13.2 Equal and Opposite Magnetization

(a) There is no free current. The magnetization in each region is uniform so the bulk
magnetization current density ju =V x M = 0. The magnetization is normal to the
2 = 0 interface so the surface magnetization current density K = M x fi = 0. There
is no source current of any kind, so B = 0 everywhere.

(b) There is no bulk magnetic charge p* = —V - M but there is a surface charge density
o* = M - f1. There is a contribution ¢ = M at z = 0 due to the z > 0 region. An
identical contribution comes from the z < 0 region. Therefore, since an outward-
pointing electric field E = o/2¢ is created by a planar surface density of electric
charge o, we get an outward-pointing fleld H = M in this case. Since M points
inward o the same interface, we conclude that B = po(H + M) =0 everywhere.

13.6 The Virtues of Magnetic Charge

(a) The text estabtiishes that m = [d® M. On the other hand, using the proposed
formula, the £** component of the magnetic dipole moment of the sample is

my; :_/da”""kv'Mz—/d3TV‘(MT};)+/d3T(M-V)Tk:/d37‘]\/fk.
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(b) By definition, the interaction energy between two current distributions is

Ty — _H0 /d3 /d3 131 () Ja(r )
S
Using the definition of the vector potential in the Coulomb gauge, this is
Vg = —/d3rj1.A2 = —/d37‘A2-VXM1 = /d3rV-(AgxM1)-—/d3rM1-VxA2.

Finally, using the divergence theorem and the fact that M; is zero on the integration
surface at infinity, we conclude that

—/da’l‘Ml 'Bg.

Precisely the same steps beginning with Vg = ~ J @*rja - Ay establish the reciprocity
relation.

(c) Tt is simplest to begin with the proposed formula and show that it is equivalent to the
expression derived in part (b). Then, because By = pgHj in the part of space where
Ml # 0,

iy = L [ [ LMY M)
m

e —r'|

- Z—;/dP’T'V"Mz(I‘/)/dST {V' [I’l:tll“_l_(Tr,)J —Ml(r)-Vlr—_lr—,[}

_ 3 o Mo 3.0 P3(r')
_./der(r) V47T d°r

v — |

= —/d3rM1(r) - o Hy (r)

= —/d3rM1(r) -Ba(r).




13.11 Lunar Magnetism
We have B = po(H + M), where H = —V1) and ¢ satisfies the Poisson-like equation

Vi) =V -M.

In addition, at the boundary between regions, it is necessary to satisfy the matching condi-
tions

Y1(rs) = Pa(rs)

o O
Ony  Om

and
} =[M; — Myls - 1.
s

We call the core, crust, and exterior of the Moon regions I, II, and III, respectively, as shown
below.

The impressed magnetization M of the core is stated to be proportional to a dipole field By
centered at the origin. If we align the magnetic moment m with the z-axis,

pom 3cosff — 2  pgm 2cos Of + sin 69

Ba(r,0) = 4dr T3 4 rd

Since V - B = 0, we know that V - M = 0 and the magnetic scalar potential above satisfies
Laplace’s equation everywhere. Specifically,

D (%) cos 0
= [P so(D)] e

Ym = A(%)zcos(?.

P

i

Applying the matching conditions, noting that fi = £ and that the only non-zero magneti-

zation is L A
My = N12c0s9r ;I— sin 99’
T
gives
A = B+C
a? b
D = B— -
b2 + Ca
2M 2B C 24
_T — ———— - + —_—
« a a a
2M D @ C

It is straightforward to check that this system is solved by

2M a® b
A=0 —_p=2% =Bl 2
¢ 3a2 p B[b2 a]’




Chapter 13 Magnetic Matter

which confirms that H = B = 0 in region III outside the Moon. We can sketch B inside
the Moon using the fact that By = H; = —V4; is constant, the lines of B must form
closed loops, and B must be tangent to the sphere at » = b because its radial component is

continuous there.

Source: S.K. Runcorn, Physics of the Earth and Planetary Interiors 10, 327 (1975).
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13.13 Magnetic Shielding

We use a magnetic scalar potential where H = —V4. There is no free current, and the
problem is two-dimensional, so

2y 10 (O, 10
Vo =oo\a) T rae =0

By standard separation of variables, the general solution is a superposition of terms of the
form

1,[)(/),9) = (A cosng + B, sin n¢)(cnpn + an—n)_

Inside the shell, the solution must be finite and reflect the symmetry of the external field.
Since Bexy = pioHext and Yoxy = —Hext = —Hexypcos ¢,

Pin = Apcose.
Within the shell, we have the slightly more general potential
Psnent = (Cp + Dp~') cos ¢.
QOutside the shell, the field must reduce to By as p — oo. Therefore,
Yout = —Hexipcos ¢+ Ep~* cos ¢.

The matching conditions are continuity for the normal component of B and continuity
for the tangential component of H. The latter is equivalent to the continuity of ¢ itself.
Applying these at p = a gives

i B Otshell _
<_é7)—)p=a = Km ( ap >p=a and "/)mlpza = 'Q[)shell‘p:a

or

The matching conditions at p = b are

hout — Oshen _
( 8p >p=a = fom ( 6p >p=b and wo“t|p=a - "l)shelllp:b

or

E D E D
- ext:'b_2:/§m (C_'b_z‘> and —Hext‘i'g':Cb_!_'E'

e

__5’,
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From the matching conditions at p = a, we deduce that

C EKnp+11 A KEm 2 A 26m
- T DT " o

= = = = .
D Ky —1a? D kg +1la? C kn+1
Eliminating F from the matching conditions at p = b gives

_ 2Hew + (km + 1)Ob2

D
Km — 1

Substituting this into the expression for C/D in (1) gives

B (kn+1\° B ok +1
Cil—— = 2Hext———=.
{ a? (Rm—l L2 (foy — 1)2

Using this to eliminate C from the expression for A/C in (1) gives

B 4 b
T (km — 1)2@% — (K + 1)202

A Hext-

This gives the advertised result because

Ao b2

(Kom + 1262 — (ki — 1)2a? Boxt.

Bin = —mp Az =




