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three-dimensional crystals, our resulis can easily be extended ta the simple cubic
lattice, Some of their pecularities are caused by right angles between the interatomic
bands.
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We study the metal-to-insulator transition of the Hubbard model at zero temperatures
in infinite dimensions. The coexistence of metallic and insulating solutions for a finite
range of the interaction is established. It is shown that the metallic solution is lower in
energy for any interaction in the coexistence region and that the transition is of second
order.,

1. Introduction

The correlation induced metal-insulator transition (Mott~Hubbard transition) is
ane of the prime examples in which strang correlations dominate the low-energy
behavior of u physical system. A thearetical treatment of the prablem requires an
upprouch which ia nonperturbative in the interaction. Recently, new insights into
the prablem were gained using the limit of infinite dimensionality.!:? 1t allows for n
mapping of a variety of lattice models onto impurity problems in a self-cousisteutly
determined bath™* and is, therefore, a natural way to formulate a mean-field theory
aof itinerunt systems. While being simpler than the original problem, the resulting
mean-field theory remains a formiduble many-hady problem which has to be salved
using numerical methods. Recently the Hubbard model has been investigated by
severnl groups using quuntum Monte Carla (QMC) simulntions and self-consistent
perturbation theory (PT).%# While a cambination of both methods established the
existence of a Mott~Huhbard transition at a finite value of the internction U in
the puramagnetic phase of the Hubbard madel at half-filling, important questiona
regarding the nature of the transition remuin unsolved.

In u previous work,” the coexistence of metallic and insulating solutions aver
a finite range of values of I/ has been demanstrated. While the metallic salution
disnppears continuausly at a value Ugg, the insulating salution disappears nbruptly
at a value Ugy < Uz, At finite temperature, the difference between the free energy
of the solutions is dominated by the entrapy term. The large entrapy, which is o
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result of the degeneracy of the ground state in the insulating case, made it possible
to unambiguously determine the existence of a first-order transition line close o
Uai(T). As the temperature is redaced, the free energy appreaches the eaergy,
therefore an accurale evaluation of the energy is accessary. Depending on which
selation is lower in energy two very different seenarios may tske place: If By, <
Epet, the transition will be close te Ue) and the sudden destraction of the metallic
state implies a first-order transitian even at T'= 0, Oa the ather hand, ia the case
Eper < Elgg, the metallic selution continuensly merges with the insulating one at
Uea, and the quasiparticles display a diverging renermalized mass,®

While the limit T = 0 cannot be sttained by QMC simalatiens, within the
second-order perturbative appreach the energies of the two selutions are almost
degenerate, making the consideration of higher-order corrections aecessary. An al-
ternative aumerical appreach to the preblem was introduced receatly: While the
lerge d mean field equations are functional eguationa for the Green function Giwy,),
8n approximation can be ohtained by modeling G(iw,) using a finite aumber N of
parameters, which reduces the fuactienal equations te nenlinear algehraic equa-
tiens ia N ynknewns. Following this idea, two different parameterizations were
introduced.!%!! Both take advantsge of a mapping of the lattice preblem eato an
Andersen impurity medel with & self-consisteatly determined bath, The N param-
etera that model G(iw,) define the heppiag amplitades and energies of the effective
electron erbitals of the bath, as will be discussed in detail in the aext section. The
resulting preblem can then be selved st T = 0 by exact diagenalization ef the
effective Hamiltenisn, This is followed by the new determinatian of the set of pa-
rameters, and the procedare is itersted aati} cenvergence is attained, The methad
is thas nenpertarbative in nature and overcomes the problems of both QMC and
PT, allewing for an accurste evaluatian of the energies at 7' = 0,

In this paper, we apply this approach ta the study ef the Hubbard maedel, We
establish the coexistence of metallic and insulating selutions over a finite range of
the interaction parameter U and show that at T = 0 the metallic solution has lawer
energy than the insulating ene, implying that the metal-insulator traasition ia the
Habhard model with semicirculsr density of states is of second order. This jostifies
a posteriori the relevance of the earlier studies® of this qaantum critical peint which
captares the essence of the Brinkmsn-Rice transition.

2. Methodelogy
In the limit of infinite dimensienality the Huhbard model, described hy the Hamil-

tonian
1 1
H=- Z(t-‘i +u)e] g0+ UZ ("-‘r - 5) ("-'1 - 5) ) )
{i.4) i
can be reduced to an effective impurity preblem, suppl ted by a self: istency
cendition.? As in the previous work we focus on a Bethe lattice of infinite connec-
tivity m, which in the aeninteracting limit cerresponds ta a gemicircular deasity
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of states of width 42, where the hopping parameter { is rescaled i the asnal way
as ¢ — t/\/m. Integrating ot the degrees of freedam other than the origin, ene
obtains an eflective local actian of the form

Senle, ] = Z/d’rdr’c!, (MG (- ™)ea ()

+ U/;p d'r(n;t(‘r) - -21-) (n;},(-r) - %) . (2)

1a the following, we focus on the paramagnetic solation at half-filling (i = 0). The
self-censistency coadition then reads Gy (fwy) = fwy, ~ 2G(iw,), where Giw,) =
—-fup e{,“'“’(T,c(r)cf(O))s_,, is the local Greea fuaction of the Hubbard madel once
self-consistency is attained. As shewn in Ref. 4 an action of the same form can
be ebtained from an Andersen imparity model by iategrating ent the condactian
electrons. Nete that the self-cansistency condition implies that the rele of the
hybridizatien function is played by the locs! Green fuaction itself. The iterative
solution new precceds as follows: G(iw,) is madeled by a finite set of parameters,
In terms of the impurity prablem, this represents an effective bath for the imparity
with & finite namber of poles, This effective impurity model is then salved by exact
diagenalization and a new G(iwn) is calealated. A new set of parameters is thea
obtained from G(iw,) by appreximating it by a function witl a anamber of peles
equal te the aumber of sites in the bath (this namber is, in geaeral, smaller thaa
the number of poles of G(iwn)). Nete that this represents a further appreximstion
of the methed (beyond the effective Hamiltaaian being finite). The whele pracess
is itersted until ceavergence of the parameters is achieved.

Exploiting these featares, twe new similar algorithms were propased re-
cently,'®!! differing basically in the way the new set of parameters is ohtaiaed,
that is, hew the G(iw, ) is parametrized by a smaller number of peles, We will con-
sider both schemes sad comment oa their respective advantages and limitations,

As mentiened, the number of peles of G(iwy) is in general larger than the number
of sites in the bath, therefore, this approximation is an esseatial ingredient of the
scheme, Caffarel and Kranth!® prepesed to obtain the new parameters hy a x? fit
of G(iw,). Starting with an Anderson Hamiltonian of the form

1 1
H= gcuafwaug + Z(Vnaz,,,c, +he) + U(nq - 5) ("cl - -2-) )}

a0

the self-consistency condition hecomes 2G(>iw) = N V3 /(iwn — €2). We thus
have te miaimize
Na
>

i,

!G’(iw,,) - %_'j a-‘—’jz—f‘z (4)
& dwg — €q
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where we sum over frequencies w, = (2n 4 1)xT" with small fictitions temperature
(T" = .001) and large cutoff NpA, ~ 20/, to obtain the new set of parameters V.
and ¢,. Note that this Hamiltonian effectively describes an impurity surronnded
by a “star” of bath electrons.

An alternntive ronte was introduced in the context of an extended Hubbard
model.!! This procedure tskes ndvantage of the fact that the Green function G(z)
can be decomposed into “particle” and "hole” contributions as G(z) = G>(z) +
G<(z) with G>(z) = (0le{1/[z — (¥ ~ Eg)]}et|0) and G<(2) = (O}e"{1/[z + (H —~
Eg))}elo).

The respective contributions can be obtained from a continued fraction expan-
sion as

< >/< 1 a>l<> - GBI ®)
wE (H ~ £) >i< bl>/<2
Z=ay’ " — >7< PEYLE
Z=-a) AT £ 3
1<

where |£) = fllgs), /) = flos) and [fs1) = Hifn) = anlfa) = B2[foor)s an =
(FnlHVa)s B2 = (falfa)/(Fa-1lfam1), bo = O. This implies that G> and G< can
be regarded as resulting from s Hamiltonian describing an impurity coupled to two
chains with site energies a2/< and hopping amplitudes b3 /<. Again the number
of poles in the Green function is, in genersl, larger than the number of sites of
the Hamiltonian and, in order to close the self-consistency, the continned fraction
expansion has to be truncated. The npproximation in tlis scheme relies on the
fact that the continned fraction representation csplures exactly the moments of
the cnergy of the Hsmiltonian, up to the order retained in the continued fraction.
1t can thus be thought of as s moment by moment fitting. This scheme has the
numerical ndvantage that it avoids the multidimensional fit of the Green function,
but the disadvantage that it can be implemented practically only in tbe case of a
semicircnlar density of states. In the metallic case an explicit extra site nt the Fermi
energy is introduced in order to better represent the low frequency region and, more
importantly, to allow us to feedback a metallic bath. The hopping psrameter to
this extra site is caleulated by a single parameter minimization of the expression

X*(e) = if [Galiwn, o) ~ Gliw)?, (6)

[N

where now Ga(iwn, @) = (a/iw) + (1 - 0)Gne(iwn). Gy is the truncated Green
function to length Ng = Nsite/2, and wy, and wy are low and high energy cuntoffs
defined by the lowest poles of G and Gy, respectively, In this case the moments
will be modified by a small fuctor () which decreases as the system size is increased,
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The effective Anderson model therefore rends

. Ng w1
H=3 37 ( D afhethel, +05(ct! fo +he)

g p=>,< a=|

No=2 1 1
+ 3 (W5erhely, + h-C-)) + U(nn - 5) ("/1 - 5)

a=l .

+3 bo(fleos + e, (7

In both schemes, ground state wave function snd ground state energy of the
Anderson Hamillonian are determined by exact dingonalization (up to six sites)
and the modified Lanczos technigue,!? Systems of up to ten sites can be handled
on s workstation. The zero temperature Green function of the local site is finally
obinined from a continued fraction expansion using the recursion method discussed
above.

As mentioned in the introduction, a further advantage of the formulstion of
the problem in terms of an Anderson impurity model is the fact that the en-
ergy of the Hubbard model can be ohtained directly without frequency snmma-
tions using Anderson model relations, The kinetic energy per site of the Hubbard
model is given as T = (2/4N) Ty Do 1G;(iwn)e™®*, Tuking the limit of
infinite coordination number this reduces to T' = (22/B) X, Cliwg)Peiont*,
Using the self-consistency condition as well as the fact that in the Anderson

mod;] (2/B) iy oV, Gion ~ ea)l(fo(iwi)fiwn)) = 3, Vil Fleao + Bt
we obtain
T= " VaRe(0}ffcas|0), ®

where  labels the sites neighboring the impurity. The petential energy of the
Huhbard model is obtained as

V= U(Olnynyy)0). . (9)

3. Reasults

In our analysis we have focused on two major aspects: the determination of a
region where two solntions are allowed, and the resolution of controversy regarding
the lowest energy solntion. The two nppronches considered yield a consistent picture
of the transition. We are ahle to ohtain converged metallic and insulating solutions
for a finite range of the interaction I/ within hoth schemes, We further demonstrate
that the metallic solntion is lower in energy in the whole coexistence region. The
energy difference hetween the solutions goes to zero as Usg is approached, implying
that the transition can be classified as second order. This should he contrasted
with the results from second-order perturhation theory, where the two solutions
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were found to cross in energy at an intermediate value of the interaction U. A
point worth noticing (as was already observed within the perturbative approach) is
that the energy difference between the solutions is much smaller than any energy
scale of the problem. This is due to an almost perfect compensation of the gain
in delocalization (kinetic) energy by the loss of energy through double occupancy
(potential energy) in the metallic state compared to the insulator.
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Fig. 1. Comparison of the metallic and insulating Matsubara Green functions for U = 2.7, as
obtained from the two variations of the algorithm. Full line “star geometry" and dotted line
"two-chain geometry" (10 sites for the metallic case and 8 sites for the insulating).

Metallic and insulating solutions for I/ = 2.7 inside the coexistence region are,
respectively, shown in Figs. 1 and 2 (the half-bandwidth 2t is set equal to unity), In
the first figure the Green function displays a narrow resonance at low frequency (note
that the pinning condition at w = 0 is fulfilled’?), while the insulator in the second
case merely consiste of high energy features (upper and lower Hnhbard bands). The
figures also illustrate the consistency of the two schemes considered here, In both
(the metallic and insulating) cases the agreement is very good. We also find that
the results of both methods for the single particle Green function on the imaginary
axis compare very well with the second-order perturbative calenlation® and QMC®7
(the latter is discussed in Ref, 10).
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Fig. 2. Kinetic, potential, and total energy of the metallic and insulating solutions in the coexis-
tence region, Differences between the metallic and the insulating solution are shown in the inset
{from the “two-chain geometry").

The kinetic, potential and total energies for the two solutions in the coexistence
region are displayed ic Fig. 2. An interesting feature is the already mentioned
almost perfect cancellation of delocalization and double occupancy energy. Another
important observation is that while a finite size effect is apparent in the results for
the kinetic and potential energy, the convergence of the total energy ie much faster,!
A few runs for a ten-site system show almost no differeace to the results for eight
sites.

The energy difference of the two solutions is shown in the inget of Fig. 2. As the
critical point Ug, is approached from below, the finite size effects become relevant
for U ~ 2.8, This limitation of the scheme is due to the fact that as the low ecergy
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scale associated with the quasiparticle peak goes to zero close to the transition,
the discrete nature of the approximation starts playing an importaat role and the
Kondo resonnace i3 represented by oaly a single pole.

The smaliness of the difference in energy hetween the metal and the insulator can
be understood from the picture of a second-order critical point where the metallic
aad insulating solutions merge with a vanishing scale A ~ Ui —U. The problem can
be formalated from a variational point of view, with the free energy #' becoming an
extremum at the metallic and insulating solutions, i.e. (§F/6Gy) = (6F/6Gy) = 0.
Since the two solutions merge at the point Uez, F can be expanded in power series
of Gy ~ Gy as

2

iy~ = %(Gm—ﬁ'{)z. (10)

As the difference between the metallic and the insulating solution is parameterized

by A, and the second derivative vanishes at the critical point as A, it follows that

the energy difference goes to zero as A®. The critical region cannot be accessed

by the preseat method. In order to capture the vanishing eaergy scale, a higher
resolution (i.e. an effective bath with more sites) is needed.

Fiaally, we would like to comment on the disappearance of the insulating so-
lution at Ug. From the “two-chain” scheme, the insulatiag solation is found to
persist all the way down uatil the gap closes. This differs from the results of the
perturbation theory and resembles the Hubbard 1i] scenario for the destruction of
the insulating state.!®:® In the case of the “star configuration,” while a converged
insulating solution can be obtained at values of the interaction U well helow /%
the question of the closing of the gap cannot be answered conclusively.

4. Conclusions

We have resolved the standiag questions regarding the metal-to-insulator transition
in the Hubbard model in infinite dimensions, using a powerful algorithm to obtain
Green functions at zero temperature.” We were able to demonstrate the existence
of a region in which metallic and insulating solutions coexist, which is in agreement
with previous results, and showed that the metallic solution is always lower ia
energy. This implies that while at finite temperature the traasition is first order,
it becomes second order at T' = 0, similar to the work of Brinkman and Rice in
the context of the Gutzwiller approximation.®!® Since the method presented is very
general as well as simple, especially when compared to Monte Carlo simulations, it
is an appealing approach to the study of stroagly correlated electron systemns,

*In a recent preprint, Gros ef al. (SISSA # cond-mat/9312031) studied the insulating solution
ot zera temperature using a finite-size cluster method and obtained similar results on the issue of
the disappearance of the insulator.

PNote that this can also be used to obtain the dynamical correlation functions like the spin-spin
correlation function,
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