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FERMI LIQUID DESCRIPTION OF Lay ,Sr,Cu0

G. Kotliar, P.A. Lee, and N. Read*

Department of Physics, MIT, Cambridge, Massachusetts 02139, USA

We treat a model with orbitals on the copper and oxygen sites and hopping between them. In the limit of infinite U on the
Cu site, the problem is treated using the slave boson method. In the presence of doping, we find a Fermi liquid solution
with mass enhancement proportional to x1. Low frequency optical absorption shows deviation from a simple Drude
behavior, with oscillator strength proportional to x. Interactions between quasi-particles via the exchange of slave bosons is
calculated. The Heisenberg exchange interaction J arises as a second order boson exchange and may give rise to singlet
pairing between quasi-particles. Our treatment is essentially a perturbation theory valid when J is less than the renormalized
bandwidth. Consequently the Fermi liquid description may break down for smail doping.

1. Introduction

The physics of the high T superconductor
Lag ,Sr,CuQy is often discussed in terms of the Hubbard
model. A number of authors have pointed out that it is
important to include the copper and oxygen orbitals [1,2].
We consider a model in which dTi,o creates a hole in the

Cu (3dx2.,2) orbital at energy €4°, cTi,c creates a hole in the

O(2py or 2py) orbital at energy €, and a hopping matrix
element t,q connects the nearest Cu and O neighbors. We
introduce a Hubbard Ug and U, on the copper and oxygen
sites, but we shall treat the limits Ug=co and U.=0. Uy is
generally agreed to be much larger than any other energy
scale in the problem, so that Ug=cc (absence of Cu3+) is a

reasonable starting point. We also assume that £584° >0
so that the undoped Lay;CuOy4 nominally consists of Cu2+
and O2- and the holes introduced by doping with Sr

occupy the oxygen orbitals. As we shall see, €€4°=D
plays the role of U in the Hubbard model, and this is
consistent with the analysis of the trends in transition metal
oxides [3]. For x small U does not interfere with band
formation because the probability of double occupation is
small, so that setting

U = 0 would not change the physics qualitatively. We
should keep in mind that U, enters into the estimate of the
super-exchange J between neighboring copper spins,
because that involves double occupation of the oxygen site
in between, so that

J =414 (ep€4°)2 (ep-€a°+Uc) .
The Ug = oo, U = 0 limit can be treated by introducing
a slave boson on each Cu site. The problem is further

simplified by noting that only a single combination of the
two oxygen orbitals in the unit cell couples to the Cu, so

that we have a two-band model. For Uy = 0, we have the
familiar band structure

E, 13 ) = (ep+eg® - [+ Ry?) /2 )

where Rye = ((€p-84°)? + 16 1542 14,2)1/2 and 1,2 =
sin2(k,/2) + sinz(ky/Z). For one hole per unit cell, the
lower band E; is half filled.

2. Mean Field Theory
The present model is formally identical to the Anderson
lattice and we can take over earlier work which treats the
problem in a large orbital degeneracy (N) expansion
[4,5,6]. We adopt a convention where the hopping matrix
element is denoted by t/N1/2, (so that when N = 2, t = V2
). We assume that the N-fold degenerate d states can
accommodate Q = Nq, holes and we set q,= 1/2. The

deviation from half-filling 3 is defined by writing the total

number of holes per unit cell as H = Q (1+8). We enforce
the constraint

b;Tb; + d;td; = Q. ()

We consider the large N limit only as a formal device to
produce a consistent loop expansion, and we set N = 2 for
spin degeneracy in our final results. It is only when N = 2
and Q =1 that the constraint Eq.(2) corresponds to the
infinite Uy model.

To lowest order in N-1, we have mean field theory,
where <b> = b, = VN 1,, and the effective hopping matrix

element becomes 6, = (VN)by = try. At the same time the

position of the d level is renormalized from €4° to €4 so that
the renormalized band structure Ej[2; and Ry are given by

Eq.(1) with t,g — 6, and £4° — €4. These bands describe
the quasi-particles and the chemical potential is determined
by filling the lower band by H/N holes. The Fermi surface
then contains H holes and Luttinger's theorem is obeyed.
The mean-field parameters r, and €4 are given by the
equations
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12+ 3 w2 f(Ey(k)) = q, 3) location of the narrow band below €,,.
k
(gea) = (Vo) Tuyvi (1 () @ I T ]
where f is the Fermi factor and .
w2[vii2] = (1+ [] (e5-€9)/Ry)/2 is the d[c] weight in the E; vl
v band. Eq.(3) is just the constraint Eq.(2) in mean field. &
We have solved Egs.(3) and (4) numerically, but we can 1514
learn much by examining the limit 4t << D where an a
analytic solution is possible.  Our model contains two — o
dimensionless parameters D/t and 8. For § < 0, the shift in tt s
€4 can be calculated perturbatively from Eq.(4) and is °i co
d
small, of order t2/D. Using q, = H/N - q,8, Eq.(3) can be 5<0 >0
written as
=- g.+ 3 (l-ui) f(El(k)) 5) Fig. 1. Schematic illustration of the renormalized hole bands.
k

For t << D, u2=1 and we obtain 1,2 = -§/2. The

Shaded area indicates filled states. The constant C = ;712: f(Ey(k)) is

of order unity.

bandwidth of the two bands are given by 81o2t%(e,€4°)

and we see that they are narrowed by the factor 18

compared with the bare bandwidth 8t,4%/D. This band
narrowing is familiar in the Hubbard model in the large U/t h
limit. It represents the physical picture that in a Fermi- compare J with the
liquid picture which satisfies Luttinger theorem, we

represent § holes in the lower Hubbard band by H=N/2

(1+ 3) holes which must acquire a larger effective mass
m*/m = §-1,

this will be shown to be consistent), the term 3 (1-w2)f in
k
Eq.(4) can be expanded to give v,2 412/(eg-€p)? lgj'yka(El)

which is much greater than y,2. Combined with Eq.(3),
Eq.(4) now has the solution 1,2 = (5/2) (2t/D)22k Yi2

We can see from Eq.(4) that 1, = 0 at § = 0 and the
perturbative solution we found disappears for 8§ > 0. It
turns out that another solution can be found where gg is
renormalized by a large amount until it is close to Ep,ie.,

€64 = (42/D) T 1 2(E1). Provided 6, << €4-€, (and
k

3. Optical Properties

current operator

f(Ey). Putting these solutions into the band structure, we with a gap

» find that the bandwidths are still given by 88t;42/D as in

. the 8 <0 case. The picture, as shown in Fig.1, is that as &
changes signs, the lower band shifts discontinuously from

i near g4° to (4t2/D)k2 ¥ 2f(E;) below €p- The jump in g4 is

dictated by the physical requirement that the chemical
for & > 0, because the additional
holes are expected to occupy oxygen sites. Indeed, the

oxygen hole can delocalize by virtual hopping onto the
copper sites and the energy gained is just

=4tpd2/D from perturbation theory, thus explaining the

potential must be near

J=iX ty (b al Cx -c.C.)
i J

Physically we do not expect the band narrowing to

continue for arbitrarily small |3, and we expect a Neel
ground state at and near half filling. Thus we should
delocalization

45tpd2/D and we expect that the above Fermi liquid picture
will be a good starting point for & > tpa?DD+Uy).

energy

We now focus on & > 0, since & = x for Sr doping,.
Our mean-field solution predicts an interesting new
structure in the conductivity o(w) corresponding to
transition between bands E; and E;. The conductivity can
be computed using the Kubo formula in terms of the

&)

where ti is the nearest neighbor hopping matrix element
tpa. For low frequency excitation we replace b; with b,

and o(w) can be computed using the renormalized band
structure. We find a Drude term at @ = 0 corresponding to

particle-hole excitation in the lower band and an excitation

~ €584 = (42/DY) 1 2(E,) for 4t << D corresponding to
k

interband absorption. This latter feature is severely
broadened because the final state includes a hole in the Ey
band which decays rapidly by making particle-holz
excitations in the E; band. ‘Our estimate shows that the
decay rate is of the same order of ma
that the gap is not well defined. In ad

there exists a dispersionless oxygen band at g,
corresponding to the linerar conbination which does nct
hybridize with the coppér. We find optical transition

gnitude as €p-€g, §O
dition, we recall that

between the occupied band E and this band as well.
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Again we expect the gap to be severely broadened. These
two features and the Drude term have approximately equal
oscillation strength of €2n84t2/Dkg2 where n is the density
of holes per volume (approximately 1 per Cu). It is
convenient to introduce a band mass my, by kg2/my, = 4t2/D
which corresponds to the unrenormalized bandwidth.
Then the oscillation strength can be written as (ezn/mb)&
On the other hand, for high frequency excitations we
must use the boson propagation
| <b*(t) b(o)>ei®t which has a pole at ® = €4-4° in
computing o(w) = | <j(t) j(o)>ei®*dt. This gives rise to
absorption at €y-84° with oscillation strength
= (e2/n my) (1-8). Since this term involves the boson
propagator, it is formally of order 1/N, but it is of order
unity as far as its 8 dependence is concerned.

To understand physically the weight § associated with
the low frequency optical transition, we note that the
excitation in the E; bands consist mainly of Cu states with
a small admixture proportional to d of O-states. Since for t
<< D the charge on the Cu is fixed, the Cu states
contribute only spin, and the oxygen states spin and charge
(both of order §), to the excitation. Thus, the optical
transition involves only charge transfer between O sites,
with an effective matrix element via the Cu site.

Recent optical reflectivity [7] on single crystals
revealed an onset of absorption at = 2eV in the doped as
well as undoped sample. We interpret this as &- g4, with
some reduction due to excitonic.-effects. Thus we estimate

& - €4’ to be 2 2eV. An additional broad feature with
width = 0.5eV and oscilator strength proportional to § is
observed. There is some disagreement at present on

whether an additional narrower Drude term is needed at
low frequencies. It is tempting for us to interpret the broad

fearture as a severely broadened interband transition, so
that

€p - €4~ 0.5eV.

4. Fluctuations

We have followed ref (5,6) and extended the theory to
include boson fluctuations. Expanding about the mean
field solution, the Lagrangian is given by

L=Ly+Ly+Li+N (0 /2-q)) (8- &) ™
where (withm = 1to N) ‘

+ 0 + 0
LO = lz,mc k,m (5;+ Ep) Ckm t+ dk,m (5;-!- Ed) dk,m

T
* kE:mo-° Y dg,m ¢))

This term is diagonalized to give the quasi-particle bands
E; and Ey.

Ly =25 (0, Ay | 45 1%0| (O ©
t2 k

i()'o (o] 7\"1(

There are two fluctuating boson fields, the ¢ field which
represents magnitude fluctuation (ie, deviation from the

mean field value 6,) and the A field, which takes care of
phase fluctuations. The interaction is

T
L= kﬁg (kD) Cx;m dym O (ky-ky)
+ dlzm Gym O (ik2))

. i

To first order in1/N, the boson propagator is given by (®
is the boson Matsubara frequency)

.| -1
Dij (q,(ﬂ) = Do,ij - % (q:(‘)) (11)
where i,j = & or A and from Eq.(9), D) __ = (N/2 (e-€Q),

-1 . 1 .
Do,o‘k =i(N/2) G, and DO.M = 0. The self energy zij is

the polarization bubble, ie particle-hole excitation coupled
to boson propagators via Eq.(10). Upon transforming to
the E; and E, bands we obtain

%

-1
Do =N (&

LS ke w YO UVPR; (60 ©)
k

+ SOk u Y@ WPR, (g @) (12

11 )
DM—IN{%J u?Ry; (k, q, )

-z uZy2 Ry2 (k, g, ) } (12b)
k

-1
D, =

S 1
Dcll= iNoy{ z +
2
%“72 (k+q) —Ry; (k, g, ©)
Riwg )
.5 (Yz (k+q)u2 Y2 (k) v ) R,} (12¢)
1 R Ry

In these equations we have used the short-hand notation
U=y, V=V, U =Ug,q and v = vgq and we have
introduced the intraband particle-hole excitation

Ryp k, q, 0) =

- (£ (B (k+q) - f By () / (B (k+q) - Eq (k) - i) and the

interband function
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Ryz (g, 0) = - 5(F By (k) - f (B3 ()

1 1 ]
+ .
[El (k+q) - Ep (k) -io  Ej (k+q) - E5 (k) + iw
The boson propagator D is obtained by inverting the 2x2
matrix elements given by Eq.(12). Two quasi-particles
, With incoming momenta k, K are scattered by the exchange
of a boson of momentum q and frequency ® into outgoing

states of k+q and K-q. The effective interaction potential is
a given by

Vefr = - (¥ (k+q) vu + ¥ (k) uV)

(Y R-@) V' + y (K) ' ¥) Dy (q, )

+uud Dy (q,0)

+iu'u(y(K-q) ¥ +7(K) ¥ ¥) Dy (q, @)

+i(Y(k+q) vVu+y(k)u'v) @' ¥) Dy (q, 0) (13)
where §i = y and "= %.q etc. Note that all the k and kK

dependent factors in Eq.(13) are all functions only of the

energy E; (k), E, (]'c') etc, so that for scattering between
quasi-particles on the Fermi surface, Vesr depends only on

the momentum and frequency transfer of q and .
We can make some analytic progress by specializing to
q, W Oandthe]imittpd>>D. As in
Fermi Liquid theory, the interband term Ri1 k, q, w) is
singular in this limit and Ry; (k, q, @) = § (E1 k) - W) \f(@
’El/ak - q,0E/0k - q - iw) . First consider the limit @ = 0, q
— 0, in which case % Ry, simply gives the renormalized

single particle density of states p, which as we saw earlier
is enhanced from the bare density of states p,, derived from
the band structure by |8]-!. After much delicate
cancellations, we obtain (for 8 > 0)

det 1) = 2902 1 12 () 1y

- 2p ¥ (k) G 1 / (ep-ed)?

+ 05 (Epe? P .. (14)
PVetf (@ =0,9— 0)

(€g-n)2 1y + 020 I"; (ep-ea)?lp

1
=7

- ) 15)
205 Iy - 2 (eg-h) (Epe) Iy

where I, =¥ (712(" /Rz) f (E; (k)) are integrals encountered
k

in the interband terms Ry and are of order P/ (€.
The final result is that pVeg (0 = 0, g— 0) = (- Ad)

where A is a number of order unity. We can identify the
Fermi liquid parameter Ag as A = NpVgy (@ = 0, g— 0),

so that
AS=1-A3. According to Fermi liquid theory,

X p(1- A% = pAB = Ap, (6)
du

We thus obtain the result that dn / dp is given by the
unrenormalized band density of states. This situation is
familiar in the heavy Fermian problem and reflects the
physical picture that the mass enhancement moves with the
Fermi level as carriers are added to the system. Using the

identity 1 - Aj = (1 + Fo)'l, we conclude that F ~ -1 is

very large. This latter quantity is related to
Veff (@ = 0, @ — 0). Its computation is actually easier

because Ry; (q =0, ® — 0) = 0 and the remaining terms
in Eq.(12) can be easily estimated to give the desired
result. The same effective interaction when considered in

different spin channel gives rise to Ff) which is of order
1/N and therefore small. Thus the magnetic susceptibility

X is given by p and is enhanced. Again this is correct only
if

4% tid /D > J and we we expect ¥ to saturate at J-1 in the
opposite limit.

In the Anderson lattice problem, interaction via a single:
boson exchange leads to a q dependent interaction which
leads to a very weak d-wave pairing.[8] The computatiori

of Veff (g, ® = 0) would require extensive numerical
work. However, we note that the Ry terms in Eq.(12) is

larger than the remaining terms by at least 8-1. For q-—0,
it is essential to keep the remaining terms because the
leading contribution to det D-1 and to Vtr cancelled leading

10 pVesr (@ = 0, ® = 0) = 1. However, for general q this
cancellation does not occur and it will be a reasonable
approximation to keep only the Rj; terms. This in fact
corresponds closely to the infinite U one band Hubbard
model treated by Kotliar and Liu[9], where one can make a
similiar arguement that the Ry, terms dominate for general

q. Thus we expect that for tpg << D and 3 << 1, the
Kotliar-Liu result will describe the two-band model also,
namely, a weak attraction in the d-wave like channel with a
gap parameter A (k) = sin k, sin ky. In the case 8 < 0,
examination of Eq.(12) indeed shows directly that in the

limit D — e and ﬁd ! D = tegr constant, Eq.(12) reduces to

the Kotliar-Liu result for the infinite U model with teff:
Recently, Houghton, Read and Won[10] showed that

in the Anderson lattice problem, the RKKY interaction

between local f moments via the polarization of the
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conduction electrons is recovered in second order of 1 /N
by including the exchange of two boson propagators.
Similiar considerations yield the analogous process in the
present problem, leading to the super-exchange J between
copper moments via the oxygen orbitals. Alternatively, the
exchange term can be added to the originally Hamiltonian
via a canonical transformation. As noted earlier, the quasi-
particles are mostly spin excitations on the copper, and so
they retain the exchange interaction in the local moment
picture. It has previously been noted that
antiferromagentic exchange when treated in a Hartec-Fock
factorization in the particle-particle channel leads to d-wave
superconductivity[11]. Our theory shows that this
interaction survives in the quasi-particle picture, and that
the residual hard core repulsion between the quasi-particles
(as represented by single boson exchange) is small and
even weakly attreactive in the sink, sinky channel.

At the same time, it is clear that our theory is essentially an
expansion in the parameter pJ and the transition
temperature

= (8 tgd /D) exp - (pI)-1 is low where the theory is valid.

In the opposite limit when J >> 3§ tid ! D,

Anderson[12] has emphasized that the antiferromagnetism
must be taken into account first, and the introduction of
holes into system can lead to new possibilities, including
superconducting ground state and strong deviation from
Fermi liquid behavior in the normal state. A number of
normal state properties, such as the linear dependencies of
the Hall coefficient on doping, the fact that ) = J-1 and the
linear T dependence of the resistivity have been cited as
evidence for strong deviation Fermi from Fermi liquid
behavior. Experimentally, the maximum T, appears to

occur in the intermediate range, when § t:d /D =1J. Much

work remains to be done to develop a quantitative theory in
the large

J>>9d tf)d / D limit and to decide whether the cross-over to

Fermi liquid behavior is a continuous one.

We conclude by remarking that many features of our
solution of the two band model obtained in the limit ba <<
D where we can make analytic progress, resembles what
one expects for a single band model with tegr =4 tzpd /D

and
U = D. This is in agreement with the analysis of Zhang

and Rice[13], carried out in the tpd << D limit. It is worth

remarking, however, that with some numqrical wprk, our
formalism is applicable also to the intermediate regime

tod = D which we believe to be the experimental situation.
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