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Mean-field phase diagram of a two-band #-J model for CuO, layers
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We study the mean-field phase diagram of a two-band ¢-J model. Upon varying the doping and
the values of the parameters, we identify solutions with different magnetic structure without spin
long-range order. A first-order transition occurs between a uniform (rotationally-invariant) and a
dimerized (non-rotationally-invariant) Fermi-liquid phase. A second transition (of the second order
for low doping and of the first order for larger doping) takes place between the dimerized Fermi

liquid and an insulating fully dimerized phase.
compressibility where a phase separation occurs.

We also find an instability region of negative
At zero doping we find a Slater—to—charge-

transfer-insulator transition where the compressibility vanishes together with the band dispersion.
The results agree with those obtained in the J =0 case and in the single-band Hubbard model at the

Brinkman-Rice transition.

The discovery of the high-temperature (high-T, ) super-
conducting oxides! has triggered a renewed interest in the
study of strongly correlated electron systems. The phe-
nomenology of these materials is very rich. These sys-
tems exhibit a magnetic, a metal-insulator transition
(MIT), and a superconducting transition.

The high-T, oxides are characterized by the presence
of CuO, layers forming nearly two-dimensional struc-
tures, which are believed to be the essential ingredients
for the understanding of their superconducting and mag-
netic properties. Anderson proposed? that the supercon-
ductivity in these systems is connected with the break-
down of Fermi-liquid (FL) theory. In this context the
two-dimensional Hubbard model together with some of
its generalizations, the single-band infinite-U Hubbard
model with magnetic coupling (z-J model), have received
considerably attention. Exotic non-FL phases, i.e., the
flux phases, have been conjectured and studied away from
half-filling.> The possibility of a phase separation* into
undoped regions with antiferromagnetic order and hole-
rich regions has been investigated.

Experimental evidence® indicates that the holes intro-
duced in the system upon doping mostly reside on oxygen
sites, but the issue of whether the single-band #-J model
contains the essential physics of the copper oxide planes
is still controversial. There is a region of parameters in
which the low-energy properties of a realistic copper ox-
ide Hamiltonian is described by a single-band z-J model.
In other regions of parameters the physics of the two-
band Anderson Hamiltonian cannot be described in
terms of a single-band model. When the hybridization is
weak and the oxygen-oxygen overlap is large one has
heavy-fermion behavior. It has been pointed out® that
adding oxygen sites to the z-J model allows for an insulat-
ing dimerized (i.e., non-FL) phase at finite doping if the
magnetic exchange is larger than the hybridization ener-
gy-.

In this paper we investigate the phase diagram of a
two-band #-J model of the CuO planes allowing for
dimerized (non-FL) phases and phase separation. We
study the N =0 limit of a model treated by several au-
thors.®7? The presence of a coupling-independent ex-
pansion parameter 1/N is particularly relevant in the
present context where a large variety of physical behav-
iors can arise depending on the values of the parameters.
Within this approach the mean-field solutions are exact
in the N =0 limit regardless of the value of the cou-
plings and provide reliable qualitative information on the
competition, origin, and interplay of the different physi-
cal mechanisms.

The Hamiltonian describing p and d orbitals is given
by
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We work in a hole representation in which the vacuum
state is the 3d'° configuration for th copper and the 2p®
for the oxygen. The d, ,(d; ! - ) operators are annihilation
(creatlon) operators for holes in the Cu atoms, while
Di 0(p, a) are the corresponding operators on the O sites.
€p) and sd are the bare atomic levels on O and Cu, respec-
tlvely After taking the infinite-U,,; limit, o takes values
from 1 to N, 1/N being the expansion parameter of the
theory. Equation (1) aims to simulate the CuO, plane
where, to be specific, we assume one orbital per Cu site
with d , . symmetry strongly hybridized to a bond in
combmatlon ofpx 5 orbitals on O sites via a hopping term
1y, where y;=sin’(k,/2) +sin’(k,/2). In this model
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we neglect any O-O overlap so that the nonbonding com-
bination of p,,p, orbitals can be factorized out and only
the bonding and antibonding combinations need to be
taken into account. U,; describes the strong Hubbard
repulsion on Cu sites while the corresponding U, is set
equal to zero. J represents the superexchange coupling
between the nearest-neighbor copper electrons generated
by virtual charge fluctuations on oxygen sites
[J~t4/(ep —¢€9)%]. If this superexchange term were not
included in the model (1), it would naturally arise’ at
1/N? order. Since we limit ourselves to a N = o study
we explicitly introduce this term in the Hamiltonian in
order to obtain the physics of the magnetic coupling al-
ready at mean-field level.

Since from experiments U, is the largest energy in the
problem we set it to infinity. We then implement the lo-
cal constraint ndl_Sl by means of the slave-boson ap-

proach® with the standard replacement of the d and d ¥
operators:

d' —>d's, d—b'a;, bini"’Edit;dia:%N-

The last condition is implemented by Lagrange multiplier

field A;, while g, originally equal to 1/N, is taken to be

an independent parameter to generate a controlled 1/N

expansion. Only at the end of the calculation g, is set
1

equal to - and N=2. In mean-field approximation, i.e.,

in the limit N — oo, the effective Hamiltonian reads
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where for simplicity we have set €} =0 and where the
classic fields A, ;=(J/N) ¥, (difadj,g) have been intro-
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duced in order to decouple the quartic term. It is worth
noting that any other (anomalous) decoupling is of higher
order in 1/N.

The N = o case is given by the static uniform limit
b=(b;)=V'Nry, and A=(A;) of the corresponding
fields and is determined by minimizing the free energy for
various possible mean-field configuration of the A’s. In
the mean field A=g¢, —¢J is a shift of the bare Cu level
while r is a hopping renormalization which controls the
width of the bands. ry,70 allows for the hybridization
between the p and d bands and corresponds to a nonvan-
ishing residue in the single-particle Green function. If
ro=0 there is no p-d mixing and the quasiparticle residue
is zero. With J=0, this model has been studied in Ref. 9,
where a Brinkman-Rice transition was found at half-
filling for ¢ /(e, —€3)~0.3. With finite J, at zero doping
this model has been studied in Ref. 10, where it was
shown to exhibit several magnetic (dimer, flux, and uni-
form) phases without spin long-range order. In particu-
lar the dimer solution has the lowest energy and therefore
we here consider its generalizations for finite doping as
good representatives of magnetically correlated mean-
field solutions.

In the uniform phase we set {d,d,. )= (d;rd,»iy y=A
while the dimerized solutions for arbitrary value of dop-
ing are given by (dfd,, )=A, (ddeiiy Y=A,,
(dd,_.Y=A, (here i has to be chosen on a sublattice).
In this latter case the isotropy of the system has explicitly
been broken, allowing for a different amplitude for the A
fields in the different directions. The mean-field free ener-

gy per spin and per copper site is written as
AT+2A5+A3 R
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with E‘(k) representing the eigenvalues of the Hamiltoni-
an matrix
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This expression holds for both the dimer and the uniform
(when A;=A,=A;=A) solutions. k varies in the re-
duced Brillouin zone and G =(,7) has been introduced
to take care of the doubling of the unit cell.

The minimization of the mean-field free energy with
respect to ry, A, and A; leads to five self-consistency
equations. Solving numerically these equations together
with the equation for the chemical potential u, which
fixes the average number of particles per unit cell per spin
n to the value (1+8)/2 (8 is the doping), yields the set of
mean-field parameters (ry,A,A;). Varying the doping and

the coupling values of the Hamiltonian one obtains
different mean-field solutions.

The phase diagram. Figures 1(a) and 1(b) describe the
phase diagram of the system J=0.2. In Fig. 1(a) we vary
t and the doping 8, keeping e=¢, —€}=2, i.e., e /J =10,
fixed. In Fig. 1(b) we fix 1 =0.5V/2, i.e., ¢ /J =2. 5v2, and
vary €.

Three different phases are present in both cases. For
small values of W =¢/t the system has uniform A and is
a normal FL (UFL). There is no magnetic long-range or-
der and the quasiparticles are mixtures of copper spin
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and oxygen charge. When W increases a first-order phase
transition takes place to a phase with finite dimerization
A;7A;. This phase is metallic (r,70) away from half-
filling but has magnetic (dimer) long-range order (MD).
This phase is analogous to the itinerant magnetic phases
with the dimerization playing the role of magnetic long-
range order. For larger values of W a second phase tran-
sition to an insulating dimer phase (ID) takes place. The
copper spins form a perfect dimer. In the renormalized
band description this is described by flat d bands. The
holes go to the oxygen sites and are very weakly scattered
by the inert magnetic background. In the mean-field
theory this fact is reflected by a zero-hybridization order
parameter (r,=0). If there is oxygen dispersion this
phase would be metallic. In the absence of oxygen
dispersion we have an insulator even away from half-
filling and the transition to the MD phase is a MIT. This
phase is realized in magnetic semiconductors, where the
magnetic order of the magnetic moments prevents the
Kondo effect. The phase diagram of the system is deter-
mined by the interplay between the hybridization energy
t, the charge-transfer energy z—:p—sg, the magnetic ex-
change energy J, and the kinetic energy of each hole,
which [for 7 < (e, —&))] is given by 1°/(g, —€3). When J
is small the phase diagram can be understood as follows.
The transition between the UFL and the MD takes place
when the magnetic energy J is comparable to the total ki-
netic energy of the holes ~ 82 /( €, —&9). The transition
between the ID and the MD takes place at small doping
when the magnetic energy J is comparable with the kinet-
ic energy per hole 12/( €, —¢Y). The system becomes in-
sulating because it can be energetically advantageous to

(ep—es)/t

(ep_edo)/t

(b)

0.4 0.6
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FIG. 1. Phase diagram at J=0.2 for various values of €/¢
and 8. In (a) =g, —€y =2 is fixed and ¢ varies. In (b) £=0.5V2
is fixed while € is changed. UFL: uniform Fermi liquid; MD:
metallic dimer; ID: insulating dimer. The solid lines indicate
first-order phase transitions while dot-dashed lines indicate
second-order phase transitions. The dashed line is the phase
separation line. The dotted line in (b) is the phase separation
line when J =0.05. The crosses in (a) and (b) show the SCTIT.
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loose the kinetic energy in order to gain the magnetic ex-
change energy forming a perfect dimer
(A,=J/2; A,=A;=0). This transition is expected to be
disfavored by increasing doping since the system becomes
less correlated. This situation is made more apparent in
the first phase diagram [Fig. 1(a)] where the increasing &
when one moves to the right has to be compensated by
the decreasing of ¢, when one moves upwards in the
(e/t)—5 plane. As a result, even for large doping, it is
possible to find a sufficiently small ¢ such that the total ki-
netic energy loss is smaller than the magnetic gain, mak-
ing the MIT possible. This MIT is of the second order
for small § and becomes of the first order for larger dop-
ing 6>0.18. For small fixed 8, decreasing ¢, the bands
become continuously flat and A increases in such a way
that the upper d-like band gets superimposed to the g,
level while the lowest d band lies below, separated by a
gap of value J. In this situation the completely filled
lower d band characterizes the freezing of the charge de-
grees of freedom on the Cu holes, while the § holes due to
doping partially fill the oxygen level. For larger doping
the band interplay is such that the transition is of the first
order. In this case, the transition is from a configuration
having the holes in well-dispersed bands into the above-
described perfectly dimerized configuration.'!

The uniform phase is a Fermi liquid with antiferromag-
netic correlations. On the other hand our N = o approx-
imation does not identify unambiguously the physical na-
ture of the magnetic phases. In particular the dimerized
insulator can equally well represent an insulating antifer-
romagnet or a spin-singlet liquid of holes on the copper
sites underlying holes on the oxygen levels. Indeed, al-
though we chose a particular dimer solution, other
choices would have been equally acceptable due to the
energy degeneration of the various dimer configurations.
In fact it is possible to show that small clusters of dimers
can be continuously rotated without energy cost, and
therefore the seeming long-range order of our solution
could be a feature of the mean-field treatment. It is possi-
ble that the mean-field ID becomes a quantum liquid of
Cu spin singlets once fluctuations are taken into account.
Alternatively the ID phase can be thought to mimic an
antiferromagnet with localized moments on the Cu
sites.!?

Phase separation. The analysis of the chemical poten-
tial as a function of doping identifies in both phase dia-
grams a region where the compressibility k= (du/dn )"}
is negative. This is a signature of a thermodynamic insta-
bility leading to a phase separation. Two different atti-
tudes can then be taken. On the one hand, one can in-
clude in the model long-range interactions among the
holes. This would stabilize the system, preventing phase
separation and keeping the validity of the above-
described phase diagrams. On the other hand, one can
keep the model in Eq. (1) unchanged (with no long-range
forces) and accept the presence of the phase separation.
To connect this latter case with real systems one has to
assume that the background of O? also separates to
compensate for any charge imbalance. Evidence for this
has been reported in oxygen-doped La,CuO}>.

We have determined the phase separation region
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[which, in Figs. 1(a) and 1(b), is the one above the dashed
line] using a standard Maxwell construction. We find that
the region of parameters available to the MD phase is
strongly reduced, while the ID phase is always unstable
at finite doping. Therefore at small #’s or at large € and
finite & the system will create regions in the space with a
perfect insulating dimerization at half-filling and other
hole-rich regions in the UFL phase (or in the MD phase
if the €/¢ ratio is small). Also shown in Fig. 1(b) is the
phase separation region, delimited by a dotted line, for a
smaller value J =0.05 of the superexchange coupling and
for small doping.

An analogous phase separation has been discussed* in
the single-band ¢-J model. Hence, phase separation is not
a feature of the N = o approximation or of the particular
(dimer) symmetry chosen for the magnetically correlated
mean-field solution, but a generic feature of doped quan-
tum magnets. Contrary to our result, a phase separation
at small doping is always found in the single-band t-J
model because it corresponds to our &£/t>>1 limit,’
whereas we can also study the region where the doped
system is stable (¢ ~t). Since the charge-transfer energy
€ in our model plays the role of U in the Hubbard model
our result suggests that no phase separation would occur
in a small-U single-band #-J model.

The insulator-insulator transition. At zero doping,
when the ratio W reaches a critical value W, ~ 3, the hy-
bridization order parameter which measures the disper-
sion of the bands (~r3) goes continuously to zero. This
transition is not a MIT because at §=0, even when r3 is
different from zero, the system is already insulator if
A,#A,7#A;. In fact a gap opens between the lowest
mainly d bands because of the doubling of the unit cell
and the chemical potential lies in the middle of the gap.
A similar situation arises in the theory of the AFM Slater
insulators. The phase transition which takes place when
W — W, can be viewed as a Slater—to—charge-transfer-
insulator transition (SCTIT). This transition shares many
features with the MIT studied by Brinkman and Rice in
the Hubbard model. Here W plays the role of the ratio
U /t in the Hubbard model. We calculated both numeri-
cally and analytically the behavior of 73, p, and « in the
proximity of the SCTIT, finding

(W.—W)
W,

c

K~rd~
if W—W,,and
(W — Wc )1/2
w.

c

K~

If W— W, It should be noticed that the critical behav-
ior of kK '=du/dn is determined by the singular depen-
dence of the level renormalization A on the doping:
below the transition (W < W,) A crosses smoothly the
5=0 axis, while it becomes discontinuous
[AM(8=0")7#A(8=07)] above the transition. It is there-
fore natural to expect a divergency of dA /dn at the tran-
sition, so that du/dn~(du/0N)dA/dn =c. We also

8003
T
Jso
L ]
60
S
Jao T
(o))
(=2
4 &
20
qQ P
o =]
o ° i
0
AP TR T T PR TR | O A

1
0 025 05 075 1 1.25
10% 8

0.44 0.46 0.48 0.5
t/Ve
FIG. 2. (a) Chemical potential as a function of the doping.

(b) Inverse compressibility divergency across the SCTIT as
5=0%.

checked that, close to the SCTIT, A(8) is odd with
respect to the point E=(e+J)/2 so that
(dr/dn),_ -=(dA/dn);_ +. The results are in agree-

ment with those obtained in Ref. 14 for a J=0 two-band
infinite-U Hubbard model and with the well-known be-
havior in the single-band finite-U Hubbard model at the
Brinkman-Rice transition. The different power appear-
ing in « for the two cases W < W, and W > W, is in an in-
dication that the transition cannot be simply interpreted
in terms of a standard Landau-Ginzburg mean-field mod-
el with W playing the role of the temperature. Figure
2(a) reports numerical calculations for u as a function of
doping for various values of W. k! is reported in Fig.
2(b): it diverges at the transition and becomes negative in
the phase separation region slightly above SCTIT.

For finite oxygen-oxygen overlap the phase separation
occurs between two phases, both having finite hole con-
centration.

We finally comment on possible implications of our
analysis on pairing mechanisms involving magnetic corre-
lations.!>!® One can interpret the ID phase in terms of
an insulating layer of localized spins on copper underly-
ing a FL of holes!? in the oxygen band. Assuming a
Kondo-like coupling of the mobile holes to the localized
spins, some authors have proposed that the holes in the
oxygen band will have a pairing tendency in order to
reduce the frustration on the antiferromagnetically corre-
lated substrate.

A different scenario can arise if the Kondo coupling is
strong. In this case the holes in the oxygen band are
bound to the copper spin singlets, and the single-band
picture? can be more appropriate. It is believed that the
ground state in this region of small doping is not of the
FL type,” but does not have magnetic long-range order.

None of these pictures is realized in the large-N limit of
our model. In fact, without invoking long-range forces,
our model does not allow for the simultaneous presence
of the magnetic substrate (ID) and of holes in the oxygen
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band: it rather prefers to separate in an insulating per-
fected magnetic phase with no holes in the oxygen band
and a FL phase with copper-oxygen hybridization.

On the other hand the appearance of a phase separa-
tion in the large-N limit suggests that the effective forces
among the holes have some kind of attractive tail.
Whether this attractive tail will lead to superconductivity
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(rather than to phase separation) at finite N is an open
problem which needs further theoretical investigation.
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