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Sign of equilibrium Hall conductivity in strongly correlated systems
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We consider the equilibrium current circulating in a cylindrical geometry, perpendicular to applied
magnetic and electric fields in a strongly correlated system. We show that the sign of this current is
determined by the derivative of the kinetic energy with respect to the chemical potential. We present ex-
act numerical results from diagonalization of finite clusters to support our arguments. In the case of the
Hubbard model with strong on-site repulsion the sign of the equilibrium Hall conductivity is electronlike
for a small number of particles and holelike close to half filling.

There is considerable interest in the electronic proper-
ties of strongly correlated two-dimensional systems, in
connection with the problem of high-T, superconductivi-
ty.! Strong correlations give rise to departures from the
ordinary Fermi-liquid picture. In particular, for one elec-
tron per lattice site, strong repulsion gives rise to the
celebrated Mott transition.”? The behavior of different
physical quantities near this transition has been the sub-
ject of recent intensive investigation. In the large-U Hub-
bard model it has been shown that the plasma frequency
is zero at vanishing densities and at half filling, and has a
maximum at an intermediate filling factor. On the other
hand, approaching half filling, the compressibility
diverges as the inverse number of holes.® In this paper
we study the strong-correlation effect on the equilibrium
Hall current. For noninteracting electrons on a square
lattice, the equilibrium Hall current changes sign at half
filling as the Fermi surface changes its shape from elec-
tronlike to holelike. In the large-U limit we find an addi-
tional sign change below half filling which is purely due
to correlations. We demonstrate this effect numerically,
and understand it using simple analytical considerations.

We consider the Hubbard or ¢-J Hamiltonian in the
presence of both a magnetic field B and an electric field
E. We impose cylindrical boundary conditions, with the
electric field parallel to the axis of the cylinder. The
Hamiltonian will then be given by

H=—t3 ¢l e, +Hc +ESycl c.,+H',
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where H' is the Hubbard repulsion, or the spin part in
the case of the ¢-J Hamiltonian. In the latter, a projector
over singly occupied sites is implicit in the kinetic term.
7=1,2 denotes the basic lattice vectors. If i =(/,m) is a
lattice position then y,=m, and the boundaries of the
sample are chosen symmetrically in the y direction. We
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choose the gauge @; ;. =2mm® /¢, @;; +,=0, where ®
is the plaquette flux. We will be interested in the weak
electric field regime, EL, <<t.

The total current circulating around the cylinder can
be written as

T =3 (Wl %) 2)
with
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For E =0, J, =0 because of symmetry around y =0;
we have
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Let us analyze the behavior of the local current as a
function of the filling fraction n =N, /N,. N, and N; are
the total particle number and the number of sites, respec-
tively. We consider E =0 for the moment. If the lattice
dimensions are large in the y direction we expect small
charge modulations, and that the particle density is near-
ly uniform and equal to n on the whole sample. The local
current J, , is given by

‘71,m = < wO‘?l,m;l+l,m |\IJO>
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It vanishes at n =0 and n =1 for all / and m. At n =0
there are no particles, and at » =1 the projector over the
singly occupied subspace annihilates all the matrix ele-
ments of the current.

At intermediate values of n, and because of rotational
invariance around the axis of the cylinder J,,, will be in-
dependent of /, and therefore we write J,,, =J(y). For
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small fields, we expect a current distribution odd in the y
coordinate that is, J(y,n) n)®f(y), with a some con-
stant depending on the ﬁllmg fractlon but independent of
the magnetic flux, and f(y) an odd function. Since
J(y,n)=—J(—y,n), the total current J, =0.

In considering the effect of the electric field we assume
that the current can be written as a function of the local
density #n (y) in addition to its dependence on the y coor-
dinate. That is J=J(y,n(y)). When E is turned on, due
to the free boundary condmons in the y direction, there
will be a charge redistribution with charges transferred
from the region of Ey >0 to the one with Ey <0. This
implies that there will be a dependence of the charge on
the y coordinate that, in first order in the field will be
given by

~BEy , (6)

with 8 some constant that we assume to be uniform in
sign in all the range of filling fractions from zero to one.
This means that the charge will always increase (de-
crease) in the regions of negative (positive) potential ener-
gy. Of course, the electric field has to be small enough to
satisfy BEL, <<1. Now, due to this charge redistribu-
tion, and given the assumption J=J(y,n(y)), the current
will no longer be an odd function of y, and therefore
J,.70. This current circulates around the cylinder, and is
thus transverse to the electric field; we identify it with the
equilibrium Hall current of the problem. We want to find
out the sign of the current to assign electronlike or hole-
like behavior. From (6) we have that (the y coordinate of
the sampleisin —L, <y <L)

L
Jx:f ydy[j(y aj(y,n) .
0
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From the above considerations, d.7/0n has a uniform
sign for positive y, and changes sign for some filling frac-
tion in the range O <n < 1. Therefore there will be a sign
change in the Hall current for some density n,. The
current J, in our approach results from an unbalance of
the (diamagnetic) local currents due to the charge rear-
rangement induced by the electric field. Therefore the
sign of the equilibrium Hall conductance o3, is deter-
mined by the variation of the local current with the (lo-
cal) density. For fixed field B, one expects the current to
be a monotonic function of the kinetic energy, hence we
conjecture  that sgn[oj,] will correlate  with
sgn[8{ T ) /3n]. In the uncorrelated case this gives a sign
change for half filling (n =1). From numerical simula-
tions* we know that in the case of the Hubbard model for
large enough U, (T ) has a local maximum for half
filling, and therefore we expect a sign change in 03,. A
sign change in o, was reported in numerical simulations
of the t-J model in Ref. 5. We can obtain the same qual-
itative behavior using the following hydrodynamic con-
siderations.® In a static situation,

j=47VXM . (8)

A static electric field E, =V ,8¢ produces a charge redis-
tribution
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Equation (8) is still valid when the boundaries in the y
direction are open and hence j,=0. We take M=M2.
The current will then be given by
OM 3n 3¢ _, OM 0On . _
on ag 3y on op »=wE - 10

The compressibility on /du > 0, but one expects a max-
imum in the dependence of M(n), since, for example, in
the ¢-J model it has to be zero for both n =0 and n =1.
Hence the equilibrium o, will change sign. In the weak
field limit M =y B, where X4 is the diamagnetic suscepti-
bility. In this case o, =4mBdy,/0n. Again, in the
strong repulsion limit we expect X, to go to zero at half
filling, thus giving a double minimum structure like that
for ( T) and the corresponding changes in sign for O%

In order to verify the above arguments we have solved
exactly finite clusters using cylindrical boundary condi-
tions, and evaluated the circulating current in the pres-
ence of an electric field. These results are shown in Figs.
1 and 2. In Fig. 1 we show results for spinless fermions
with near-neighbor interactions. This case corresponds
to the completely polarized Hubbard model, with H' in
Hamiltonian (1) given by

Jx=4m
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FIG. 1. (a) Dimensionless Hall current J, and (b) kinetic en-
ergy {T) for a spinless fermion system with near-neighbor in-
teraction as a function of particle number N, for a 12-site lattice
(L, =4, L,=3). The results correspond to the fields E /¢t =0.02
and ¢/¢,=0.02. We have checked that these values correspond
to the linear response region. In all cases the continuous lines
are guides to the eye.
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H'=G3 (n;—(n))n;—(n)),
(i)

with (n ) being the mean particle number. This correlat-
ed spinless Hamiltonian has the essential ingredients to
exhibit the change in sign in the equilibrium transverse
current, since in the strongly correlated limit (G >>t) the
kinetic energy vanishes at half filling because of the for-
mation of a staggered charge-density wave. We therefore
expect a double minimum in the dependence of the kinet-
ic energy as a function of particle number and therefore a
sign change in J,. This is confirmed in our numerical
calculations, an example of which is shown in Fig. 1(b).
In Fig. 1(a) the point corresponding to N =3 (and N =9)
was omitted. In general, in our simulations with fer-
mions, to get sensible results we had to suppress points
that for zero value of the electric field have a finite
current, since we want the unperturbed states to carry no
current. These degenerate states give a vanishing contri-
bution to the current in the thermodynamic limit.

To emphasize the basic point of our argument we also
solved the same Hamiltonian for the case of hard core bo-
sons (HCB’s), where the above-mentioned degeneracies
are absent. From the point of view of the exclusion prin-
ciple, the HCB’s behave as fermions.” Hence we expect
the same qualitative behavior for the change in sign of J,
as in the case of the fermions. This is illustrated in Fig. 2
where we show also the kinetic energy as a function of
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FIG. 2. (a) Hall current J, and (b) kinetic energy { T') for the
ground state of a hard core boson system with near-neighbor in-
teraction. The results are for a 4 X4 lattice and the values of the
fields are the same as in Fig. 1. Note the correspondence of
sgn[o5, 1=sgn[d(T) /3n] (note that J, « g2,).
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particle number. We see that it exhibits a double-
minimum structure that is correlated as predicted with
the change in sign of J,. Since the ground state of this
system is superfluid away from half filling, we expect the
diamagnetic susceptibility (and dy,/dn) to be much
larger than in the fermion case, and this is consistent with
the numerical results. This also would suggest that this
current would be readily observable in a superconducting
ground state of fermions.

The above considerations apply for the case of thermo-
dynamic equilibrium. By this we mean that the electric
field acts as a perturbation that modifies the ground state
from a non-current-carrying state to one with a finite
equilibrium current circulating around the cylinder in
our geometry. If time-dependent perturbation theory is
applied, this regime corresponds to the ‘“‘slow” limit in
which the frequency of the applied perturbation goes to
zero faster than the wave vector, and the system has time
to reach a new equilibrium state in the presence of the
field. That is,

Lxsdy (g, @)
¢,=lim lim ——"——— .
ny q{i[%)w% iw

The transport regime corresponds to the “fast” limit®
where the system stays homogeneous (does not have time
to adjust to the spatially varying potential). If the spec-
trum has a gap, or if the velocity matrix elements are
zero between the ground state and states with zero excita-
tion energy, there is in principle no distinction between
the transport and the equilibrium currents.’. In the slow
limit, when @ =0, the charges adjust to the spatially vary-
ing potential and clearly no current flows in the direction
of the field. In the presence of a magnetic field, however,
there is a finite current transverse to the electric field,
modulated with a wave vector g. If we focus on a strip of
width L =1/2¢, the current and charge distribution will
be qualitatively similar to a finite sample of transverse di-
mensions ~L. We therefore conclude that the equilibri-
um response of a finite sample corresponds to the slow
limit, with ¢ ~1/L, L being the dimensions in the sample
in the direction of the electric field (parallel to the axis of
the cylinder in our geometry). This is the limit which has
been studied in our numerical simulations, and in the nu-
merical experiments of Castillo and Balseiro.> A very im-
portant question is the evaluation of the off-diagonal
current-current correlation function in the opposite (i.e.,
g =0 first) limit, which corresponds to the standard Hall
conductivity measurements. Our discussion above ap-
plies to the case of small magnetic field B. In the case of
large B(w.7>>1), we expect the limits to commute since
in this case the magnetic length provides a small length
scale £z~ 1/B that allows us to take the small-g limit
first. This makes our results applicable to the transport
regime, and in particular this limit could be realizable in
the “low-T,.” materials.
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