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The consequences of rotational-symmetry breaking in Heisenberg spin-glasses are stud-
ied with use of order parameters which are time-dependent SO(3) rotation matrices. A
microscopic derivation of the hydrodynamic “triad” theory, including the effect of small
magnetic fields and random anisotropies, is presented. In the mean-field limit the finite-
time exchange stiffness and macroscopic anisotropy constants vanish near the transition

temperature T, as (T,— T)*, u=3.
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The spin-glass (SG) phase of a Heisenberg spin
system with random exchange is characterized by
the freezing of the local spins in random noncol-
linear directions. Although the system remains
macroscopically isotropic the local orientations
of the spins break completely the O(3) symmetry
of the Hamiltonian. Applying uniform SO(3) rota-
tions on any SG state generates a manifold of de-
generate states which are connected to each other
by a path which does not involve a crossing of
free-energy barriers.! Many theoretical' "3 and
experimental? studies focused on the manifesta-
tion of this rotation-symmetry breaking in the
response of the system either to a long-wave-
length twist or to a uniform rotation in the pres-
ence of random anisotropy and magnetic fields.
So far the theory was mostly a phenomenological
hydrodynamic theory. It assumed the existence
of finite exchange stiffness constant p; or macro-
scopic anisotropy constant K. However, from a
microscopic point of view, the possibility that p
or K vanishes in a SG even at zero temperature,
because of readjustments of the local spin rota-
tions to the fluctuations of the local exchange,
could not be excluded.”® Likewise, there has
been no theory for the temperature dependence
of p, and K, in particular, near the SG transition
temperature, T, .

In this Letter we present a study of the conse-
quences of the SG rotational-symmetry breaking
which is based on a description of the SG state
by ensemble-averaged order parameters. We

note that previous mean-field studies® of an m-
component SG did not account for the rotational
degeneracy of the SG state. They used the “naive
Edwards-Anderson (EA) order parameter Q"
=[(S*(4))(S¥(1))], where (S*(i)) are the thermal
expectations of the Cartesian components of the
local spins §(i), and [...] denotes the ensemble
average. However, because of the macroscopic
isotropy of the system in the absence of external
fields, @ *” is a scalar, ¢4"”, and does not reveal
the rotational degeneracy of the SG state. With
use of a dynamic definition of the EA order pa-
rameter it is shown that its general form is
Q(¢t,t")=[(5,6)8,.(4))]=a(¢t —t')R(t)R™*(t'), where
R(t) is a time-dependent uniform-rotation ma-
trix. On the basis of this symmetry of the SG or-
der parameter, we study the response to small
perturbations of the rotational invariance in the
mean-field limit. The nonequilibrium p, and K
are finite at low T and vanish near the transition
as p,« (T, = T)", K «(T,~T)" with the mean-field
exponents pu =[ =3. This critical behavior of p
is reminiscent of the transport in a percolation
network. We find that both p; and K are remanent
quantities relaxing to zero in the equilibrium lim-
it when the system loses memory of its initial
state. The equation of state in the presence of
small, uniform, equilibrium and nonequilibrium
magnetic fields as well as random anisotropy is
fully consistent with the results of the hydrody-
namic “triad” theory.

We study the Edwards-Anderson (EA) Hamil-
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tonian of an m-component spin-glass (SG),
K==32:,d:,56)8(), (1)

where J;; are random Gaussian variables with
[7:;1=0 and [J;2]=J2K ;. The matrix K, is a
nonrandom function of the distance { T, - r | be-
tween the spins S(i) and S(]) and is normahzed by
Z}K” =1. The spins S(i) are m-component vec-
tors with fixed lengths 1S(3)12=m. We seek to
describe the broken rotational symmetry at low
T by ensemble-averaged order parameters. A
dynamic definition” of @ which exhibits the rota-
tional invariance is

Q™(t,t")= lim

Tolt -t~

[KS14)S,. ")), (2)

where I,”™! is the microscopic time constant of a
relaxational mechanism imposed on the system.
One possible state of the system is given by
R"™(t,t')=q(t—¢t')5"". However, the spins can
also be uniformly rotated from their initial direc-
tions, an operation which does not change the
thermal properties of the system as long as the
rotation is turned on slowly compared to I},™!
Thus, the most general form of the order param-
eter is

Q(t,t")=[(RB(:NS,G)R(6(¢"))5,(:))]
=q(t-t")R(O(L)HRX(06(¢t")), (3)

where we have represented the rotations by R(0)
=exp(-2,,60°T°) with T ° the m(m - 1)/2 genera-
tors of SO(m) rotations, normalized by TrT °T"*
=~ 26°, The m(m~1)/2 components of the “an-
gle” of rotation, G(t), are any functions of £ such
‘that T,ld0%/dt| - 0. Note that because of the ab-
sence of free-enevgy bavviers to uniform vota-
tions it is not necessary that 1d6°/dt) be small
compared to the macroscopic time scales of hop-
ping over the barriers.

The time-dependent rotational symmetry has a
clear analogy in the replica theory which we will
use here for the sake of simplicity. In this the-
ory S the system is replicated » times and its en-
semble-averaged properties are calculated via a
replica free-energy functional F{Q.; (i)} and tak-
ing the limit » — 0. The order parameter is
(Qus"”)=(S4"(1)Ss"(i)), where a #p are replica
indices. The rotational symmetry of the system
is manifested in the invariance of the free energy
under global SO(#) rotations of each of the rep-
licated systems separately, i.e., F{Qqs(i)}
=F{R(8,) Qus(i)R"1(0)}, where the m(m—1)/2
components {an} of 64 are arbitrary real num-

bers. The general form of the order parameter is
(Qa{a):anR(ea)R_l(@B )0 (4)

Next we consider small fluctuations in @ induced
by a space-dependent rotation R(68,(i)). If we ex-
pand around the equilibrium state 6,=0, the rota-
tional fluctuations are of the form

0Qup(i)= G ap 205 T°166 ,°(i) — 60,5°(3)}. (5)

It is useful to define a basis of (e — 1)m(m - 1)/2
“normal modes” which span the space of fluctua-
tions of the form (5). This is done via the n =1
eigenvectors of the equation

226(20 ) a6y bap = anZ]uB‘(K)

=Te(Mus(x) -~ (6)

which satisfy 25 uo(X)ua(X")=06,,, and also
> ata(A)=0. This last condition stems from the
fact that the eigenvector u,= const does not cor-
respond to a fluctuation in @, as is evident from
(5). We write a general angle fluctuation as
56,°(1)=2360,°(@)u(x). Similarly, the rotational
fluctuation fields are Qs (1) =231, ,7764,°(%)
X Qaﬁ(x), where qaﬁ(x) = qaﬁ{ua(x) —uﬁ(x)}/
V2 €(XN)Y2 satisfy Y us @ as (M) as(X’) =04, and the
relation between field and angle fluctuations is
8¢, °()=56, °(i)V2 €(1)2, This completes the
microscopic definition of the SG angle variables
in analogy with the rotation of the spin “triads”
in the hydrodynamic theory. The physical signif-
icance of the various eigenmodes becomes clear
if we consider the replica dependence of ¢q.g.
According to the mean-field theory, the matrix
d4p consists of a heirarchy of blocks whose size
is denoted in decreasing order by x<[0,1] and
dqp is parmetrized by two functions q(x) and
TA(x).®. The eigenvectors of Eq. (6) form degen-
erate bands parametrized by x. The eigenvectors
u(x) which belong to the xth band correspond to
fluctuations in the dynamic theory, with frequen-
cy scale w,. Thus, u(1) represent fluctuations
on a finite time scale which is the nonequilibrium
(“one-valley”) limit, whereas the #(0) correspond
to fluctuations which vary on the longest time
scale of the system. The eigenvalues of Eq. (6)
are €(x)=2 [ 1A (u)lqu) du.

We relate the above formalism to the physical
stiffness constant by defining a nonequilibvium
rotational susceptibility

X (k) = = 57, exp{i(F; - 7,) -k}
x[(8()) T °x;; TS () ], (7

393



VoLUME 52, NUMBER 5

PHYSICAL REVIEW LETTERS

30 JANUARY 1984

where x;; is the nonequilibvium susceptibility ma-
trix Tx 4] =(S¥(¢)S"(5)) - (S¥(¢))(S”(j)). This
susceptibility is the response of the system to a
“twisting” magnetic field 3 ;= oh T°(S(¢))exp(ik
-T;) which tends to twist the spin direction rela-
tive to an equilibrium state {{S(¢))}. Since x°
is a finite-time response both (S(i)) and y;; in
Eq. (7) are restricted to the same reference state.
We do not expect that the particular choice of
that state will matter in thermodynamic limit.
We define a nonequilibrium stiffness constant p
in a SG by p, =¢*(1)vlim, ,{#%*x °(k)} !, where
q(1) is the nonequilibrium value of the EA order
parameter and v is the volume of a unit cell.
This definition is similar to the SG stiffness con-
stant defined in the hydrodynamic theory of Hal-
perin and Saslow.! Using the replica definition
of Eq. (7), we find p,=vTlim,  ,{#,2(66,°(k)
X 660,°(=k)}2, where 66,°(k) are angle fluctua-
tions in the “direction” of any of the “finite time”
eigenmodes #(1) of Eq. (6).

Expanding F{ Q} to quadratic order in the fluc-
tuations around the mean-field state, assuming
a hypercubic d-dimensional lattice with a lattice
constant a, and expanding in ka result in

pe=J% e(1)d?
=27 a" [ | A'() | qlu) duc. (8)

An important feature of Eq. (8) is the fact that
even at high dimensionality, p, is not related
simply to the square of the amplitude of the froz-
en spins, ¢%(1), as one might naively expect. In-
deed, if one assumes a replica-symmetric state
(gus=q, A=0) the stiffness constant is zero and
x °(k) becomes proportional to gk~ at all T<7T,.
Physically, the relation between p, and the
“memory” function A(x) indicates that the finite
stiffness constant in SG is a remanent effect, and
that if the system were allowed to relax by hop-
ping to all other states, the stiffness constant
would relax to zero. Indeed, we find that the
equilibrium analog of Eq. (7) diverges stronger
than 272, as will be discussed elsewhere. Since
Eq. (8) is the result of a quadratic approximation
for F{6Q}, it can be viewed as the first term in
a 1/d expansion of p,. However, the critical be-
havior predicted by Eq. (8) as T—~T, is expected
to be correct at least for d 26. Using the mean-
field values of A and g yields, near T,, p,x(T
- T)*, u=3. Note that the ordinary Josephson
relation® would predict p=v(d-2)=2 at d=86,
However, using simple scaling assumptions for
x °(k), we derive the scaling relation u=v(d - 2)

4
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+Bp-B,, where B, and 8, are the critical expo-
nents of the order parameters A(0) and ¢(1), re-
spectively, which may be obeyed even for d<6.
The physical origin of u=3 might be similar to
that of the conductivity of a percolation network!®
which also has an exponent =3 in d =6 rather
than v(d - 2) =2. The infinite network of strongly
correlated spins which contribute to the stiffness
constant apparently becomes increasingly in-
homogeneous near T,, and may resemble the
backbone of a percolation network. As in de
Gennes’ percolation model'® we write p ~ ¢ (42
X Jo5( &), where Jogp =JL™(¢) is the effective
coupling of a linear region of spatial length ¢ con-
taining L strongly correlated spins. At d=6, the
random-walk result L~ £2~(T, - T)™* applies,
giving rise to u=3,

It is also of interest to compare the zero-tem-
perature value of y, with the bare stiffness con-
stant p,°=2a?"?U(0)/md which results from a
vigid “twist” of all the spins [-U(0) is the ground-
state energy per spin].'*? Using the available da-
tal! about the 7'=0 value of Eq. (8) in mean-field
theory, we obtain p,(T=0)/p,°=0.3 for m =2 and
0.2 for m =3, Also, p,/p,° vanishes in the m
- limit, Thus even at high dimensionality, lo-
cal adjustment of the rotation angles to the varia-
tion in the strengths of the bonds renders the ac-
tual stiffness constant significantly smaller than
Ps’

Next we consider perturbations of the rotational
symmetry by weak uniform external fields and
random anisotropies. For concreteness we dis-
cuss a Heisenberg SG with an exchange Hamil -
tonian (1) plus a Dzyaloshinsky-Moriya interac-
tion JCpy ==2);;D;;+5(:) xS(j), where D;,=-D,;,
[D,;,1=0, [p,; D,;]=6""D%K,;, and D/J<1. The
leading order effect of the random anisotropy is
to break the degeneracy of the states, given by
(3) or (4) and to favor the unrotated state (R =1).
The nonequilibrium macroscopic anisotropy con-
stant can be defined as K =¢*(1)lim, - ,{x °(&)} "%
We also add an external uniform magnetic field
term -¥),H-8(i), wH/kyT <1, which breaks the
degeneracy with respect to rotations about an axis
which is not parallel to the magnetic field. Using
the quadratic approximation for F{Q}, we obtain
x °(k=0)=¢%1)/[2D%(1) +H?x,(1)], where we
assume H-7 °H=0 and ¥, (x) = A0) — A(x). This
implies that the nonequilibrium macroscopic
anisotropy constant is K=4D2j01 A’ (u) | q(u) du,
in the mean-field limit,

A situation which is readily accessible to meas-
urement is.that of a nonequilibrium rotation of a
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magnetic field in a weakly amsotroplc SG, whlch
can be realized by cooling in a field H e.g., H
=H%, turning on at low 7T a small field oH = 0H .79,
OHy/H «1, and measuring the response after
time 7,. Such a field is represented in the rep-
lica formalism by H, =R(0®)H, 68, =200u(x).
To lowest order in D and H, (Qs) is of the form
(4) with ¢op=qaps(H =D=0) and 60, =2066uy(x).
Minimizing the mean-field free energy with re-
spect to 66 yields 66/6®=H%Yy, (x)/[2D%e(x)

+H?%y (x)]. Similarly the transverse magnetic
susceptibility x, =0M,/0H,, after time 7,,is

. M, (x)
X2 0) = X0 T 5 G AL T

(9)

where M, (x) =HY, (x) is the remanent magnetiza-
tion after time 7,. Note that the uniform non-
equilibrium transverse susceptibility x ;(x) is
very different from the local one x(x). In fact,
substituting D=0, we have y{x)= x(0) ~M/H in-
dependent of x as physically expected because of
the absence of barriers to a uniform rotation.
The results for the (“angular”) lag of the spin
“triad” 6¢/6® and for x ;(x) agree with the pre-
dictions of the hydrodynamlc theory?® provided
one identifies ‘IDZJ0 | A7 (u)| g(«) du as the macro-
scopic anisotropy constant K(x) appropriate for

a dynamical measurement of a characteristic
time 7,. Note that K(x) decays to zero on the
same time scale as the remanent magnetization
does.? Infact, use of the mean-field result

| A’(x) |« g(x)q’(x) indicates that K(x)/M, (x) = q(x)
-0 as x -0, namely, that the macroscopic anisot-
ropy decays faster than the remanent magnetiza-
tion. Similarly, as T approaches T,, the finite
time anisotropy constant K =K(1) vanishes as K
«D*T,"M1=7T/T,)P* P2, This velation is ex-
pected to hold even below d=6 as long as a SG
transition occurs. Note that the exponents j3,

and B, can be determined by the peak in the zero-
field ac susceptibility and by the low-field reman-
ent magnetization, respectively. In the mean-
field limit, K vanishes as (1-7/7,)% whereas
M,(1) <H(1 = T/T,)? (in the H -0 limit). It would
be interesting to compare these results with
measurements of both the anisotropy constant and
the remanent magnetization as functions of time

and temperature in dilute metallic spin-glasses.
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