 breeding alone and experiments with both breeding and
wherez is an dimensional real-valued vector and is  Subpopulations.

the ith Qlement of that vector. .The_second function .is theresearch done in [Shi98] regarding scalability of the stan-
generalised Rosenbrock function given by the equation  gard PSO have shown that the performance of the standard

n_1 algorithm is not sensitive to the population size. Exper-
fa(z) = 2(100(331.+1 — 222 4 (2 — 1)?) iments with the hybrid model confirm this result. Based
im1 on these results the population size in the experiments was

fixed to 20 particles in order to keep the computational re-

The third function is the generalised Griewank function. quirements low.

IR - x; — 100 In the experiments with subpopulations, the populatioa siz
= — ; —100)% — S ) +1 o
fs(@) 4000 ;(JC ) il;[lcos( Vi )+ for the whole system was also 20. The size of each sub-

. o _ _population was fixed throughout each runge—2-—-—
The fourth and final test function is the generalised Rastriparticles.

gin function which is given by the equation » ) .
The probability for breedingpp) was empirically found to

have its optimal setting d.2, which with 20 particles on

= 2 _ : . . .
falz) = Z(mi 10cos(2mz;) +10) average gives a total of two breedings per generation.
=1

n

In the experiments with subpopulations, the best setting re
These four functions have been commonly used in othegarding the probability for breeding within the same sub-
studies on particle swarm optimisers (e.g. [Kennedy99population psb) was determined empirically by examining
Shi99]). the results for different settings. The number of subpopu-
The initial population is usually uniformly distributed ew lations used in fche experiments was 2, 3, 4 and 6'. Table 2
. shows the relation between the number of populations and

give false indications of relative performance - espegiall the setting for this probability that appeared to be optimal

if the search space is symmetric around the origin wherd& he standard GA that we used was a real-valued GA with
many test functions have their global optimum. To preventrandom initialisation, tournament selection with tourna-
this, and to ease comparison with other models, the asynment size two, arithmetic crossover with random weight,
metric initialisation method used in [Angeline98] was used Gaussian mutation with distributioiV (0, «) where « is



Figures 2 to 5 show the average best fithess for each genera-
tion for both the standard PSO model, the standard GA and
the hybrid model. The graphs illustrate a representatite se

Table 2: Probability for breeding within same subpopula-
tion compared to number of populations

Populations | Psb of experiments for functions with a dimensionality of 30.
1 1.0 The hybrid model in these figures are without subpopula-
2 0.6 tions (i.e. one subpopulation). Note that the figure with the
3 0.3 Griewank function only illustrates two experiments, since
4 0.0 the standard GA was unable to achieve a reasonable result
6 0.0 (see table 4).

Figures 6 and 7 show the average best fithess for each
generation for both the standard PSO model and the hy-
linearly decreasing from to 0. Crossover and mutation brid model. The graphs illustrate experiments with both
probabilities for each of the four test functions are lisited a unimodal (Rosenbrock) and a multimodal test function
table 3. In order to get a fair comparison between the mod¢Griewank) both of 30 dimensions. The graphs for the hy-
els, with regards to the total number of evaluations, a popbrid model correspond to experiments with a varying num-
ulation size of 20 individuals was also selected for the GA.ber of subpopulations. The graphs for the standard PSO
This was done even though the standard GA often requiresiodel are the same as in the previous figures.
larger population sizes in comparison to the standard PS _ N
model [Angeline98]. Other studies [Shi99] show that the(?-abIeS 4 and 5 with correspondlng figures 2 to 5. ShOW. re-
standard PSO model with different population sizes havéuns for the standard PSO supporting the results in [Shi99]
almost the same performance, so the low population sizén experiments with the Sphere function the standard PSO
seems to be fair when analysing the PSO model. achieved better results and had much faster convergence
than both the standard GA and the hybrid model with one
subpopulation. The GA and the hybrid model found similar

Table 3: Crossover and mutation probability used in stany 5 es but the hybrid model had a faster convergence speed

dard GA. _ _ than the GA. When the number of subpopulations in the
Function | Crossover prob. | Mutation prob. hybrid model was increased the best fithess got worse. This
f1 0.60 0.30 happened in all of the experiments.
f2 0.50 0.30 ) .
With the Rosenbrock function, the standard PSO had a bet-
f3 0.50 0.40 .
I 0.20 0.02 ter performance than both the GA and the hybrid model.

The hybrid model only had a fitness comparable to that
of the standard PSO when the test functions were of low
A total of 100 runs for each experiment were conducted. dimensionality. When the dimensionality of the test func-

tions were higher, the GA accomplished better results than

. the hybrid model. The convergence speed of the GA and

4 Experimental Results the hybrid model was better than that of the standard PSO.

Tables 4 and 5 list a representative set of results from thdh the experiments with the Griewank function, the GA

conducted experiments. The tables list the test functiun, t failed to achieve a reasonable result compared to the other
dimensionality of the function, the number of generations™°dels. The hybrid model had a faster convergence than

the algorithm was run and the average best fitness for thi1® Standard PSO, but achieved a marginally worse best
best particle found for the 100 runs of the four test funcdion value.

respectively. Standard error for each value is also listedin experiments with the Rastrigin function, the hybrid
Table 4 shows results for the experiments with the hybridmodel was better than both the standard GA and the stan-
PSO without subpopulations. The table also list the corredard PSO model with both a faster convergence and also a
sponding average best fithess of both the standard PSO apétter best value found.

the standard GA with the same settings (where they are ap-

plicable) as described in the previous section. Results for

experiments with subpopulations are listed in table 5. Note

that the hybrid PSO with one subpopulation in table 5 cor-

responds to the hybrid PSO in table 4.

Figures 2 to 7 are graphs corresponding to the reported ex-
periments.



Table 4: Average best fithess of 100 runs for experimentsouitsubpopulations (Average best fitnestsandard error).

f | Dim. | Gen. Std. PSO Std. GA Hybrid

fi| 10 | 1000 | 2.98E-334.21E-33| 2.43E-04t1.14E-05| 2.42E-04t2.17E-05
fi| 20 | 1500 | 3.03E-20+9.27E-21| 0.00145:6.22E-05| 0.00212+2.75E-04
fi| 30 | 2000| 6.29E-13-7.64E-14| 0.00442-1.78E-04 | 0.01203:6.33E-04
f2| 10 | 1000 43.049+11.554 109.81G:6.212 43.521-16.047
f2 | 20 | 1500| 115.143:19.871 146.912£10.951 169.112:21.535
fo| 30 | 2000| 154.519:24.512 199.7306:16.285 187.033:22.960
fs| 10 | 1000| 0.08976:0.00498 283.2514-1.812 0.09078:0.03306
fs| 20 | 1500| 0.036010.00298 611.266:3.572 0.00459:0.01209
fs| 30 | 2000| 0.01504t0.00241 889.537A-3.939 0.09911-0.00106
f4a| 10 | 1000 4.8021-0.2323 3.1667-0.2237 3.0599+0.1535
fa| 20 | 1500| 21.391#0.7885 16.8732:0.6007 11.659G:0.3602
fa| 30 | 2000| 46.9712-1.3206 49.3212+1.1204 27.8119-0.8059

Table 5: Average best fithess of 100 runs for experiments withpopulations (Average best fithnestandard error).
(“Hybrid (2)" is the hybrid model withi subpopulations).

f | Dim. | Gen. Hybrid (1) Hybrid ( 2) Hybrid (4) Hybrid ( 6)

fi| 10 | 1000 | 2.42E-04:2.17E-05| 3.796E-05-9.22E-05| 0.00223+9.13E-04| 0.02124:0.00641
fi| 20 | 1500 0.00212+2.75E-04 | 0.00175:2.28E-04 | 0.00566:0.00185 | 0.04597-0.00721
fi| 30 | 2000| 0.01203t6.33E-04 | 0.17396:4.56E-04 | 0.02023:0.00349 | 0.05669:0.00738
f2| 10 | 1000 43.521-16.047 51.70H-13.761 63.369-14.006 81.283:14.907
fo| 20 | 1500| 169.112-21.535 129.57G:14.880 108.39116.928 | 137.236:19.619
f2| 30 | 2000| 187.033:22.960 196.554£14.733 279.39G:19.468 | 247.724-31.822
fs| 10 | 1000| 0.09078:0.03306 0.46423-0.03700 | 0.69206:0.02758 | 0.74694:0.01844
fs| 20 | 1500| 0.00459£0.01209 0.02231-0.02121 | 0.09885:0.01883 | 0.34306:0.03072
fs| 30 | 2000| 0.099110.00106 0.06316:0.00121 | 0.16389:0.00913 | 0.37501-0.02842
fa| 10 | 1000 3.0599+0.1535 3.5615+0.1478 3.6840+0.2611 6.8036+:0.4657
fa| 20 | 1500| 11.659@:0.3602 12.9158:0.3107 11.6379:0.5308 | 11.7054+0.5992
fa | 30 | 2000| 27.8119:0.8059 38.58940.6455 29.582'4-1.0649 | 29.174'40.9449
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Figure 2: Standard PSO versus hybrid model for Spher

. . i ?:igure 3: Standard PSO versus hybrid model for Rosen-
function with one population.

brock function with one population.



40 T T T T T T T T 9 T T T T T LI T
! Std. PSO (dim. 30) .. Hybrid (1 subpopulation)
3B i Hybrid (dim. 30) ------- . s | A Hybrid (2 subpopulations) =------- a
; RN Hybrid (4 subpopulations) --------
30k ! _ Y Hybrid (6 subpopulations) -
! TN Std. PSO -=-- -
25+ 4 . 7,
[92] -
8 20 — g
= i
i S 5
15 B o
10 + . ar
5 . 3r
"""" b niininind: inbindieds 12 | 2
0 200 400 600 800 1000 1200 1400 1600 1800 2000 0 200 400 600 800 1000 1200 1400 1600 1800 2000
Generation Generation

Figure 4: Standard PSO versus hybrid model for Griewankrigure 6: Hybrid model with different number of subpopu-

function with one population. lations versus standard PSO (Rosenbrock 30 dim.).
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Figure 5: Standard PSO versus hybrid model for RastrigirFigure 7: Hybrid model with different number of subpopu-
function with one population. lations versus standard PSO (Griewank 30 dim.).

5 Discussion could be why the hybrid model suffers in experiments with
unimodal functions.

Tables 4 and 5 show a comparison of the performances i

the standard PSO model, the standard GA, and the breedi

PSO hybrid with regards to the optimum found.

P_ooking at the multimodal functions Griewanks) and
rwagastrigin (f4) the hybrid model should have a better chance
of outperforming the standard PSO, because of the ex-
Looking at the unimodal functions Spherg ) and Rosen- tra diversity. Table 4 does not show an improvement for
brock (f2) both the hybrid and the standard GA seem tothe Griewank function, but figure 4 shows that the hybrid
outperform by the standard PSO. As mentioned in sectiomodel converges faster than the standard PSO model. The
2 the offspring are initialised with a clean memory, i.ee th standard GA was not able to reach a reasonable optimum
previously best found solution of a new patrticle is its start in any of the experiments with the Griewank function. This
ing point in the search space. This should provide a forms probably due to the fairly small population size in the
of diversity since new particles are unaware of previouslyGA. Table 4 along with figure 5 show the improvements
found optima. The purpose of adding diversity to the stanfor the Rastrigin function. Here both faster convergence
dard PSO is to tackle the problem of avoiding sub-optimalis achieved and an improvement in the best solution is
solutions. When we try to avoid sub-optimal solutions wefound. These results could be because of the design of
run the risk of not beeing able to find a close to optimal so-the crossover operator that allows offspring particlessto e
lution because the particles takes longer to converge. Thisape local optima (see section 2). The results seem to show



the potential of particle breeding regarding the multimoda GA models regarding a comparison of the best optima
problems. found. Yet, the hybrid model had a marginally faster con-

i . vergence than both the standard PSO and GA models. On
Table 5 as well as figures 6 and 7 show no further in- . . : L

. : . multimodal test functions (Griewank and Rastrigin) the hy-
crease in performance when subpopulations were intro; . .

) . brid model performed better. The optima found by the hy-
duced. Comparisons between the approach with one sub- . . :

. : : rid were better or identical to those of the standard PSO
population (equal to the standard breeding PSO hybrid) an .

; . . model and the convergence speed was marginally faster.
cases with more than one subpopulation show that the in-
troduction of subpopulations only outperforms the staddar Future work should cover the grounds of other subpopu-
breeding PSO hybrid in the Rosenbrock 20-dimensionalation constructions. We chose breeding to model interac-
function. In all other experiments the hybrid model with tion between subpopulations, but other schemes such as mi-
subpopulations performs worse than the standard PSQ@ration should be investigated. Larger subpopulatiossize
model. This is probably because the particles are disshould also be investigated and compared to other evolu-
tributed in several subpopulations which yields a subpoputionary algorithms that uses subpopulations.

lation size that is too low.
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