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We re-examine the non-linear o-model lagrangian for the soft modes of non-interacting
electrons in a disordered system in a weak magnetic field, close to two dimensions. The magnetic
field is shown to induce two scaling terms in the low-energy lagrangian. The crossover exponents
are computed by using a Wilson-Polyakov non-linear renormalization group. The largest one
agrees to lowest order with the exponent expected from naive scaling arguments.

1. Introduction

The non-linear o-model has recently been developed as a powerful tool for
analyzing the Anderson model of disordered electronic systems near two di-
mensions [1-4]. In this paper we apply a non-linear o-model formalism to com-
pute the crossover exponent in the presence of a weak external magnetic field,
a problem first addressed by Khmel'nitsky and Larkin [5]. In the absence of a
magnetic field the conductivity o scales as o~1/£9"2 with ¢~(E—E.)™"
where E_ denotes the mobility edge. They argued that a small magnetic
field introduces a new length, the “magnetic length”, Ly = y#Ac/eB, and the
conductivity is then a scaling function of Lg/¢, ie. o=§E"“"Df(Ly/¢)=(E —
E)“~2¥¢(B/(E — E_)*), giving a crossover exponent ¢ = 2v. A related problem
is the crossover exponent for other time-reversal breaking perturbations. Opper-
man [6] calculated the crossover exponent for a time-reversal breaking-potential
scattering perturbation to be ¢ =2/¢+ O(¢), e =d —2. The same crossover
exponent was found for a random, spin-dependent but real, potential. Wegner [7]
reconsidered this problem and found a crossover exponent ¢ =2v + O(¢3) for

*Permanent address: Dipartimento di Fisica Universita di Roma “La Sapienza”, 1-00185 Rome,
Italy.

0550-3213/90,/$03.50 © Elsevier Science Publishers B.V.
(North-Holland)



618 M. Biafore et al. / Localization orthogonal fixed point

both a time-reversal invariance-breaking, spin-conserving random potential and a
spin-dependent, time-reversal invariant random potential. However, for a local
spin scattering potential he found a different crossover exponent, ¢ =2v + 3 +
O(&?). More recently, Houghton et al. {8] have examined the case of orthogonal to
unitary symmetry crossover induced by the magnetic field. They argued that an
arbitrarily weak magnetic field induces an infinite number of relevant operators
and therefore the magnetic field crossover problem is more complicated than was
previously supposed.

In this paper we examine the non-linear o-model with a symplectic symmetry
group, and find that the magnetic field perturbation is more easily discussed in
terms of the vector potential. We compute the crossover exponent using the

Wilson-Polyakov [9, 10] renormalization group method applied to the non-linear
o-model and find that to O(g) it is in agreement with the original scaling argument

of Khmel’nitsky and Larkin [S]. Moreover, our calculation suggests that the
Khmel’nitsky—Larkin result, ¢ = 2v, follows from gauge invariance, and is in fact
correct to all orders. In sect. 2 we review the derivation of the non-linear o-model
lagrangian which describes the Anderson transition in a magnetic field, by using
the technique of Efetov et al. [2]. The magnetic field induces two terms, the first
was identified previously by Efetov et al. and the second is a term which reduces to
the topological term identified by Pruisken [4] in the unitary limit. In sect. 3 we
compute the recursion relations to order ¢ by using a renormalization group
scheme [9,10], and find the crossover exponents for the magnetic field. Section 4
summarizes the conclusions. The technical aspects of the computations in sect. 3
are relegated to appendix A.

2. Derivation of the non-linear o-model

This section contains a brief review of the non-linear o-model approach to
localization as developed by Efetov, Larkin and Khmel’'nitsky (ELK) [2] and
Pruisken [4]. We introduce a Grassmann representation for the Green-function-
generating functional and take the lagrangian to be

n 2 w
Linn)=ifar T T ag(n|E-#rigs ], @D
a=1p=1
where
H=Hy+V(r), (22)

1 (v e 2
Hy= 5224 (23)
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a = replica index, p = energy index and
s,= (=D, (2.4)

and we assume a gaussian-distributed disorder

P[V(r)] aexp[—a%fdder(r)]. (2.5)

We combine the Grassmann fields in pairs to form the basis of a spinorial
representation

1 (2
7 ”), (2.6)

"’ar'=7‘2—(mp

in which the lagrangian can be written as

2m\ i

1(V, e 2 i
L=ifd"r¢v-{E— ————(—7“—+ZA”03) +V(r)]}¢+tl:-7s\b. (2.7)

Here the Pauli matrices have the usual action on the spinorial indices and are the
identity on replica and energy indices. o; in eq. (2.7) ensures that the vector
potential 4 couples to the current = V, /ioyls = 3(n*V, /in =V, /in*n). The
totally antisymmetric inner product, -, is given by the charge conjugacy matrix
é= (_‘]’ (‘)) ®1,, and § is defined in eq. (2.4). For B=0 and w =0, L possesses
the sympletic symmetry Sp(4n) which, in the presence of non-zero frequency
(w # 0), breaks down to the product group Sp(2n) X Sp(2n). For B+ 0, the
subgroups of the above groups under which L remains invariant are isomorphic to
U(2n) and U(n) X U(n), respectively. As usual, the average over gaussian-distrib-
uted disorder, performed here via the replica trick, leads to a quartic term which is
decoupled via a Hubbard-Stratonovich transform, thereby introducing the Q-matrix
composite fields. Q obeys Q =Q% and ¢TQTé=Q". Upon integrating out the
spinor fields W, we are left with a lagrangian for the Q-fields

L[Q]= 2_i7fddr tr{Q%) -} [d’r tr{]n[E - Hy+iQ + z%’-s]} , (2.8)
where

1
Hy= —I1,11*, (2.9)

2m
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with

V, e V, e

i I

The invariance of L[W] under symplectic transformations T € Sp(4n), TTéT = ¢,
implies that the saddlepoint Q,, =8/27 for the above lagrangian is a member of a
manifold of saddlepoint solutions Q — 9, T !. Here 7 is the scattering time,
1/7=27u’p, p = p(E) being the density of states. Substituting Q = T(5/27)T"",
T slowly varying in Sp(4n), into L[Q], and ignoring constant terms, we found

1 (4d -1 i Rty N
L[Q] =~} [d% tr{in| E—- T HT+ - +izT7ST|). (211)

We write
-1 _1 M i n
T™HT = Ho+ 5 [D,D* + D, IT* +11,D*] (2.12)

where D, = D* =T"V,T/i) +(e/c)T™'[03, T1A,. We next expand the loga-
rithm to th1rd order in the operator D, and use the quantity G '=sE- Hy+
i(§/27). G and #, are diagonal in energy and spinor space. We will use the
notation G = 8,045 G7. There are five terms in the expression of the trace of the
logarithm

1 .
(1) mtrDﬂD”’G, (213)
1 A
(2) —uD I+G, (2.14)
dm *
3 L1y D II*GD;"I1°G (2.15)
O (55 worménrm, -
11 . A A
(49 -=|=—| uD I*GD;I*GD- 117G, (2.16)
6\2m ® s
5 1= 2 D, I1*GD,D*G (2.17)
( ) E(ﬁ) tr . . . .

We have defined DI = D, II* +H D*.
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Consider first the terms with u = v. Terms (1) and (3) combine to give
~30,,tr{D,§D,§-D,D,}, (2.18)

after using the Ward identity
1 :
GP(r,r) = — —fddr'H"G”(r, rYIIXG?(r',r), (2.19)
m
and defining

Uxx

1 .
=3 fddr’H"Gl(r—r’)H"Gz(r -r). (2.20)
In egs. (2.19) and (2.20) G” indicates the retarded (p = 1) and advanced ( p=2)
component of G. Recalling the definition of the operators D,, it is straightforward
to express eq. (2.18) in terms of Q = T§7T !

—tr((VQ) - z—A[Q,a3]) (2.21)

Equations (2.16) and (2.17) with u = v =p contribute terms of order 42V, AV? at
least and we neglect them consequently since they are less relevant than the terms
of order A%, AV which are kept in eq. (2.21).

Consider now the terms with p # v; by defining

s

e 1
Dﬂ=d#+;23A”, d=T-'7\7“T, 3,=T"o,,T],

term (3) splits into two terms and the one proportional to d,d, can be written as

UX A A
—8'”-% tr{d,d,$o; +d,03d, 5}, (2.22)
with
1 ,
= — —2fddr'mc,2(r—r')m(;{(r' -r), (2.23)
m

where the upper and lower indices in G refer to the energy and spinor
components, respectively. All the dependence on the magnetic field enters via
oxy, the xy-component of the conductivity tensor in the Born approximation
(ne*r?/m*cXd, A, —d,4,).

The part of term (3) which is proportional to 3;4,d,, is combined with terms (4)
and (5) evaluated with G = G, the Green function in zero field, and IT* = (1/i)V,.

To order AV?, two operators D in eq. (2.16) and (2.17) are replaced by d while the
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third D is replaced by 3;.4. The result is

Xy Z [(d )pp(d )pp(23)pp (d )pp(d )pp(23)pp](s (2 24)

where now o, is the low-field limit of o, in eq. (2.23). Combining eqs. (2.24) and
(2.22), the u # v contributions of terms (3), (4) and (5) add up to

% E [(dx)Pp'(dy)p'p(T-103T)pp - (dy)pp'(dx)P'P(T- 1"37‘)1"1"](‘91’ =Sp)-
o
(2.25)

This is easily rewritten in terms of Q as
6 €,,tr OV, 0V, Qo;, (2.26)

which generalizes to the present orthogonal case the expression first derived for
the unitary case [4]. A naive dimensional analysis shows this term is less relevant
than the A-terms in eq. (2.21). However, because of its possible connection to the
Hall conductivity, we shall keep it in the effective lagrangian for the crossover
problem in a weak magnetic field.

Combining egs. (2.26) and (2.21) we then write

2
L[Q]= %/d‘ir tr(VQ —i;A[Q,0'3]) + l—;x—gfddreu,,tr QV,0V,Q05. (2.27)

That is
L=L,+L,+Lgp+L,, (2.28)
L, =2 (4 tr(VQ)? (2.29)
xx_ 16/ r r( Q) b .
o, €
Ly=—i— fddrA”trVuQ[Q,%], (2.30)
L=~ fddrA2 tr[Q, 0, ), (2.31)

UX
L, = l_g f d’re,, tr QV,0V,Qo; . (2.32)



M. Biafore et al. / Localization orthogonal fixed point 623
3. Evaluation of the crossover exponents

In this section we use Polyakov’s version [10] of Wilson’s renormalization group
to calculate the crossover exponents of L,, L, and L,, at the orthogonal fixed
point. Following ELK we write T=TT, with T slow]y varying (i.e. containing
wave vectors k <A/b) and T, a fast variable representing modes with wave
vectors A/b <k <A. We then integrate out the fast variable T, to obtain an
effective lagrangian L for the slow variables T

The renormalization of eq. (2.27) with A, =0, =0 was considered in ref. [2]
where recursion relations for o,, were derlved They resulted in a fixed point
corresponding to the Anderson transition Here we consider the renormalization
of Ly, L, and L, at this fixed point, to leading order in 4, and o,, and to
one-loop order; this will allow us to derive crossover exponents to lowest order in
e=d-—2.

To integrate over the fast fields, in the limit of zero replica, it is sufficient to

expand Q,=T,§T;"' as Q,=3§+ W where W= (V‘L g) and V' is a n X n matrix

(n = number of replica) of quaternions. Defining Q = 787! and ™' = ¢, /16 the
renormalized L, is given (in the limit of zero replica) by

Ly=L,(0)+ (LT, W)),— (LT, W)SL (T, W)),, (3.1)

with
~ 2e a1 =
L(0)= —i-t—c—fddrA# tV,0[0, 03]

=—z——-/d"rA te{ —3(7-'V,T)$T~ "o, T + (T, T)T"'a,T}, (3.2)

4e - . -
LY =i— [d'ra, u{T~'osTW(T-1V,T)W), (33)
4 - -
L?= it—:fd"rA# t(F o WV W}, (3.4)
4 . .
8L, = — [dir el (T 7, T)W o0}, (35)

In eq. (3.1), {...), denotes the average over W with the gaussian weight

1 2
Lo=~ [drav,w v W= - JERaaAS e
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L? and LY are terms of L, Q) which couple T and W (with and without
gradients of W, respectively). 6L, , which does contain gradients of W, originates
from L,, L,(Q)=L,(0Q)+LyW)+8L, (T, W)+ @Q/t)]d to(T~'V,T) x
Ww(T~='v, TW.

The rules for carrying out the gaussian averages of eq. (3.1) are discussed in the
appendix. Application of this rules gives, in the zero-replica limit,

<L(j)3l‘xx>0=0 and <Lg)>0=_LA(Q~)g’ (36),(37)
with

-/ dq o
Az (2m)° 8q%°

In two dimensions g reduces to g = (t/167)In b= (1/70, ogb. From egs. (3.1),
(3.6) and (3.7) we obtain

Ly=L,(0)1-g), (3.8)

which states the renormalizability of L, at one-loop order with coefficient (1 — g).
The renormalized L . is given by

Lya=La(Q0)+(LUT,W)),, (3.9)

with

B 1 e? - 12
LAZ(Q) == ? 'C—zjddrAuAu tr[Q,a3] 4
2 ez d =1 Sarf— 1 3%
= —TZfd rA, A, (T~ o, 8T 0,75 - 1}, (3.10)

2 e? _ L. _
L=~ n ?fd"rA#Autr{T"QTWT‘ o, TW). (3.11)
In the limit of zero replicas we obtain
(L9),= —La(0)s. (3.12)

Equations (3.9) and (3.12) show that L ,; is renormalized in the zero-replica limit,
at one-loop order, with coefficient (1 — g), that is

LA2=LA2(Q)(1 -8)- (3.13)
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The above analysis can be generalized at finite number of replicas (see ap-
pendix). In this case we find that L, is still renormalizable with coefficient
1—(1+2n)g. L, is instead not renormalizable; however, the sum L, + L,
happens to be renormalizable when the analysis of L, + L, is carried out to
second order in 4 and we find that

L+Lgo=[LA0)+Le(0)][1-(1+2n)g]. (3.14)
Combining eq. (3.14) with the finite replica result [2] for L,, we obtain
_ _ _ I . e . 2
L +L,+Le=[1-(1+2n)g] 7fol rtr(V#Q - le#[Q,O’J) , (3.15)

as required from gauge invariance. We shall comment on this point in sect. 4.
We turn now to the renormalization of the operator L,,

Ly=L,(0) + (LT W)), = (LT, W)L (T, W)) .  (3.16)

The different terms in the right-hand side of this equation are defined as follows

ny(Q)=L,+L2+L3+L4, (3.17)
Li=7¢ ,wfddrtr ($d,d, T 05T}, (3.18)
L,= 6 wfddr tr(d,d,$T 05T}, (3.19)

Ly=7¢ ,wfddrtr {$d,T'05Td,}, (3.20)
L,= lLé’ew [arr{sd, sT 05754, } (3:21)

while the operators to be averaged in eq. (3.16) are given by

LY=-7¢ ,w/ddr te(wd wd, sT-'o, T+ Wd, 5d WT 0T
+5d wd wT-'a,T}, (3.22)
0'
L= - <e,, [dr ulsd WO WT \o;T + WA, 87, WT" 'o,T

—~WV,Wa, T 03T — $V,Wd WT~'a,T}. (3.23)
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In egs. (3.18)-(3.23) we have introduced the notation

N A
d,=T"'-T.

Using the result of appendix A we find that
(L), =(-L,—L,+Ls—3L,)g, (3.24)
—(LYsL,,), = (—2Ls+2L,) g. (3.25)
These equations combined with egs. (3.16) and (3.17), give
L,=L,(0)1-g), (3.26)

which shows the renormalizability of L, and yields the recursion relation for o, .

4. Conclusions

In this paper we have reviewed the derivation of a non-linear o-model effective
lagrangian to investigate the crossover from the B =0 fixed point in a disordered
system of non-interacting electrons in a random potential. Our effective lagrangian
in the small magnetic field limit contains three operators: two electromagnetic
contributions L, + L ;. from the covariant derivative in the quadratic part of the
non-linear o-model first derived by Efetov et al. [2], and a cubic term which
reduces to a topological term in models with unitary symmetry [4]. Standard
renormalization-group techniques were applied to determine the first-order scaling
of these operators. The results indicate that the field-theoretical calculation agrees
with previous arguments from naive scaling theory. However, the presence of two
scaling behaviors, instead of the single one assumed by the naive scaling theory,
may indicate that the scaling analysis of the transport coefficients, as a function of
the field, is more complicated than in ref. [S].

We recall that in the limit n —» 0 the anomalous dimension of the field Q
vanishes. From the recursion relations for L, in ref. [2] one finds the recursion
relation for o, ,,

r — pd—2 _
o/ ,=b a'x,(l

ln(b)) , (4.1)

XX

which yields a fixed point o,, = 1/7¢ and a critical exponent

y,=v l=g+0(e?). (4.2)
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The recursion relation for the operator L 4 involving the vector potential linearly
(eq. 3.8), gives:

o, A(r) = bd‘laxx(l - In b)A(br) , (4.3)
XX
while from eq. (3.13), for L ., we obtain
0., A%(r)=b%,_|1- ! Inb|A2(br) (4.4)
xXx XX ‘7T0'xx M *

When combined with eq. (4.1), both egs. (4.3) and (4.4) lead to
A'(r) = bA(br). (4.5)

This transformation is valid for scales shorter than those over which A(r) varies. In
particular, it is always valid in the limit of a static field A(q)=@1/2i)
BV, 8(q), 4,(g)= - /2i)BV, 8(q). Because of V,,, the scaling relation for B
acquires an additional factor b. Then eq. (4.5) gives

B'=b?B, (4.6)
which implies

¢B= 2v. (47)

This is the microscopic justification of the Khmel'nitzky—Larkin scaling analysis [5].
We suggest that this result for the crossover exponent is exact and follows from
gauge invariance. The original lagrangian is in fact invariant under a gauge
transformation

‘ c
T—e¥D™T,  A->A--Vo(r).
e

Since the renormalization procedure respects that symmetry, the low-energy la-
grangian must obey the same symmetry which implies that the renormalization of
L,, must equal the renormalization of L, + L. to all orders in &. The present
crossover analysis has to be contrasted with the crossover analysis for a time-rever-
sal symmetry-breaking potential [6,7]. In that case no specific relation exists
between the coefficients of the operators QVQ and QQ which are generated by
the symmetry-breaking field. The crossover behavior is then determined by the
antisymmetric (a) part of the QQ operator. The QVQ term would instead lead to a
crossover exponent smaller than the leading crossover exponent by approximately
v and is thus subleading. Calling 7' the inverse scattering time introduced by the
time-reversal symmetry-breaking potential, ®,-1= ¢, coincides with eq. (4.7) at
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lowest order in ¢ [6,7]. However, Wegner [7] recently found corrections to ¢, at
four-loop order yielding ¢, = (2 + ${(3)e* + O(&°)). The previous considerations
on gauge invariance suggest that these corrections to order &* do not effect
L4+ L, so that eq. (4.7) holds to all orders in &.

The renormalization of the second operator induced by the magnetic field (eq.
(3.26)) is more mysterious. Here the magnetic field enters only via the transport
coefficient o,, which multiplies an operator which is multiplicatively renormaliz-
able. The recursion relation for its coefficients in the lagrangian is given by

o/, = bd'zaxy(l -

ln(b)) . (4.8)

xXx

When linearized around the fixed point it gives the crossover exponent
¢, =0. (4.9)

In agreement with naive dimensional analysis L, is therefore less relevant than
L, + L 4. However, following the reasoning of refs. [11,12] it is very likely that L,,
is relevant to the evaluation of the Hall conductivity. If we interpret the renormal-
ization of the operator L, in the lagrangian as the renormalization of the physical
transport coefficient o, ,, our results would suggest that the Hall conductivity o,
scales as the conductivity o,, and therefore the Hall coefficient diverges at the
mobility edge. This result agrees with the experimental results of ref. [13]. It
supports the notion that the inverse Hall coefficient measures the number of
mobile carriers. However, the identification of the renormalization of the operator
(2.32) in the lagrangian with the physical conductivity, and the relation of this
approach with the weak-scattering perturbation theory of ref. [14], are not as
simple as in ref. [12] and will be the subject of a future publication.

It is important to emphasize that there are different operators which break
time-reversal invariance and that they are associated with different crossover
exponents. In fact the crossover exponents calculated in this paper are different
from those considered in ref. [7]. Another physical problem, for which our analysis
can be relevant, is the crossover from orthogonal to unitary localization of the
acoustic excitations of a superfluid film carrying a uniform current flow [15].

This work was supported by the NSF under grant no. DRM8657557. G.K. would
like to thank T. Banks for a very useful discussion. C.C. would like to thank the
Physics Department at Rutgers for hospitality.
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Appendix A

In this appendix we derive egs. (3.6), (3.7), (3.12), (3.24) and (3.25) given in the
text and used to analyze the renormalization properties of L 4 Ly and L.

In evaluating (L{),, (L)), and (LYY, we only need the following basic
expression for the gaussian averages

CAW(r))BW(ry)yo=g(r, —r,){tr Atr B —tr 4 tr §B}
—g(r; —ry){tr AB — tr ASBS§), (A1)

where B = ¢TBT¢. Here ¢ = (‘l’ “(‘)) is the charge conjugacy matrix in the spinor
space and the upper index T indicates the transposed operator. g(r) is the real
correlator whose Fourier transform is given by g(q)=1/84% Equations (3.6),
(3.12), and (3.24) then follow from

d,=¢"d,é=-d,, &(F'o,T) ¢=—(T10,T), (A2)

M

where the identities ¢"(7-")"¢ =T, ¢"oJ¢ = — 0, and (V,7-DT = —T-'7, T have
been used. We note that, because of eq. (A.2), tr &# =tr &#s‘ =tr T 'o,T =
tr T~ 'g,T8 = 0.

The derivation of eqs. (3.6) and (3.25) for (LS., 8L,,>, are more involved. We

first note that all terms in( L? 8L, ), can be expressed as double integrals over

A, xy

Vi, Vutt AW (1) BW(r,)tr EW(ry) W( r)do

I(’|='2a’3=’4) ’

with suitable choices of the operators A, B and E = —E. This correlation function
can be readily evaluated by a consecutive application of eq. (A.1) to the following
expression

(tr AW(r ) )tr BW(r,))o=g(r, — r,){tr AB — tr A3B§ + tr AB — tr ASBS). (A.3)
One gets
{Ar AW(r)) BW(ry)tr EW(r)W(r,)),
= [g(’z"a)g(’l —r;3) —g(r “”4)8(’2"3)]
X{[tr Atr BE — tr A$ tr BES + tr A tr BSES — tr AS tr BSE
—trBtr AE + tr BS tr AES — tr B tr ASES + tr BS tr ASE ]
—[—tr AEB + tr ASEBS§ + tr AE$BS — tr ABSES
~tr BEA + tr BSEAS + tr BESAS — tr BASES]) (A.4)

where E = —E has been used.
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To evaluate (LPSL,,), we apply eq. (A.4) with A=T"'0,T,B=1,E = d,.
We obtain

4 i s I
(LPSL,), = — ég [dtra {-u1u T o Td, + o 710,754, 5]}. (AS)

In deriving eq. (A.5) we have neglected higher order gradient terms (by setting the
operators 7~ 'o,T and d .. at the same point) and have used the relationship

2 . dYy
d’ (2m)

Jar[=(v2e(r))e(r) + (V.8(r))(Veg(r))] = _2%%(q) = ngg‘

(A.6)

In the zero-replica limit tr1 = 4n vanishes and eq. (3.6) is recovered.
(L(fy’b‘L”) can be expressed as the sum of three terms of the form (A.4)
with E=d, and () A4 =¢,{T '0578d, —d, §T 03T}, B=1; (i) A=T"'o,T,

B=¢,,d,$; and (iii) 4 = —¢,,d,, B=T"10,T5. For the three terms we get

Oy 1 =_ £A% 3 T 3T Af— = ~_ SAT AT A
(i) —ézgewtrltr{T 'o,T8d,d, +d,d,§T 0T + 2T '0,T5d ,$d, 5}
1
=Egtr1(L1 +L,-2L,), (A.7)
.e axyl 7T A3 "_] =~ A7 A3 A--l ot _1
(ii) ——Ezgewtr{Zdusd,,T 05T —23d,3d, 5T 0'3T}—Eg(2L3—2L4),
(A.8)
ver nyl AT AT A—1 ot -1 7 A3
(i) -Igggem,tr{st#sdusT o, T — 2T 03Td“sd,,)=zg(—2L4+2L3).
(A.8)

By summing the three contributions in the zero-replica limit at d = 2 we obtain
(LYSL,,),=8g(2Ls—2L,), (A.9)

which coincides with eq. (3.25) given in the text.
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We shall finally discuss the renormalization of L, and L . for finite number of
replicas. In this case we write down L as

LP=— jddrA tr{7~ 10,7 ( TV, T) 0y} (A.10)

Because (Q,),=5(1 —2ng), we get an additional contribution to be added to
eq. (3.7)

<L(l)>fr 4ng————fddrA tr{T 0'3TS(T_]V T) ] (A.11)

From egs. (3.1), (A.5) and (A.11) we obtain the finite replica contribution to L,
L = —2ngL ,(Q). (A.12)

Following the same reasoning we obtain
a 2% Fol  Fafol e
(LY ) = —dmg| - fd rA, A, ur{T"'o,T3T '0,T8).  (A.13)
To second order in A and at one-loop order eq. (3.9) has to be corrected by a term
1<L(2)2> -2 2¢ d 1. T6T- 16 % 4
—3{(19) )= 2ng| - Jdtra, 4, u{T 10, 5T 10T5 + 1) (A.14)

Equations (A.13) and (A.14), combined with egs. (3.9) and (3.10), then yield

L% = —2ngL (0). (A.15)
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