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Large-N treatment of the Abrikosov transition at low temperatures
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We investigate the influence of order-parameter fluctuations on the transition between normal and mixed
superconducting states at low temperatures. We show that in the case of clean quasi-two-dimensional super-
conductors the transition can be described by the functional of the Ginzburg-Landau type. We consider the
largeN generalization of this functional and using the lowest Landau-level approximation we get th&llarge-
equations that describe the phase transition. In three dimensions we found that the transition is of the first
order. The fluctuations significantly affect the temperature dependence of the upper critical field.
[S0163-182699)04105-3

[. INTRODUCTION because by doing that in an improper way one can get a
model that does not have a solution in the form of the Abri-

Itis well known that the magnetic field penetrates type-|l kosov lattice® Under the approximation when the mean-field

superconductors through flux lines that form the Abrikosovg tion and fluctuations belong to the lowest Landau level

Iattlf:e.l The theory of this mixed state Wlas first devgloped by(which is valid near the phase transitione get the equa-
Abrikosov for temperatures close o, _anq then it was tjons that describe the phase transition.
extended to all temperaturéThese .theorles ignore the qu_c- We show that in high enough dimensiofeither T=0,d
tuations of the order parameter. It is a very good approxima= 4 or T0,d>6) if the coupling constant is not too large
tion for the conventional superconductors because in thighe transition is of second order. In this case the corrections
case the order-parameter fluctuations are important only in fom fluctuations do not modify mean-field results essen-
very small region near the phase-transition line. That haptially. In the physical cased=3) the phase transition is
pens because the Ginsburg numbers of the conventional sahvays of first order and the fluctuations significantly affect
perconductors are very small. the phase-transition line: the upper critical field increases as
However for highT. superconductors there are experi- temperature decreases, and the curvature of this dependence
ments that cannot be explained by the usual mean-fielis negative when the temperature is not too Ieee, Figs. 4
theory. The upper critical fielt, at low temperatures sig- and 5.
nificantly increases as temperature decreases instead of beingThe paper is organized as follows: In Sec. Il we describe
approximately constant as follows from the mean-fieldthe model. In Sec. Ill we derive the largé-equations de-
theory® The Ginzburg numbers of highz superconductors scribing the phase transition. In Sec. IV we analyze the phase
are not very small; therefore one can suggest that this uriransition from the side of the normal-state region. In Sec. V
usual behavior is due to the order-parameter fluctuationsve simplify the largeN equations making the lowest
Also, it is important to understand the type of the phasd.andau-level approximation. In Sec. VI we solve the laiye-
transition(first order or second orderbecause in the mean- equations in the case of high dimensions. In Sec. VII we
field approximation this transition is always of the secondsolve the largeN equations in the physical case. In Sec. VIII
order, but the fluctuations can induce the first-order phaswe discuss the spectrum of the order-parameter fluctuations.
transition. This happens, for example, in the model describednd we summarize our results in Sec. IX.
in Ref. 4 and it was suggested to happen in the Abrikosov
transition? _ _ _ _ IIl. DESCRIPTION OF THE MODEL
In the following we will consider the influence of the
order-parameter fluctuations on the transition between nor- To analyze the transition to the superconducting state one
mal and mixed superconducting states in pure superconductan usually use the GL functional. This functional is based
ors. We argue that in case of clean quasi-two-dimensionadn the expansion in the order parameter, so it is valid when
superconductors, when the magnetic field is applied alonthe ratio of the order parameter and temperatdvd is
the low-conducting direction, even at low temperatures, thismall. In the case when an external magnetic field close to
transition can be investigated by the effective functional ofH, is applied, one can still use the GL functionalAf T
the Ginzburg-Landa(GL) type that contains imaginary time <1, but at low temperatures the expansion in this parameter
because quantum fluctuations become important at low tenbecomes not possible. On the other hand, the magnetic field
peratures. Unfortunately, even having the effective funcroduces the depairing effect, as temperature does, so one
tional one can hardly calculate the free energy exactly; that isan try to expand il because it is small compared with the
typical for the critical phenomena problems. Therefore wemagnetic field taken in the proper units. That was done in
modify the functional introducing index to the fluctuating Ref. 7 and it was shown that the coefficient in tlig* term
field and considering the largg-limit. One should be care- has a logarithmic singularity In(IJ, which means that the
ful with the introduction of then index into this functional expansion inA is not possible at zero temperature. The ap-
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pearance of this singularity can be easily understood physi|* term. Considering the simplest case when fluctuations
cally. Indeed, if we consider a pair of electrons that moveare small, for the ¢|* term we have
exactly parallel to the magnetic field, then the magnetic field

does not affect them in the quasiclassical approximation. |pl*= " + 40§ PodT b1+ & b P11
Therefore this singularity comes from the electrons moving .
parallel to the magnetic field or close to this direction be- T dodop1 b1+, (4)

cause the magnetic field does not produce the depairing ef-

fect for these electrons. The direct calculation of the coeffi—Where we wrote only the most interesting quadratic indhe

cient of |¢|* term shows that, indeed, the singularity comesP2" The spectrum of fluctuations _correspondlng to @ﬂ
from the momenta parallel to the magnetic field. was considered by Eilenber§eand it was found that it is

There is a way to avoid this problem if one Considerspos:itive definite, i.e., the Abrikosov lattice is stable. It is
important that following to the Eilenberger approach one can

guasi-two-dimensional superconductors. Indeed, if the mag- . .
P ; ) ; O ee that these are the off-diagonal terms in @ythat make
netic field is applied along the low-conducting direction, thent e lattice stable. But for thp|* term defined by Eq(3) in

due to the quasi-two-dimensional band structure there are nt | N limit h

momenta parallel to the magnetic field. In this case it is € largen imit we have

possible to expand i\ and get a functional of GL type. N . % N
Unfortunately, the functional that arises does not match ex- b Pnbmbm= - + 2o pobmbmt -+,

actly the f(irm of the usual GL functional. The difference is s, i this case we effectively drop out the off-diagonal terms
that the|¢|" term becomes a nonlocal functional ¢ffields a4 it leads to the unstable spectrum of fluctuations. There-

with a range of “interaction” of the order of the magnetic tore e suggest the following modification of the model:
length! We hope that this difference is not crucial, and

. . 4
therefore we consider the model with a lotal* term. The b bt b 2% rd* bu— b B . (5)
Lagrangian density of this model is
In the largeN limit for the | ¢|* term now we have
c=gt| - 2 apy 1o+ a) g ulgs 2 BH
om PTG 8m  4m’ 465 bodn bn— b5 b5 Smdm— bobodimdh,

@ which matches the form(4) after the redefinition¢,,
whereD ,=V ,—(ie*/c)A, acts only in thex-y plane with ¢, ¢¥——igk. It is important that the second term in
the Abrikosov lattice, and, = p?/2m, is the kinetic energy  Eq. (5) should have the negative sign because otherwise the
corresponding to the motion in the directions perpendiculafluctuations around the Abrikosov lattice are unstalfiem
to thex-y plane. In this Lagrangia® is a function of coor- the above simple argument one cannot see that it should be
dinates and imaginary time because we want to consider theegative. So the Lagrangian density of the model that we
low-temperature quantum regime also. The operdtgf  will consider is

means that in the Matsubara space this operator becomes
2

|w|. For the BCS model the coefficients in the Lagrangian . D
(1) are L= ¢y _ﬁ+6(pl.)+|a’f|+a n
1 1 U|2: H- Hf;g) u * * * gk BZ BH
~ pem,’ m—l’v?kg, a+ 60~Eow, (2 + N(Zd’n DnPmPm— bn bn Pmbm) + 87 4’
where g is the energy of the lowest Landau level, i.e., the ©
lowest eigenvalue ob?/2m, m, is the electron mas${(Y  and the action and the partition function are
is the critical field in the mean-field approximation, akgd
=1/t is the anisotropy coefficient, which is the ratio of the S:j drdo%r @
in-plane electron hopping and the hopping in the direction '
perpendicular to the-y planes.
To make our approach systematic we will modify this
model introducing then index and considering the lardeé- Z:f D¢Dg*e™". ®
limit. The usual way to introduce theindex to the ¢|* term
is For simplicity, in the following we will neglect the fluctua-
tions of the magnetic field because in the lowest Landau-
* pd* d— by bndbredm - (3) level approximation it gives just a renormalization of the

term2° moreover, the highF, superconductors are ex-
But it happens that the spectrum of fluctuations around theremely type-ll superconductors and therefore even this
Abrikosov lattice is not positive definite in this case, i.e., therenormalization is not essential.
Abrikosov lattice is unstabl®(We will not consider the pos-
sibility of condensation into differenb components as in
Ref. 6) To understand the reason of this instability let us
substituted = ¢y + ¢, , Wheregp, corresponds to the Abriko- The interaction term in the Lagrangi&6) can be decou-
sov lattice andgp, represents fluctuations around it, into the pled with the help of a real field and a complex ond:

Ill. LARGE- N EQUATIONS
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D2 , 1 T
L=} | = 5+ €(pL)+19,]+a+2pi | A% by S5P=y~ 2 G(0.00,p.), (14
1L wpp
. % B2 BH N , N . where the limitN—« was taken. The Green’s function in
FAdndnt g Tt o P T ATA ©  this case is

From the form of this Lagrangian it is evident that the mean- | 1 _, 2
field value ofp should be imaginary; that is not a problem, 2mD Te(p.)+a+2pt|o] |G(r.0mp,)= ).
because one can always shift the contour of integration over (15

p in the complex plane. Therefore we simply redefime
—ip because we will not consider the fluctuationsAofand
p fields. Integrating oveN—1¢ fields we get an effective

Under the approximation when thé field belongs to the
lowest Landau level we can substitute(1/2m)D?= ¢,
wheree, is the energy of the lowest Landau level and get

Lagrangian:
D2 P _ TH 1 g Velo+e(py) +ol]
L=¢t| — ==+ e(p,)+|a,] +a+2p | do+ A* dodo 2u V@5, 8+|w|+e(py)
2m (16)
+A¢5 b5 whereey+2p+a= 6 andd,=2mc/e*. Also we introduced
D2 the ultraviolate cutofe. The advantage of this cutoff proce-
~om +e(p)+|d,|+a+2p 2A dure is that the Green'’s function with the cutoff can be writ-
+ N_1Trln m ten as
2 *2
* —
2A > +e(p)+]a,/+a+2p ﬁelfewe(mwwn
o+ |w|t+e(p
N 2+NA*A+ B° _BH (10 !
ZITLY 87 Am _ fw N st ep) ol 17)
1/e N

Taking the variation with respect t,p, ¢, and neglecting
fluctuations of the magnetic field we get the lafde=qua-
tions

The phase transition happens when the correlation length
diverges, i.e., whend—0; therefore to find the phase-
transition line we calculate the integrals in E46) for the
caseT> ¢ in which we have

N N
S5 P(N =5 (No(r) = A = do(r) o(r)

. _AuH[m |9’
N * * * N * bma s Do 2m
AT = o (N () 5. p()—¢o(r) ¢o(r)
T ~d 222 ~4

~NUTS G (11) s T

V., S5 @), X\ pdie-1grdiz 2<d, <4

52 r'(1-d,/2)6%271T, d, <2,

~ 5y Fat2p(n) ¢o(r)+2A(r) ¢ (r)=0, (12 (18

wherea* is the “mass” terma renormalized by the guan-
whereV, denotes the volume perpendicular to the planesum fluctuations
with the Abrikosov lattice and the matrix Green’s functiGn

is defined by 8uH [m,e|""
* = —_— ——
o2 a’=at bymd, \ 27 ’ (19
1
_%+€(pj_)+|w|+a+2p 2A & is a constant
G r lr 1 L
2A* f2+ +|ow|+a+2 ot —foc a tha !
~ 5 Te(p) ol +a+2p &= . nar2| co NE
=8%(ry—rp). (13)  and we introduced a notation for the dimensions perpendicu-

lar tox-y planesd, =d—2. One can see that in high dimen-
sionsd, >4 the correction to the phase-transition line is ana-
Iytical in T; therefore it does not change the mean-field result

At temperatures higher than the temperature of the Abriessentially. When 2d, <4 the correction is nonanalytical.
kosov transition we haveb,=0,A=0, and Eqgs.(11) and  Substitutinga* + e~ eo(H—H*)/H for the last case
(12) are reduced to we have

IV. NORMAL STATE
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ch_Hg)*N_Tdﬂ{ 2<d, <4, Applying the magnetic translation operator to E83) we
can get a complete basis for functions belonging to the low-
whereH9* is the mean-field upper critical field renormal- est Landau level
ized by the quantum fluctuatiofsee Eq(19)]. In the physi- .
cal cased, =1 one can see that the right-hand sides) of B(r|rg) =€/ MXg(r +14]0), (26)
Eq. (18) diverges as 1/8 when 5—0. In this case Eq(18)
can be written in the form

5_a*—60_2KG61\/E5O' 20 f d2r p* (r|ry) d(r|ry)=n28%(ri—r5). 27
0

€0

which obeys the orthogonality relation

Restricting our solution to the lowest Landau level we
artificially decrease the space of solutions of EG4)—(13),
12 therefore to have a solution we should decrease the space of
2uH (m; . S
- | 21 equations projecting them on the lowest Landau level. The
Ke=™ T (21
€0Po

way to do that becomes evident if we consider the Schro
Using Eq.(2) we can estimateg~k,/pzS, whereSis the

dinger equation that corresponds to the Green’s function
. . equation(13):
area corresponding to the unit fldx,. By the order of mag-
nitude S~ £2, whereé¢ is the coherence length. In case when 2
kg is small one can find the qualitative crossover line be- (— ﬁ+e(pL)+|w|+a+ 2p| p+2A¢*=E¢. (28
tween the Gaussian regigwhere theu term is not impor-

tan and the non-Gaussian regiéwhen it becomes impor- |ndeed, to project this equation on the lowest Landau level
tany. In the Gaussian regime one can neglect the rhs. in Egyne should multiply it byé* (r|r,) and integrate over.

(20) getting 5~a* + ;. The crossover line corresponds 10 |ntroducing the following notations for the matrix elements
the situation when the rhs of E(20) becomes of the same of , anda,

order with the |hs, so that we have- (\/eyxgT)?? or

where kg is the Ginzburg number

2

He —HO* KT\ 23 f d?r * (r|r)p(N é(rlr) = n’praso, (29
0) - ’ (22)
HCZ €p
whereHy, is the magnetic field corresponding to the cross- j d?r* (r|r)A(r) ¢* (rlre) = 7°Ar12, (30)

over from the Gaussian to the non-Gaussian regime. The fact
that one cannot reach the ordered state going from the noand presentings as
mal state gives us a hint that the transition to the ordered

state is not continuous. )
$(r)=| drea(ro)é(r|ro), (31)
V. ORDERED STATE
we get
We will solve Egs.(11)—(13) under the approximation
when the mean fielep, and the fluctuations around it belong [eo+ e(p,)+]|w|+a]a(ry)
to the lowest Landau level. Also, as usual, we will consider a
lattice with the triangular symmetry. Therefore, following +2f d2r.a(r +A
the Eilenberger notatiofsye take, to be proportional to 28(12) (Pragt Aray2)
=Ea(ry). (32

_ 1/4 21l g — U2(y+ pn)2+ip p(x+ pél2)
¢(rl0)=(2n) Ep e yrpmpIRaR, From the symmetry of this problem we expect thats a
(23 periodic function andA is a quasiperiodic onéhat means

) periodic up to the phaggetherefore the only matrix elements
where 7|7|,§ are components of the vectors that determine thgnat are allowed by the translational symmetry are
unit ce

Prir2=pr162(ri—ry), (33
=(1,0, r;=(& )=(1 E) (29
n=L0, =Em=izg ) A=A 8%(ry+1y). (34)

In the above formulas we measure all distances in the disNow we can find the eigenfunctions and the energy levels of
tances between the verticeswhich are related to the mag- Eq. (28):
netic field by

1 . |
V3, U.(r)= e " e g(r|ro) e (r| —rg)],
®o=H—-12.

5 (25

(35
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U+
va(n)= f e lie*ep(r|ro) Fie M2 p(r[—ro)], V. = ;},‘Iﬂv:(vi va). (40)
S R + Ux
(36) The prime to the integral in Eq38) denotes the integration
E.(r,p, ,0)=ey+ +a+2(p.=|A]), (3 over half of the unit cell. From the Goldstone theorem we
=(NPL.w)=cot e (PL) (pe=ladd), (37 expect a singularity in Eq38) at the minimal energy, i.e.,
where E_(0,0,0)=0. This condition is consistent with E¢12) if
we take

|0(r)_ A

A bo=i\VbNe(r|0),

One can see that there are two energy branches that are qéberebis a real positive number. Indeed, projecting Ep)
noted by the subscript , and there are two eigenfunctions ©N the lowest Landau level we get

andv for each energy level. €o+a+2(po—Ag)=0, (42)
The Green’s functiorfl3) can be expressed through these ]
eigenfunctions: which is the same witle_(0,0,0)=0.
Now, to get a closed system of equations, we should take
G(ri,ro,p. ;o) the matrix elements of Eq11). Using the addition theorem

R of the Eilenberger functiors,
W S(rq) ro)‘I’j,s,(r2| ro)

1 ’
52> | drg , 1 - -
27175 Ei(fo.ps,@) $(r|r) ¢(r]rz)= —={D(r|(ri+ 1)/ (11— 17)/2|0)
V2
(39
where the index =+,— denotes the spectrum branch and +or|(rytr+1)/2)
s=u,v denotes the type of function: ~
’ P X B((r1—r2)/2r 1)}, (42
V. = uj ,\1,1; L= (Ut uy), (39) Where¢ is defined by Eqs(23) and(26) with the difference
Us ’ Ty=3r; we get
|
’ Sgnj |9(r0)
dzr—*ro rol0)+ &* (r|2r,)b(rol3r
anvl 2 O (r.pr @)L (T10(Tal0) + 8 (rlr)d(rol3r)]
A b prs ~ P CTIEPRY 1
:U_E[d’ (r[0) #(0[0) + ¢* (r[3r) H(0|31))], (43

' 1 ~ 1 1 1 _
27]2\& 2| g ool #G 0P+ [@G (r—ro) 2 )P+ (fom—ro)]

pL.w,j
p ~ ~
== TRlBGrlo)+ B3 rl3 )], (44
|
Where Sgnje|a(r0)
d’rgm——— (rol0)
2vL|2pl2w, " (rg,p )
1 for (+) branch A
i = 4 ~
SON=1 1 for (=) branch. “9 =¢(0|0)(b—f), (47)
From Eq.(43) one can see thal, is a linear combination of sgnje o
the functionsg* (r|0) and* (r|r,). Therefore, presenting ZV 2 > |2 roE— B(rol 31))
L p, .,j (r p, o )
A, as
- A,
=¢(0]3r1)) b—j : (48)

A =3[A1¢*(r]0)(0]0) + Az (r[ 31) (0] 3 1))],
(46) From the symmetry of the problem we expect thAatis not

only quasiperiodi¢which is evident from Eq(46)], but it is
from Eq. (43) we get two equations oA ;,A,: also quasisymmetric under rotations of8. The latter prop-
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erty is satisfied only wheh;=A,. But takingA;=A, we
should prove that Eq447) and (48) become linear depen-
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The second equatiaf®9) can be solved by the Fourier trans-
formation that we define as

dent. One can check that it happens; indeed, multiplying Eq.

(47) by $(0|3r)) and Eq.(48) by —$(0|0), adding them,
and using that the function

D=[¢*(r|0)$(0]0)+&* (r| 3 1)) (0] 51))]

X[ $(r[0)h(0 3 1) —(r|31)$(0[0)] (49
transforms under rotation ofa/3 as
D—De ™3 when x+iy—(x+iy)e™. (50

Finally we get the following system of equations:

T sgnj A
s, | e miani=(o-gjeo)
(51
L 2 Y
2772VJ_|29§U’] fd rOE;(ro,pL,w) Kiro=r)
:%—bK(r), (52)

Eo(r,p,,0)=e€t+ate(p,)+|o[+2[p=A[Q(N)]],

(53
E_(0,0,0=0, (54)

where we introduced the following functions:
KN =]z r[0)[*+[(3r]31)I?, (55)

Q(r)= 3[#*(r|0)$(0[0)+ &* (r| 1) B(0| 3 r)].
(56)

VI. SOLUTION OF THE LARGE- N EQUATIONS IN HIGH
DIMENSIONS

In high enough dimensions one can linearize H§4)
and(52) expanding inp,A. This expansion is possible when
eitherd, >4,T+#0 or d, >2,T=0. In these cases one can
write

Tu 1 _
2772VL|2pi,w e(p,)+|w|+x

(57)

a

— BX.

From Egs.(51) and(52) we get

—4,3Af d?rQ*(r)Q(r)=(bu—24)Q(0), (58

2[ d?rofa—Bleg+a+2p(ro) J}K(ro—r)=p,—buK(r).
(59
The first equation(58) can be solved immediately, giving

A= bu
- 1-287y°

(60)

K(r):; e KK (k), (61)

where due to the periodicity dk(r) the vectork should
have the following discrete values:

k:klnl+k2n2, (62)
ki=2 (0 2) k=2 (1 ! (63

where nq,n, are integers. The Fourier transformation of
K(r) can be found analytically:

K(k)=e 2"3(n2+n;n,+n3). (64)

Defining the Fourier transformation far, by the same rule,
from Eq. (59) we get

4[Q_B(Eo+a)]775k'0+ bUK(k)

1+487K(k)
Substitution of Eqs(60) and (65) with Eq. (54) gives the
equation for the condensate dendity
QO K(k)

1-287n ' 1+4nBK(k)

p(k)= (65

egta+8na
- 1+8yh8

2b u(
(66)
Using this equation we can present the spectrum as

KK e, 1Q(0)] ~
Ei(r)zbu(Ek 1+4B77K(k)°k _1_2[37’)—“_0).

(67)
One can check that this spectrum is positive definite, which

means that our solution is stable. The transition point can be
found from Eq.(66) by takingb=0:

(68)

wherea, means the critical value fa. The same result can
be obtained from Eq.16). We expect to have a nonzelan

the ordered state whea<a.. But Eq. (66) has positive
solutions forb (andb was chosen to be positivenly when

the expression in the parentheses on the lhs of(&§). is
negative. Numerical calculation of this expression gives that
it is negative only when

B<Bc, (69

where 8,=0.112. When the conditio69) is satisfied the
condensate densitycan have any small values as a function
of a. Therefore in that case the phase transition is of second
order. Note that the expansiof®7) is valid only when
A, p,b<<ey. When the phase transition is of second order this
condition can be always satisfied if we are close enough to
the phase-transition line. Therefore the absence of the solu-
tion when B> . in fact means that the transition is not
continuous.

Let us now summarize the results of this section where we
were interested in the caseb>4T#0 and d>2,T=0:

€ta.=—8na,
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When the interaction constant is not too strdmgndition VIl. PHYSICAL CASE
(69)] the phgse transition is of sgpond order. If conditi69) Let us consider the physical cade-3(d, =1). Taking
is not satisfied, then the tran;mon from the normal to thethe integral ovem, and summing ovew in Egs. (51) and
ordered states cannot be continuous. (52) we get

2
tf dzr[ VTHfLen (NIT)= e (NITlh= = e 1 - Je_m]}|Q(r>|=(bu—A>Q(0>, (70

V3e

2 43¢
tf dzro{ JT{f[ e, (ro)/T]—fle_(ro)/T]}— J—;Na(ro)— Je(ro)]}K(ro—r)=pr—buK(r)— Tet, (71

where It is convenient to introduce the following dimensionless
variables:
() =eo+a+2[p,£A[Q(N)]], (72
. . T=eok3T', A=eok3A’, (75)
f(x):f —e“(cothw)\——),
A / /
0 VA ™ 73 pZGOKép , bu= €0Kéb , (76)
and €0+ a= EoKéa,, (77)
_oouvm, (74) where k¢ is the Ginzburg numbef21). In these new vari-
292227 ables the equations do not contaig explicitly:
|
2
kf dzr{ VTl (/T 1= [ (NIT' ]}~ \/—;[vei(r)— VE’(r)]}IQ(rH:(b’ —A"Q(0), (78)

V3e

2 43¢
kf dzr[ﬁ{f[ei(ro)/T’]—f[e’(ro)/T’]}—ﬁ[Je;(ro)—Je’(ro)]}K(ro—r)=pr’—b’K(r)——m:t, (79

wherek=1/(2y/37) is a numerical constant. Note that the wherekq,k, were defined in Eq(63). To simplify the prob-
third term on the rhs of E(79) can be absorbed into renor- lem we will take an approximate expression for this kernel

malization ofp’ anda’: leaving only zeroth and first harmonics:
4+/3e
p'—p'+ , 2
T€o K(r)y=2+1y c0s 2 Xt cos 2| x+ =
V3 V3
o 8\/32t y
a—a TEY +cos Zw(x—ﬁ , (81
That corresponds to the renormalization of the external mag-
netic field by the quantum fluctuations as in Ef9). Equa-
tion (79) is an integral equation with the kernel wherey=4e 273~0.1063. It seems to be a good approxi-
mation because the contribution from higher harmonics to
K= o 2m3(n2 +nyny+ 3)/ B~ 2mi (Kyny +konp)r Eq. (80) decreases exponentially with the harmonic order.
nymy ' For example, the contribution from the second harmonic is

(80 less then 0.1% of the first one. Presentjrigin the form



3886 A. LOPATIN AND G. KOTLIAR PRB 59
'=po+ 22y+2+y i A
= COS 2ir —=+C0Ss 2rr| X+ =
Py =pPot Yp1 T3 ay NE]
+C0S 2| X— A (82
\/§ )
we get the following system of equations:
2kf dzr[ﬁ{f[e;(r)/T’Hf[e’_(r)/T']}
2 ! !
- \/—;[\/E+(r)+ Ve_(r)]
=po—2b’, (83
kJ d%[ﬁ{f[e;(r)/T']H[e’(r)/T']}
0.2 |-
2 2
———[Ve (n+ e ()] c0527r\/—)i o
™ 3 0.2 0.4 0.6 0.8 1.0
=pi—b’, (84 A'
) - , ) , ) FIG. 1. Solution of Eqs(83)—(87) at temperaturd’=0.1. The
kf d<r \/T—{f[@(r)/T J=fleZ(NIT']} extremum ina’ corresponds to the first-order phase transition. Note
that the condensate densliy is positive at this point.
2
_\/_;[Vﬁ(r)_ Vel (N1{1Q(n)| At high temperatures the behavior is different: Going
from large A’ we see that in this case first the condensate
=(b'=A")Q(0), (85) densityb’ becomes zero, and then we have an extremum in
a’. In our approach it was chosen thHat>0, therefore, the
€. (r)=2{p1ys(x,y)+A'[Q(0)=|Q(r)|]}, (86) point b’=0 corresponds to the first-order phase transition.
We call this transition also a first-order one because it still
po=A"Q(0)—3p;y—a'l2 (87)
15 T T T T T T T T
where
s(X )=00327-r2—y+00327r x+i -"'2
Y \/§ \/§ wE | bl' /’,-
+cosZTr( —l)—a (89) T
V3 7 05 | Pt .
Equation(87) follows from Eq.(54). Note that the spectrum ,/’/
(86) contains onlyA’ and p,; therefore, combining Egs. -7
(84) and(85) to get rid ofb’ on the right-hand sides we get 0.0
a closed equation oA’ andp . Therefore taking a givea’
we can solve this equation fpr . Then, knowingA’ andp,
we can find all the other parametdy§a’,pg. In Figs. 1-3 05 | J
we present the graphs @f;,b’,a’ as functions ofA’ for
different temperatures. Note that for largé the fluctuation
contribution is small and one should have the mean-field 10 i
results '
b'=p;=A', a'=-2Q(0)b’, A’'—ow. (89
One can see that the graphs on Figs. 1-3 begin to approach 05 o5 w12 14
this asymptotics. Let us start the analysis of these graphs A

from the low-temperature case: One can see tiafirst
increases ad\' decreasesas one should expect from the

FIG. 2. Solution of Eqs(83)—(87) at temperaturd’=2.0. The

mean-field theory but then it decreases. The extremumcondensate density is close to zero at the point of extremum of

point corresponds to the first-order phase transition.

ar
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10 .

| 1 02 N 1 N 1 N 1 N 1 )
0.0 0.2 0.4 0.6 0.8 1.0
12 | - T'

FIG. 4. First-order phase-transition line at low temperatures.

A'
FIG. 3. Solution of Eqs(83)—(87) at temperaturd’=20. The
first-order phase transition corresponds to the point whéreO.

Note that the quantum region extendssgs increases. As-
ymptotically in the classical regime from E(2) one gets

kT 2/3
discontinues ip andA. So, the transition is of the first order al +ey=— 2.9250(%) , (95
0

for all temperatures, but at low temperatures it corresponds
to the extremum o', while at high temperatures it corre- hat agrees with the estimatid@2).
sponds to depleting of the condensate density to zero. This
change in the kind of the first-order phase transition takes
place atT'=T*~2.6.

The phase transition curve that was obtained from the |n this section we will show that the low-energy spectrum

VIIl. LOW-ENERGY SPECTRUM

above criteria is of fluctuations in our model is different from one which fol-
i ) lows from the Eilenberger theory. In our model the Eilen-
ac(T")=h(T"), (90)  perger result can be obtained if one neglects the terms on the
whereh is plotted in Figs. 4 and 5. The asymptotic behavior 1

of the functionh at large arguments is

h(x)~ —2.9x%%3+2.31x12 x>1, (92) 0

with an accuracy of leading and subleading terms. At low
temperatures the functidm(T") is analytical inT’. In spite -1
of the fact that there is a change in the kind of the transition
at T*, this curve does not have a break at this point. The
phase-transition line in the original notations is

* 2 T <
al+e= GOKGh( EoKé) : (92 3
wherea* is a renormalized by quantum fluctuation$9). -

One can see that this curve scales with the Ginzburg param-
eter kg . According to the form of Eq(92) one can define
two regimes: the low-temperature, quantum regime S

T< GOK(23 , (93

0 . 2 . 4 . 6 . 8 . 10
Tl

2
T> €okG - (94) FIG. 5. First-order phase-transition line.

and high-temperature, classical one,
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Ihs of Egs.(51) and(52). These terms are small if we are not IX. DISCUSSION AND CONCLUSIONS
too close to the phase-transition line; nevertheless they al- . .
ways are not equal to zero, and as we will show they change We considered the effect of order-parameter fluctuations

the low-energy spectrum considerably. If we neglect theon the transition between normal and mixed superconducting

: ; states in pure superconductors. Our starting point was an
mentioned terms in Eq¢51) and (52), then we have effective functional of GL type. We showed that the coeffi-

cients in this functional are finité.e., this functional exisis
in the quasi-two-dimensional situation, when the applied
magnetic field is parallel to the low-conducting direction.
pr=buK(r), 97 This case is interesting from the point of view of high-
superconductors because they have a quasi-two-dimensional
band structure. We considered this functional in the laMge-
_ _ _ _ limit. One should be careful introducing timeindex into the
E_(r)=2bu[K(r)—|Q(r)|]—2bu[K(0) |Q(0)|]1(98) Lagrangian because the symmetry between the particle-hole
and particle-particle channels is very important for this prob-
where we use®_(0)=0. It happens that if we expand this lem. Indeed, introducing the index in the usual way,
expression in powers of, then the terms quadratic in
cancel each other and the expansion starts front therm ¢* pb* p— by PndmPm, (102

A=bu, (96)

and for the lower energy branch we get

E_(r)~r% (99) in the largeN limit one effectively drops out the particle-
particle channel, and it leads to the model with an unstable
This result leads to divergences; for example, the fluctuatiospectrum of fluctuations. Therefore we introduce nttiedex
contribution to the density in cask=3,T+0 is logarithmi-  in the following way:
cally divergent:

¢* ¢¢* ¢_)2¢: ¢n¢’rkn¢m_ ¢: ¢: Pmdbm- (103

d’rdp d?r o _
f T(r)wf e (100  The coefficients in the above formula can be found from the
P - following consideration: The effect of fluctuations can be

Also, the fluctuation correction to the conductivity has aformally suppressed reducing the Ginzburg number. And in
logarithmic singularity® The fact that there are infrared di- this limiting case the Eilenberger theory becomes exact. We
vergences means that one needs a more careful analysis %Nt our largeN model to be as close to the real model as
the infrared behavior of the model. The similar situation hapP0Ssible and therefore in the limiting casg—0 we should
pens in the two-dimensional Bose gas at nonzero temper&lave the Eilenberger answer for the spectrum. This require-
tures. The Bogoliubov approximation leads to the divergent"€nt uniquely defines the coefficients in E03.
fluctuation contribution to the density, but the careful analy- 10 Simplify the largeN equations we used the lowest
sis of the infrared behavior based on the effective low-energy-2ndau-level approximation that is valid when the order pa-
functional leads to the theory without divergences. To thg@meter is much smaller thas, i.e., when we are not too
best of our knowledge the asymptotic behavior of the modefar from the phase-transition line. These lafgeequations
under consideration was not found yet. can be easily solved in the case of high dimensions: either
In our largeN model this problem does not arise becaused: >4.T#0 ord, >2T=0. In these cases the transition was
due to the fluctuation contribution the fine tuning betweenfound to be of second order if the interaction constant is not
the particle-hole and particle-particle parts of the spectruniC0 large. It is interesting to draw a parallel between our
(p, andA|Q(r|)) does not happen, and one expects that thé0lution of the largeN model and the renormalization-group

leading term in the low-energy spectrumrfs approach to the quantum critical phenomena probfen’ts.
In our case the dynamical exponemt 2. Note that the mag-
E_(r)~r2. (101  netic field “eats” two dimensions; therefore the straightfor-

ward application of the results'? gives that the upper criti-
In case of high dimensions one can see this explicitly fromcal dimension at zero temperatureds=4—z=2, which
Eqg. (67). And in the general case, one can see that thegrees with our approach. The phase-transition line in the
particle-particle and particle-hole parts of the spectrum ardargeN limit was found to be
affected by the fluctuation terms in a different way and there-
fore we do not expect any fine tuning between these terms. Hoo—HO*~—Td2 2<d, <4, (104

We think that the resulE_(r)~r? is specific for the

largeN model, and the situation in the real model is muchwhereH(C%)* is the mean-field upper critical field renormal-
more complicated. Nevertheless, we think that the ldge- ized by the quantum fluctuations. In fact this result is more
model is a reasonable model for the description of the phasgeneral than that of the largedimit. Indeed, the difference
transition because the infrared properties seem to be irrebetween our model and the standard GL md@éiich was
evant for the phase transition. Indeed, usually the infraredonsidered in Ref. )larises only when one considers the
divergences are absent in the perturbation expansion for tirenormalization ofu term? But in the case under consider-
physical quantities like free energy, density, etc. And it isation theu term is irrelevant and therefore one should get the
enough to know the free energy to determine the kind of thaisual answer. Therefore the answ®d4) should hold in the
phase transition and to find the phase-transition line. caseN=1, too.
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In case of physical dimensionalityd(=1) the model problem more quantum. For example, k~1, then one
gives the first-order phase transition. The fact that at finitecannot reach the classical region because our theory works
temperatures the phase transition is of the first order lookwhen T<e,. Asymptotically in the classical region the
natural because the fluctuation contribution diverges as onghase-transition line is
reaches the phase-transition line from the normal sf&t.
example, the first-order correction to the “mass” term di- a¥ +eg= —2.9250<
verges as 1/5; see Eq(18).] This situation is similar to one
that happens in the model studied by Brazovskii in Ref. 4Qualitatively the phase-transition line looks similar to the
where the fluctuations drive the phase transition to the firstexperimental dathon overdoped higf-, materials: The up-
order one. Therefore we think that in the real model at finiteper critical field significantly increases as temperature de-
temperatures the transition is of the first order, too. At zeracreases showing a nonanalytical dependence. In our theory,
temperature the largd- model also gives the first-order the curvature of the phase-transition line is negative in the
phase transition, but it is not clear whether in the real modetlassical regime, but at low temperatures it becomes positive
the transition should be necessarily of first order at zero tem¢see Fig. 4 Note that the Ginzburg number in this problem
perature. is proportional to the anisotropyG~ka/p§S that enhances

The phase-transition line that follows from our model is the fluctuation contribution. Indeed the resistive phase tran-

sition is broad in these materials; that supports that the fluc-
TZ), (105 tuation contribution is large.
€0KG Finally, to avoid confusion, we note that in the high-
temperature superconductors, a line in tHel plane re-
ferred to as the irreversibility line is usually interpreted in

(107

KGT) 2/3

€0

* _ 2
ac + €0= EoKGh

whereh is plotted in Figs. 4 and 5, and

a*+en H.,—HO* terms of the melting of the vortex lattice. To address these
c 0 c2 c2 . . .

o) (106)  experiments our work should be generalized to incorporate

€o Hez the effects of disorder that are beyond the scope of our paper.

Note that we considered only the low-temperature part of th&lowever, low enough disorder should not affect the melting
phase diagrarfi<e,, so that the resultL06) may be applied line. Therefore in that case the transition line that was found
only in this case. According to the form of EG.06) one can in the paper can be considered as the irreversibility line.

define to regimesT< eoké corresponding to the quantum
fluctuations andT> eoxé corresponding to the classical
ones. Note that increase of the Ginzburg number makes the G.K. acknowledges support of NSF DMR 95-29138.
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