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The universal relation between the Kosterlitz-Thouless transition temperature 7, and the
superfluid sheet density of thin-film superconductors with mean-field transition temperature T, re-
sults in a monotonically decreasing dependence of the ratio T, /T, on the normal-state sheet resis-
tance R,. Ambiguity in the experimental definition of R, in highly disordered thin-film supercon-
ductors is addressed by reexamining previously published data on amorphous composite In/InO,
films. Arguments are presented in favor of using the zero-temperature value of R,, a quantity ob-
tained by extrapolation. The dependence of T,/T,, on R, that results from such a choice is in
agreement with theory for dirty superconductors and thus suggests that additional corrections to T,
in the presence of extreme disorder are not required.

I. INTRODUCTION

It is well known that the resistive transition of a thin-
film superconductor can be significantly broadened if the
film is made thin enough or the sheet resistance high
enough. The original proposed by Beasley, Mooij, and
Orlando! (BMO) that such a broadening might be intrin-
sic and due to a two-dimensional phase transition of the
Berezinskii-Kosterlitz-Thouless type*> generated consid-
erable experimental activity. This activity, which has
been reviewed in a number of places,*”® has utilized a
variety of measurement techniques in the study of spatial-
ly periodic Josephson-coupled arrays and thin-film super-
conductors having granular or amorphous microstruc-
ture. The majority of these experiments confirm that the
basic ideas in the theory describe the behavior of thin-
film superconductors. There is, however, a conspicuous
absence of precision measurements of the constants and
the functional dependences predicted by the theory.®

Simply stated, the theory predicts that fluctuations in
the phase rather than the magnitude of the superfluid or-
der parameter dominate in two dimensions. These fluc-
tuations give rise to vortex-antivortex pairs which, at the
longest length scales, unbind at the phase transition tem-
perature T, to produce flux-flow dissipation at zero fre-
quency (dc). Accordingly, the temperature 7, where the
resistance is zero is less than the mean-field transition
temperature T,, a temperature where the resistance
would have been equal to zero in the absence of vortex
excitations. The central result of the BMO analysis is the
prediction of a smoothly varying monotonically decreas-
ing dependence of the ratio T,/T,, on the normal-state
sheet resistance R,, thus providing a plausible explana-
tion for the broad resistive transitions always observed in
thin films with high R,. Experimental results showing
detailed agreement with these predictions have been ob-
tained for quenched condensed HgXe films’ where the
resistance at 4.2 K was chosen to be R,. The rationale
presented by the authors for this choice for R, was that
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there was very little change in the resistance up to the
higher temperatures of 10 K. This is a valid procedure
for films with a metallic conductivity in the Boltzmann
regime.

While R, is weakly temperature dependent and well
defined in the Boltzmann regime, where the product of
the Fermi wave vector kp and the electronic mean-free
path [ is greater than unity (i.e., kg/ >>1), it becomes
strongly temperature dependent close to the metal-
insulator transition or in the strongly localized two-
dimensional regime. Amorphous-composite In/InO, has
a very large intrinsic resistivity, and the temperature
dependence of the conductivity reveals it to be in the
scaling region on the conducting side of the metal-
insulator transition.® Because of the strong temperature
dependence, it is not clear, a priori, at which temperature
or scale one has to evaluate the normal-state transport
coefficients which enter into the formulas of the classical
theory of dirty superconductors.

This question has been addressed theoretically by Ka-
pitulnik and Kotliar® and by Bulaevskii and Sadovskii.!°
The conclusion of their work is that the superconductivi-
ty introduces an energy cutoff in the problem with a mag-
nitude on the order of T, or the energy gap A. The ex-
istence of this cutoff allows a finite superfluid stiffness in
three-dimensional (3D) systems close to the metal-
insulator transition and in two-dimensional (2D) systems
which according to the scaling theory of localization
have a zero-temperature conductivity o(0) equal to zero.

Because of the ambiguity in the experimental definition
of R,, great care must be exercised in interpreting the
dependence of T, /T,y on R,,. Consider, for example, the
simple thermodynamic argument reviewed in Ref. 5. In
this argument, an estimate of T, is obtained by calculat-
ing the thermodynamic free energy, F=U — TS, for a
free vortex in a system of characteristic size R. As both
the self-energy U and the entropy S have the same func-
tional dependence on R there is a crossover temperature,
identified as T, above which F becomes negative and it is
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energetically favorable for free vortices to exist. Clearly
the temperature-dependent quantities, including R,,
which characterize the superconducting state must be
evaluated at T=T,. In films which are sufficiently thin
or dirty, so that R, is large, T, can be significantly less
than T,y thereby extending the temperature range over
which an extrapolation of the normal-state properties
must be made.

In this paper, we use previously published data on
thin-film amorphous-composite In/InO,, films'! to show
that the low-temperature value of R, , a quantity obtained
by extrapolation gives good agreement with the BMO
dependence for R, as high as ~50 k€ /]. The result has
two important implications. (1) In the limit of extreme
disorder where T,/T,,—0 the BMO dependence is ap-
propriate, and all the disorder-induced corrections to T,
enter in the strong renormalization of the sheet resis-
tance. (2) The dependence of T./T,., on R, has impor-
tant consequences in that superconductivity will disap-
pear when, with decreasing temperature, R, starts to
cross over into the 2D regime. In the following sections,
we will first review the theoretical arguments used to ob-
tain the BMO dependence of T, /T,, on R, (Sec. II) and
then present experimental data showing that the use of a
zero-temperature estimate of R, gives good agreement
with the BMO dependence (Sec. III). The necessity of us-
ing an extrapolative procedure to determine normal-state
properties will be shown to be a natural consequence of
electronic transport in a unique superconducting system
which is situated close to the metal-insulator transition
and which obeys scaling theory with temperature as the
scaling parameter.

II. A PERSPECTIVE ON THE DEPENDENCE
OF T, /T.,ONR,

The starting point for the Berezinskii-Kosterlitz-
Thouless theory?>? as applied to charged superfluids is the
universal relation

kpT,=mten*(T,)/2m* (1)

between T, the renormalized areal superfluid density n *
and the mass of the elementary superfluid particle m*,
equal to twice the mass of the electron. Equation (1) can
be cast into a more convenient form by using the London
equation definition of the two-dimensional magnetic
screening length

A=2)2/d =A=m*c?/2me**n} )

for a film with thickness d and bulk screening length A to
obtain the relation
@, |’
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(T kT, = X(—T—,c‘)“ ,

(3)

where ®y=hc /2e is the quantum of flux. The effect of
renormalization near T, has been taken into account by
the inclusion of the vortex dielectric constant €,, a quan-
tity predicted by theory!'? and determined by experi-
ment”* 13 to be close to unity.
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The experimental challenge in ascertaining the validity
of Eq. (3) consists of two parts. First, a self-consistent
procedure for determining 7, must be obtained and
second, the value of A must be measured at this tempera-
ture. Measurements of the screening currents induced by
an ac magnetic field in amorphous composite In/InO,
films have shown an observed discontinuity in the tem-
perature dependence of A”! to be consistent with Eq.
(3).13 In all experiments to date, however, there is some
uncertainty in the determination of T, owing to the
frequency- or current-dependent length scales set by the
measurement technique and which arise because of the
scale-dependent vortex interactions.

Using the dirty-limit formula which relates A to the
normal-state sheet resistance R,, BMO showed that Eq.
(3) can be written in the form

Tc 1 c #
—f =2.18—, 4)
TcOf TcO ezean

where the temperature-dependent factor f has the form

0.88A(T)T,,
A0)T

T
Tc()

— AL an
A(0)

f (5)

Equation (4) is slightly different from the original BMO
expression as it includes the quantity €,, a near-unity
multiplicative factor appearing in combination with R,
to account for the distinction between renormalized and
unrenormalized quantities.” The solid line of Fig. 1
shows the €,=1 solution of Eq. (4). It is important to
note the smooth dependence of T,./T,, on R, which in
the limit T, /T.,—0 has the dependence

Te /Tco
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FIG. 1. Plot of T./T,, as a function of R, for five 100-A-
thick In/InO, films showing better agreement with theory (solid
line) when R, (0) (open symbols) rather than R, (295) (closed cir-
cles) is used. The squares denote extrapolations based on the
temperature-dependent conductivity of a 600-A-thick annealed
film, and the triangles result from a similar analysis of as-
deposited films.
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T,/T.,=2.18%/€,e’R,, . (6)

Also, for a given value of R,, there is increased tempera-
ture broadening of the transition if €, > 1. Interestingly,
Eq. (4) can also be derived for a weakly coupled Joseph-
son square array in which the critical current I, between
gains in the array is related to the tunnel junction resis-
tance R, by the expression

_ mA(0)
¢ 2eR,

T
TcO

f , (7

where f(T /T,y) is the same temperature-dependent fac-
tor appearing in Eq. (4).1*

In 3D the scaling relation form for o(7T) mentioned in
Sec. I takes the form
1 A
—+
£ T,(T)

o(T)= =0(0)+aT'* (8)

e
#

with A4 an unknown constant. The zero-temperature
conductivity o(0)=e?/#E is proportional to the recipro-
cal of the localization length & and the inelastic electron
scattering length /;, has a power-law temperature depen-
dence with nonuniversal exponent. The constant a has
been determined from an observed T'/* dependence of
o(T) for a single 600-A-thick film at nine different stages
of annealing® to have a value a=41.4%+1.8Q7!
cm ™! K~!/4 Equation (8) is valid as long as the films are
in the three-dimensional regime where either /; (T) <d or
&<d. Assuming that £>d, when [;,(T)=d one expects
on theoretical grounds,'> as suggested experimentally!®
for crystalline In,0;, that R (T) will grow exponentially
with decreasing temperature. A possible explanation for
the rapid disappearance of T, relies on Eq. (6) and the
fact that at some crossover temperature scale T, there is
a crossover sheet resistance R, where R, =R (T, ). For
T <T,, R increases rapidly with a concomitant quench-
ing of superconductivity at R,(T,.)=R(T,).

III. RESISTANCE BROADENING IN In/InO, FILMS

With the simplifying assumption that €,=1, experi-
mental verification of Eq. (4) requires the determination
of three parameters: T,, T,y and R,. In Ref. 11 detailed
measurements of T,., T,, and the room-temperature
sheet resistance R(295) were presented for five different
100-A-thick films. Nonlinear current-voltage measure-
ments combined with magnetoresistance data were used
to determine T, and Aslamazov-Larkin theory fits to the
zero-field resistive transitions were used to determine T
The resulting dependence of the ratio T, /T,y on the mea-
sured room-temperature sheet resistance is shown as solid
circles in Fig. 1. Significantly, however, the data falls
well below the expected theoretical dependence of Eq. (4)
(e,=1) shown by the solid line.

As T, is on the order of 20% of T, for the most disor-
dered film of Fig. 1, it is reasonable to expect that the
discrepancy might be due to an incorrect choice of R, as
discussed above. To test the expectation that R(0) is a
better measure of the normal-state properties at 7 =T,
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we utilize previously published electric-field-effect data in
which the disorder parameter k! of a 600-A-thick film
was varied by thermal annealing.® After each stage of an-
nealing, extrapolation of the temperature-dependent con-
ductivity o(7T) was used to determine the zero-
temperature conductivity o(0). The measured depen-
dences of d(0)/0(295) and T,q on (kpl)~2 shown in Ref.
8 are replotted in Fig. 2 as a dependence of ¢(0)/0(295)
on T,,. The data clearly show a trend in which o(0) and
T, simultaneously approach zero. Said in another way,
superconductivity in the In/InO, system disappears at or
very near the metal-insulating transition where o (0)=0.

At present, we are unware of a theoretical justification
for the linear dependence of 0(0)/0(295) on T,y shown in
Fig. 2. This dependence, however, is confirmed by a simi-
lar plot, shown in Fig. 3, for 23 different as-deposited
films with thicknesses indicated in the legend. These data
were obtained by using the room-temperature o(295) and
liquid-nitrogen-temperature ¢ (77) values of o(T) to cal-
culate [cf. Eq. (8)] values for o(0) and a for each film.
The mean value of a is found to be 54.9%6.1
cm ' K714 approximately 30% larger than the value
found for the annealed film.

A direct consequence of the scaling theory prediction
of Eq. (8) is a linear relationship between o(0) and
0(295). The linear dependence, shown in Fig. 4 for the
as-deposited films, confirms this behavior and illustrates
graphically the location of the critical room-temperature
conductivity o, which delineates the boundary between
metallic and insulating behavior. The o(0)=0 intercept
of Fig. 4 gives 0.=188.5 O 'cm™! which is very close
to the value o, =172.9 @~ !cm ! obtained from a similar
plot (not shown) for the annealed-film data. The overlap
of the data of Fig. 4 for films of different thickness also il-
lustrates that the inelastic scattering processes, as mani-
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FIG. 2. Plot of ¢(0)/0(295) vs T, for a single 600-A-thick
film annealed to selected stages of disorder. The solid line is a
regression fit discussed in the text.
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FIG. 3. Plot og 0(0)/0(295) vs TCO for as-deposited films with
100 A (@), 200 A (A), and 300 A (O) thicknesses. The solid
line is a regression fit discussed in the text.

fested in the constant a of Eq. (8), are independent of film
thickness for films as thin as 100 A. Together with the
notion that inelastic processes are responsible for the pair
breaking which suppresses T,,, this observation is con-
sistent with previous work!” demonstrating that for
amorphous composite In/InO, films with d =100 A the
disorder-induced suppression of T, results from a three-
dimensional mechanism depending on film resistivity
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FIG. 4. Plot of ¢(0) vs 0(295) for as-deposited films with 100
A (@), 200 A(A ), and 300 A (0O) thicknesses. The solid line re-
gression fit intercepts the 0(0)=0 ordinate at a critical conduc-
tivity o, depicted by the arrow.
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rather than film sheet resistance as it would for two-
dimensional Josephson-coupled arrays.

Since o(T) is expected to have the functional depen-
dence of Eq. (8), at the present level of accuracy it does
not make much difference whether we extrapolate to T,
T,., or to T=0, as long as one remains in the three-
dimensional regime. If one is in the two-dimensional re-
gime, our procedure underestimates the zero-temperature
resistance.

A simplifying assumption which enables us to utilize
the data shown in Figs. 2 and 3 to estimate ¢(0) for the
five films under consideration in Fig. 1 is to use a linear
regression fit with an intercept constrained to pass
through the origin. This linear-relationship, shown by
the solid lines in Figs. 1 and 2, has the form
0(0)/0(295)=0.277T,, for the annealed film and
0(0)/0(295)=0.191T,, for the as-deposited films, hence
enabling a calculation of o(0) as a function of T,, and
0(295). The difference, mentioned previously, between
the values of a for the annealed film and the as-deposited
films is reflected in the 30% smaller slope of the solid-line
regression fit of Fig. 3 when compared to the fit of Fig. 2.
Calculation of the zero-temperature normal-state sheet
resistance R, (0)=1/0(0)d for the five 100-A-thick films
shown in Fig. 1 using interpolations on these data is
justified only if T, is independent of d as has been shown
experimentally.'”

The open symbols of Fig. 1 show the dependence of
T,/T, on R,(0), where R,(0) is calculated for the an-
nealed film (squares) by using interpolation on the linear
dependence of Fig. 2 and for the as-deposited films (trian-
gles) by using interpolation on the linear dependence of
Fig. 3. The agreement with the €, =1 solution to Eq. (4)
is satisfactory. This agreement implies that, at least for
homogeneous amorphous films, the predicted relation-
ship between T./T,, and R, holds for T, as low as
0.2T,,. Accordingly, additional corrections to 7, which
are not contained in R, (T,) in the presence of extreme
disorder are unnecessary.

IV. CONCLUSIONS

For In/InO, films with d= 100 A the disorder-induced
suppression of T,y is clearly 3D, with a dependence on
film resistivity rather than sheet resistance.!” The tem-
perature T, at which all resistance disappears marks a
2D phase transition mediated by the presence of 2D vor-
tex excitations. We have shown in this study that the
BMO equation, which simply relates the ratio T, /T, to
R, is satisfied providing R, is evaluated near T,. Use of
“normal-state” values above T,, have been shown to be
inappropriate because of the strong temperature-
dependent normal-state properties dictated by the prox-
imity of In/InO, to the metal-insulator transition. There
is consequently no need to include additional corrections
to the BMO formula in the presence of extreme disorder.

Estimates of R,(T,.) have been made within the con-
text of a scaling theory description of the behavior of
o(T). This analysis has shown a remarkable (and unex-
plained) linear dependence of o(0)/0(295) on T,y. In ad-
dition, the linear scaling theory dependence of ¢(0) on
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0(295) gives a value 0,=180 Q 'cm™! for the critical
room-temperature conductivity which delineates the
boundary of the metal-insulating transition. The simul-
taneous disappearance of superconductivity (cf. Figs. 2
and 3) and metallic behavior (cf. Fig. 4) at this boundary
has to our knowledge only been demonstrated for the

In/InO, system. Interestingly, for d=100 A, the critical -

value for R, (295) which defines the crossover from super-
conducting to insulating behavior is 1/0 .d =5560Q /0, a
value accidentally close to #/e? noted previously.!! For
In/InO, films, superconductivity is thus rapidly
quenched near a critical high-temperature (T >T,,)
value of normal-state resistivity rather than sheet resis-
tance as is found for Josephson-coupled granular Sn
films.!® When measured with respect to R, (T,), howev-
er, T, T,, and T, /T,y show a smooth monotonically de-
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creasing dependence with no evidence of a threshold near
fi/e’.

As a final remark, we note that flux-flow measurements
made at T =T, give an enhanced vortex mobility which
increases dramatically as T, decreases.!! Interpreted
within the context of the Bardeen-Stephen model, this
enhanced mobility is evidence for a normal-state core
which is rapidly taking on the characteristics of an insu-
lator as the film becomes more disordered. This behavior
reflects proximity to insulating behavior as the disorder
increases and the temperature is reduced.
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