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By constructing a complete set of coherent states that forbids double occupancy, we introduce a quan-
tum Monte Carlo algorithm for simulation of fermion models with constraint, including the infinite-U
Hubbard model and the 7-J model. Application to the infinite-U Hubbard model on 4x4 and 6 %6 lat-
tices provides new physical results on the thermodynamics of the model, especially the temperature and

doping dependence of the Nagaoka state.

PACS numbers: 75.10.Jm

There is a class of fermion models in condensed-mat-
ter physics that has local inequality constraints, i.e., no
more than one particle can occupy a given site at a given
time. Among those models, the ones that have drawn
most attention recently are the infinite-U Hubbard mod-
el, which we shall call the ¢+ model, and the ¢7-J model.
Numerical studies of the two models have mostly con-
centrated on using exact diagonalization techniques
which are restricted to very small systems. To investi-
gate systems of reasonably large size, quantum Monte
Carlo simulation is useful. However, the available algo-
rithms for simulations of the Hubbard model, although
well developed and powerful, cannot incorporate the
large-U limit.!? Similarly, no Monte Carlo algorithm is
available for the 7-J model because of the constraint of
no double occupancy.

We have developed a new algorithm which properly
treats the constraint. We use fermion coherent states in
the Hilbert space of no double occupancy (“the con-
strained subspace”). The constraint is enforced by an
Ising-like variable defined on the spacetime lattice. Af-
ter the integration of the fermion degrees of freedom, the
partition function becomes a sum of determinants over
the Ising variables, a natural subject for Monte Carlo
simulations. We apply this algorithm to the  model and
obtain some thermodynamic properties of the model
which were previously unknown. In particular, we show
that there is a smooth crossover from free-particle be-
havior at low concentration to the ferromagnetically
aligned Nagaoka state near half filling. In the latter re-
gime, we measure the magnetization and the correlation
length as functions of temperature and doping and we
find the effective ferromagnetic coupling.

We start with the partition function

Z=Trexpl—B(H —uN)1, 1)

where the trace Tr is taken in the constrained subspace.
The Hamiltonian

H= '—IZC,‘TGC,‘+5YU+ H.c. 2)

describes unconstrained nearest-neighbor hopping. We

further decompose Z into small imaginary time steps:
L
Z=Tr[Texpl—At(H —uN)1, 3)
1

where AtL =pf. If at each time step a complete set of

states with no double occupancy is inserted, then as At

— 0 all the undesired states with double occupancy are

eliminated so that Z becomes exactly the partition func-

tion for the constrained H. We choose fermion coherent

states® to form the basis of this constrained subspace.
The state

|€e) =TT = &igcit, )10, 4)

where the &;, are Grassmann variables and o; denotes ei-
ther T or |, is a fermion coherent state having a “spin
configuration” o={c;}, and the property, c;c;;|Ec) =0
for any given site i. Moreover, any state that does not
have double occupancy has nonzero projection to (4).
Therefore |£o) can be used to form a complete set for
the no-double-occupancy subspace.

We construct the resolution of the identity in the sub-
space as follows:

I =i |EaXEa], (5)

where
T- T fdetdeoen(—+Setca).  ©

One can also prove that the overlap of two coherent
states from the set (4) is given by
(E0'|E"0") =o' 1|E"0") =expE 6 yortiittes. (D)
The weight function in Eq. (6) differs from the norm
(Eo|&o) by the factor & in the exponent. This compen-
sates the overcounting of states (in addition to the known
overcompleteness of the coherent states) when Eq. (4) is
used as basis. The trace operator Tr is constructed simi-
larly:

TrA =i<—§olA|§a>. (8)

We now insert the identity operator defined above at
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each time slice in Eq. (3) and take the trace using Eq. (8). The partition function becomes

z=3 fl'[dg,!;dz:{o,exp[— 2 fzg,!a,](§’a’|§"'a"‘>exp[—Ar<¢’a’lH~y1v|§’"'a’—‘>]. )

o~ i
The overlap (£/c'|&/7 6!~ 1) is obtained from Eq. (7).
Although H defined in Eq. (2) has two independent hop-
ping terms, one for spin up and one for spin down, the
no-double-occupancy coherent states inserted at each
time slice have only one spin at a site. Therefore,

(ElolH|E' ™ ! ) = =1 Z&E (18 410 (10)
ij

i

has one hopping term only. The appearance of the &
function reflects the fact that hopping conserves spin.
This result for the partition function shows how the con-
straint of no double occupancy is effectively accounted
for by attaching a spin variable to each site, rather than
to the particles.

The integrand of the partition function has the form
exp(X EX M &), where a denotes the set (i,0,/) of sites,
spins, and time slices. The integration over the Grass-
mann variables then leads, as usual, to detM. Explicitly,

Z= Y, detQ lI+B,---B.), an
{ol=1,1}
where
(B);j =5a,;a]4-|B,-9 (12)

and B} is the single-particle hopping matrix
Bi(} =5ij "'AT(H,'j —;15,‘]') = exp[ _AT(HU —u&j)] N (13)
where H;j= —t for nearest neighbors and zero other-
wise.

To derive a few known results, we first notice that the
nth-order term in the expansion of the determinant

det+M)=1+TrM+ - - - +det(M) (14)

represents an n-particle partition function. We can ex-
pand Eq. (11) accordingly. For the zero-particle case,
we have Zo=X2 N=1 We see that the factor +
compensates the overcounting of the vacuum state.

Next, we obtain Z | from Eqgs. (11) and (14) as
Z,=2"M Y Trl2!B,--- B.]. (15)
{o}
All the spin sums from the various time slices are evalu-
ated via the & functions. The result is

Z, =2TrBL=2Zk‘,exp[—/3(sk -], 16)

which is the expected doubly degenerate single-particle
partition function.
The N-particle case is the “half-filled” ¢ model. We
have
Zy=2Xdet(B, - - - B) =2 I1det(B)). 17)
{o !
We can successively sum the spin configurations of the
intermediate time slices. The final sum is for the Lth
slice
2 det(BL), =2Vdet(BO)L =2V, (18)

{ol}

So the partition function for the half-filled case is fully
degenerate, as is known.

Equation (11) provides a natural algorithm for quan-
tum Monte Carlo simulations. Formally, it resembles
the discrete Hubbard-Stratonovich transformation intro-
duced by Hirsch? for the Hubbard model, with the o/
playing the role of auxiliary fields. As in that case, the
o’s are related to the z component of the magnetization
although in a slightly different way which will be shown
below. Since the entire derivation is independent of the
details of the B matrix, one can add other hopping terms
to the Hamiltonian, for example, the diagonal hopping ¢'.
One can also add a Heisenberg interaction by represent-
ing the spins in terms of the Grassmann variables and
the interaction in terms of a sum over a discrete Hub-
bard-Stratonovich field s;; as

(€5t expl —ATIS*S;T1ED) = F(EE DS 1101 XexplVATI /25, (&5 e+ EX eI (19)

Sij

The interaction along the z component is decoupled simi-
larly. Now the problem reduces to the original ¢ model
with hopping matrix elements which depend on space
and time through s;;. Thus the algorithm can be used to
simulate a variety of models, including the z-¢'-J model.

We now briefly discuss our Monte Carlo updating and
measurement scheme and present some results for the ¢
model.

It is clear from (12) that a local spin flip at time slice /
and site 7 results in a nonlocal change of the matrix ele-
ments in the ith row of B, and the ith column of B;+,.
The method developed by Blankenbecler, Scalapino, and

Sugar® can be applied only after certain modifications.®

To ease the initial implementation of our method, we
have used a straightforward updating routine by reevalu-
ating the determinant after each change of configuration.
The computing time scales as LN*. At lower tempera-
tures, the stabilized Green’s-function updating methods
discussed in Refs. 1 and 2 would most likely be necessary
instead of our determinantal updating procedure.

We measure three quantities, the magnetization, the
particle number, and the total energy of the system.
They are all determined by the equal-time Green’s func-
tion g(i,j), as in other quantum Monte Carlo simula-
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FIG. 1. 4x4 lattice. (a) The particle density vs the chemi-
cal potential. The top dotted line is for free particle and the
bottom dotted line is for Nagaoka state. Inset: Comparison to
the exact result on the 2x2 lattice. (b) The energy per particle
vs concentration. The top dotted line is for Nagaoka state and
the bottom one is for the free particle. Inset: Comparison to
the exact result on the 2x2 lattice.

tions:
g(i,j) =Z ~'Tre “PH(circf) +cicl) =2z 1Y M;(),
T Qo
where
M t=2"L*1Q"L1+B,- - B) '] Q@n
The total energy of the system is the hopping energy
E-<—t§c,‘f,cj‘,>-t§,g(i,j). 22)

The average particle number is {n;) =1—g(i,i)/2, where
the operator identity n; =1 — (¢;jcit +c¢ijcil )/2 has been
used in the subspace of no double occupancy. One can
prove that the average magnetization is given by
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FIG. 2. Average magnetization per particle vs the particle
concentration. The error bars for the particle concentration
are small: 4x4 lattice and 6 x6.

(m,-z) =<n,~,,0',«).

We performed simulations on 2X%2, 4x4, and 66 lat-
tices with temperatures mostly at f=2. The energy
scale is normalized to . We chose A7 to be 0.1 so that
L =20. The error due to finite Az in projecting out the
sub-Hilbert space is estimated to be proportional to Az.’
There are negative weights which occur most frequently
at and above about quarter filling for the range of tem-
perature we simulated.® In the regime of density close to
half filling (0.9 <{n) < 1), where there is a ferromagnet-
ic order, there are many metastable states that make the
final results sensitive to the initial condition. We added
some global moves in the updating routine and we aver-
aged over various initial conditions to avoid the possibili-
ty of biased sampling.

To check the updating scheme, we made a comparison
to the exact diagonalization result on the 2% 2 lattice and
found good agreement, as shown in the inset in Figs.
1(a) and 1(b). Figures 1(a) and 1(b) are the data ob-
tained from the 4x4 lattice, which show a crossover
from free-particle behavior at low concentration to the
ferromagnetic Nagaoka state at high concentration. The
data obtained from the 6x6 lattice exhibit similar be-
havior. A number of studies have addressed the issue of
the ground-state property of the ¢z model: I.e., how far
from half filling does the Nagaoka state remain sta-
ble?®!% In order to study the Nagaoka state at finite
temperature, we applied a very small magnetic field in
the z direction. Various field strengths ranging from
0.017 to 0.1¢ are used to extrapolate the zero-field infor-
mation. As shown in Fig. 2, the magnetization decays
exponentially with doping. However, the energy of the
Nagaoka state remains competitive in a rather large dop-
ing range as shown in Fig. 1. Although the simulation
was performed on a finite-size lattice, we found no
significant irregular behavior such as magnetization os-
cillations as a function of doping.'® This is due to the
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FIG. 3. Average magnetization per particle vs inverse tem-
perature on 6X6 and 4x4 lattices. Error bars are neglected.
The interesting points where the two curves intersect the g axis
have little fluctuation. Inset: Temperature dependence of the
ferromagnetic correlation length. The analytic result for the
2x2 lattice is included.

effect of finite temperature and the fact that the particle
number was not fixed in the simulation.

Since the Nagaoka state processes a SU(2) symmetry,
the average magnetization should be zero at finite tem-
perature in two dimensions. The reason that we have ob-
served a nonzero M, is due to a finite-size effect; i.e., the
correlation length & becomes greater than the sample
size below a certain temperature. We make use of this
effect and determine the temperature dependence of the
correlation length by measuring the magnetization as a
function of temperature for a given concentration. The
results are shown in Fig. 3 for the 66 and 4 x4 lattices.
The inset in Fig. 3 shows the resulting temperature
dependence of £. It fits well with the expected universal
form &ocexp(4n#/T) calculated from a renormaliza-
tion-group analysis,!' with an effective coupling
& =0.1t. Figure 3 demonstrates to a certain degree the

reliability of the simulation because the £=2 point is
calculated analytically.

To conclude, we have developed a new fermion quan-
tum Monte Carlo algorithm specifically designed for
handling the no-double-occupancy constraint, which can
be used for simulations of the ¢ model, the #-J model,
and other related fermion models. We demonstrated the
usefulness of the algorithm through simulations of the ¢
model and, in the process, provided some new results on
the thermodynamics of the infinite-U Hubbard model.
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