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4Service de Physique Théorique, CEA-Saclay, 91191 Gif-sur-Yvette, France
5Serin Physics Laboratory, Rutgers University, USA
6Departments of Physics and Applied Physics, Columbia University New York, New York 10027, USA
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The superconducting temperature Tc of hole-doped high-

temperature superconductors has a dome-like shape

as a function of hole concentration, with a maximum

Tc at ‘optimal’ doping. On the underdoped side, the

superconducting state is often described in terms of

one energy scale, associated with the maximum of

the d-wave gap (at the antinodes), which increases

as the doping decreases. Here, we report electronic

Raman scattering experiments that show a second

energy scale in the gap function: the slope of the

gap at the nodes, which decreases with decreasing

doping. Our measurements also reveal two distinct

quasiparticle dynamics; electronic coherence persists

down to low doping levels at the nodes, whereas antinodal

quasiparticles become incoherent. Using a sum-rule, we

find that the low-frequency Raman response and the

temperature dependence of the superfluid density, both

controlled by nodal excitations, behave in a qualitatively

similar manner with doping variation.

There is now consensus that the ‘normal state’ above Tc in the
underdoped and optimally doped regimes is far from normal.
In particular, a pseudogap develops in the underdoped

regime, corresponding to a partial suppression of spin and charge
excitations. This phenomenon lies outside the standard theory of
solids and manifests itself in several experiments1.

In contrast, there is no consensus on whether the
superconducting state in the underdoped regime, which emerges
from the Mott insulating state, can be described by the standard
Bardeen, Cooper and Schrieffer (BCS) theory, or its strong coupling
Migdal–Eliashberg extension, for a d-wave superconductor. In this
article, we address this issue using electronic Raman spectroscopy
(ERS). ERS is a powerful tool for probing quasiparticles of the
superconducting state in selected parts of momentum space,
namely the antinodal (ANR) and nodal (NR) regions, where
the amplitude of the superconducting gap reaches its maximum
and vanishes respectively2. Here ERS measurements have been
carried out on selected as-grown HgBa2CuO4+δ (Hg-1201) single
crystals with different doping levels extending from the slightly
overdoped to the underdoped regime (see the Methods section).
Hg-1201 has one of the simplest structures, with only one CuO2

plane per unit cell and a pure tetragonal symmetry. Whereas
most of the previous work was done either on YBa2Cu3O7+δ

(Y-123) or Bi2Sr2CaCu2O8+δ (Bi-2212) which exhibited a small
orthorhombic distortion, the tetragonal Hg-1201 system allows us
to separately measure pure nodal and antinodal responses, without
mixing effects. Our results demonstrate that the superconducting
state on the underdoped side is also not normal, and cannot
be described within the standard d-wave BCS model. We show
that the superconducting order parameter is controlled by two
parameters (the slope of the gap at the nodes and its maximum
amplitude at the antinodes) with distinct dependences on doping,

nature physics VOL 2 AUGUST 2006 www.nature.com/naturephysics 537

Untitled-1   1 21/7/06, 4:38:50 pm

Nature  Publishing Group ©2006



ARTICLES

instead of only one as expected from a standard d-wave gap.
We find a strong momentum dependence of the quasiparticle
spectral weight (QPSW) in the superconducting state of the
underdoped regime, and we finally establish, using a new Raman
sum rule, a relationship between the superfluid density and
the low-energy Raman scattering associated with nodal physics,
suggesting that the Fermi-liquid renormalization of the current
and Raman tensor (which transforms as a product of currents)
have similar doping dependence. Our new experimental results
place strong constraints on theories of the high-temperature
superconductivity phenomenon.

EXPERIMENTAL RESULTS

Figure 1 shows the NR and ANR Raman responses in both
the normal and superconducting states of the Hg-1201 single
crystals, at various doping levels. At optimal doping (Tc = 95 K),
the electronic Raman continua for both the NR and ANR
exhibit a redistribution of spectral weight from energies lower
than 400 cm−1 to higher energy, when going from the normal
to the superconducting state. At low energy (below 400 cm−1),
the ANR superconducting continuum exhibits a cubic frequency
dependence with a well-marked superconducting pair-breaking
peak, at a frequency ωAN � 505 cm−1 (� 8kBTc, where kB is the
Boltzmann constant). In contrast, the superconducting spectrum
in the NR has a linear frequency dependence up to 400 cm−1, as
well as a weaker signature of the pair-breaking peak close to the
same frequency ωN � ωAN that for the ANR spectrum.

The Raman response at optimal doping is thus characterized by
a single energy scale ωAN � ωN associated with the pair-breaking
peak, and all the features described above are consistent with those
expected for a d-wave superconductor2 with a maximum value Δm

of the superconducting gap given by 2Δm = ωAN. Our results for
one overdoped sample (spectra at the top of Fig. 1) can also be
interpreted in terms of a single energy scale.

In contrast, as doping is decreased below the optimal level,
the evolution of the Raman spectra in the superconducting phase
becomes strikingly different in the ANR and in the NR. As the
doping level (and Tc) is reduced, the energy of the antinodal peak
(indicated by an arrow on the right panel of Fig. 1) increases.
Simultaneously, the intensity of this peak rapidly decreases as Tc

decreases, and finally disappears in the vicinity of Tc =78 K. On the
contrary, the nodal peak persists down to the lowest doping that
we have studied (Tc = 63 K), and its energy follows Tc. We note
that similar observations have been reported previously for other
cuprates, such as Y-123, Bi-2212, Bi2Sr2−xLaxCuO6+δ (Bi-2201) and
La2−xSrxCuO4 (LSCO)3–5. This demonstrates that the electronic
Raman response in the underdoped regime involves two distinct
energy scales, with opposite doping dependences. As discussed
below, this is inconsistent with a simple BCS d-wave description2.

To further substantiate this point, in Fig. 2 we have plotted
the characteristic ratios ωAN/Tmax

c and ωN/Tmax
c obtained for

several families of cuprates by different groups3–5, as a function
of doping at a fixed temperature well below Tc (Tmax

c is Tc at
optimal doping). The doping value p is inferred from Tc using
Tallon’s equation6: 1−Tc/Tmax

c = 82.6 (p−0.16)2. Figure 2 reveals
that these ratios have a universal dependence on doping. For
underdoped compounds, two distinct scales are present, clearly
separated beyond the scatter of the data, with the two ratios
behaving in opposing ways as a function of doping, whereas a
unique energy scale (and doping dependence) is recovered in the
optimally doped and overdoped regime.

We do not address the more subtle effects here, such as the
possible downwards shift of the higher-energy scale in Raman
measurements, due to collective modes7.
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Figure 1 Raman responses in the nodal (B2g) and antinodal (B1g) regions as a
function of doping. The dashed lines on B2g (B1g) spectra show the linear (cubic)
frequency dependences of the nodal (antinodal) Raman responses. The arrows
indicate the position of the superconducting peak maxima. We clearly distinguish
two energy scales that depend on doping in opposite directions. Ov.: overdoped;
Opt.: optimally doped; Und.: underdoped.

INCONSISTENCY WITH A SIMPLE BCS MODEL

Let us now analyse these results using the simplest possible
framework, that of a BCS superconductor with a d-wave gap
function of the form Δk = Δm cos(2φ) (φ is the angle associated
with momentum k on the Fermi-surface). The Raman response
would then read2,8:

χ′′
AN,N(ω) = 2πNF

ω
Re

〈
(γ

AN,N
k (φ))2Δ2

m cos2(2φ)√
ω2 −4Δ2

m cos2(2φ)

〉
FS

(1)

where NF is the density of states at the Fermi level, γAN,N(φ)
is the Raman vertex associated with each polarization:
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Figure 2 Universal doping dependence of the ratios ωAN/ T max
c and ωN/ T max

c of
the antinodal (B1g) and nodal (B2g) superconducting peaks (obtained from
Hg-1201 (this work), Bi-2212 in refs 3,4, Y-123 in refs 4,5 and LSCO in ref. 4).
The error bars on the B1g and B2g Raman peak locations have also been reported and
show unambiguously that there are two energy scales in the underdoped side of
hole-doped cuprates. The ratios 2Δ/T max

c deduced from ARPES coherent peak in
the antinodal region23,24,28 and from tunnelling spectroscopy32–34 are plotted.

γAN(φ) = γB1g cos(2φ) whereas γN(φ) = γB2g sin(2φ), and 〈···〉FS

denotes a Fermi-surface average. This predicts a sharp pair-
breaking peak (corresponding to a divergence of this expression)
in the ANR (B1g geometry) at ω = 2Δm, and a weaker singularity
in the NR (B2g) at the same frequency scale. Furthermore, within
the BCS formula above, the NR response has a maximum at a
somewhat lower energy than the peak in the ANR, but both are
governed by one energy scale, that of the maximal gap Δm.

Inclusion of damping parameters2 in equation (1) and a more
realistic description of the doping dependence of the Fermi surface
introduces minor changes and fails to reproduce the opposite
doping dependence of the antinodal and nodal peaks.

This clearly demonstrates that one or both of the following
assumptions become invalid in the underdoped regime: (1) non-
interacting BCS quasiparticles (2) a gap function with the simple
form Δk = Δm cos(2φ) characterized by a single energy scale.
Moving away from assumption (1) requires taking into account, in
the framework of the Landau theory of interacting quasiparticles,
the spectral weight Zk of these quasiparticles, smaller than one and
k-dependent, as well as the Fermi-liquid vertex Λk describing the
interaction of the quasiparticles with external perturbations. This
leads to (see the Methods section):

χ′′
AN,N(ω) = 2πNF

ω
Re

〈
(ZΛ)2

k(γ
AN,N
k )2Δ2

k√
ω2 −4Δ2

k

〉
FS

(2)

in which a general gap function has also been taken into account.
This expression contains two unknown functions of momentum
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Figure 3 Normalized Raman response functions with respect to the sum rule.
A weak linear background coming from spurious luminescence for intermediate
doping, independent of the scattering geometry and excitation lines, has been
subtracted from raw data before carrying out the normalization (note that without
this subtraction the final result is qualitatively similar, that is, the low-energy slope α

of the normalized nodal Raman response is found to be doping independent).

on the Fermi surface: (ZΛ)k and Δk, the determination of which
requires further considerations.

LOW-ENERGY NODAL EXCITATIONS

To gain such insight, we focus on the low-energy part of
the Raman spectra, which is controlled by the properties
of nodal quasiparticles. The B2g geometry is particularly
significant in this respect, because it directly probes the NR
(see the Methods section). Figure 1 demonstrates that a linear
dependence on frequency is found in this geometry, for all
doping levels. This is expected from equation (2), which yields:
χ′′

N(ω → 0) = γ2
B2g

(π2NF/2vΔ)(ZΛ)2
Nω + ···. In this expression,

vΔ = (dΔ/dφ)|N is the slope of the gap function at the nodes,
and (ZΛ)N is the value of (ZΛ)k at the node. Hence, in
principle, a study of the doping dependence of the term linear
in frequency in the (B2g) response enables the determination of the
important parameter:

α ≡ NF

vΔ

(ZΛ)2
N (3)

associated with nodal low-energy physics. To compare this
parameter for different samples, the Raman spectra must be
properly normalized. In this paper, we do not present absolute
Raman cross-sections because (1) the Raman intensity is sensitive
to the surface topology and we measured a different crystal for
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Figure 4 Doping dependence of the low-energy slope α of the nodal (B2g)
Raman response (α = (NF/vΔ )(ZΛ)2N), normalized to the optimal doping one
(p= 0.16). The error bars originate from the linear fitting of this slope from our data
and those of refs 3–5,9. The Fermi-liquid parameter β = (NF/vΔ )(ZΛρ )2N extracted
from the temperature dependence of the penetration depth10,11, is also shown.
α and β are both found to be doping independent in the range (p= 0.09–0.020).

each doping and (2) it is difficult to obtain the complex refractive
indices by ellipsometry measurements due to the small size of
Hg-1201 crystals. As absolute measurements are not available,
we have normalized the spectra using a theoretical sum rule
that we have established for the Raman intensity of a weakly
doped Mott insulator. This sum rule reads, at low doping levels
p: ∫ Ω

0
χ′′(ω)ω dω = Cp. We have derived this expression (see the

Methods section) by starting from a one-band t–J model, in which
case the upper cutoff Ω can be taken to infinity, and the constant
C depends on the hopping amplitudes and exchange constant:
C(t , t ′, J). We expect this expression to be general for a weakly
doped Mott insulator, provided the upper cutoff is taken to be
smaller than the bare bandwidth, and much smaller than the
Mott or charge-transfer gap. We have normalized our Raman B2g

responses using this sum rule. This is shown in Fig. 3, and reveals
that in the doping range of interest the low-energy linear term of
the B2g Raman response (normalized using the sum rule) is doping
independent. To demonstrate the universality of this phenomenon,
we have applied the same sum rule to previous Raman spectra of
Y-123 and Bi-22123–5,9. The results are shown in Fig. 4. It is seen
that the low-energy parameter α associated with the ω-linear term
of the B2g Raman response is essentially doping independent for
all doping levels between p = 0.16 down to p = 0.09. For smaller
doping levels, the Y-123 data (two points available) suggest that α
may end up decreasing.

This doping independence of the Raman B2g (NR) slope over
an extended range of doping levels is reminiscent of the behaviour
of the slope β of the linear term in the temperature dependence of

the penetration depth (or superfluid density)10,11: ρs(T) = ρs(0)−
βT +···. This quantity is also associated with the physics of nodal
quasiparticles, and is given by almost the same expression12–14

β ∝ (vF/vΔ)(ZΛρ)
2
N, except for the fact that the Fermi-liquid

parameter Λρ corresponds to a different angular-momentum
channel to that in the Raman case. The comparison made in
Fig. 4 between these two quantities shows excellent agreement,
hence establishing a previously unforeseen relation between Raman
and penetration depth measurements. We also note that recent
experiments15 suggest deviations from β = const. at very low
doping levels, in agreement with the two highly underdoped Y-123
data points in Fig. 4. As pointed out in ref. 12, the independence
of the slope β of the superfluid density on doping, in an extended
range, is a serious difficulty for the simplest (‘vanilla’) version of
the resonating valence bond theory16, in either its auxiliary boson17

or wavefunction formulations18,19. Our observations reveal a similar
problem in connection with Raman scattering.

Having established the doping (in)dependence of the α
parameter associated with nodal physics, we can make further
progress in disentangling the relative effects of (1) quasiparticle
dynamics and (2) the form of the gap function on the Raman
spectra. Let us first assume that the gap function has the simple
form: Δk =Δmcos(2φ) characterized by a single energy scale (Δm),
and such that vΔ = 2Δm. As the behaviour of the ANR (B1g)
peak implies that Δm increases as doping is reduced (Fig. 2), the
doping independence of α would then imply that (ZΛ)N must
correspondingly increase as p is reduced. This behaviour is highly
unlikely to apply for a doped Mott insulator, because it would
correspond to a reinforcement of the QPSW as doping is reduced.
Furthermore, angle-resolved photoemission spectroscopy (ARPES)
data and theory do suggest that the nodal QPSW decreases as p
is reduced20,21. Hence, we are led to suspect that the slope of the
gap at the nodes, vΔ, must decrease as the doping level is reduced
(to keep α constant) and hence does not track the maximum gap
Δm. This has far-reaching consequences, namely: (1) that a pure
cos(2φ) form does not hold in the underdoped regime, and (2) that
two energy scales characterize this regime (as already foreseen from
the analysis in Fig. 2). Indeed, this has previously been suggested
from ARPES experiments22,23, indicating that the superconducting
gap function may change from a ‘V-shape’ to a ‘U-shape’ as the
doping level is reduced.

PHENOMENOLOGICAL DESCRIPTION

We now return to the general expression for the Raman
response based on Fermi-liquid considerations, and explore
whether reasonable momentum and doping dependence of the
two functions (ZΛ)k and Δk (associated with quasiparticle
physics and the superconducting gap, respectively) can describe
our data. We use the shape of the gap function (consistent
with d-wave symmetry) proposed from ARPES data in ref. 22:
Δk =Δm(Bcos2φ+ (1−B)cos6φ), where 0 ≤ B ≤ 1 (see Fig. 5a).
This form is characterized by two scales: the (antinodal) maximum
gap Δm and the nodal slope vΔ = Δm(8B − 6). The parameters
Δm and B were varied, as in ref. 22. First, we found that taking
a momentum-independent ZΛ was insufficient to account for
experimental observations (the maximum of the nodal response
does not recede towards lower energy). Hence, a variation of ZΛ
along the Fermi surface is needed. We have chosen (ZΛ)k =√

vΔ×
(1 − C cos2(2φ)) where 0 ≤ C ≤ 1 (chosen in such a way that
(ZΛ)2

N/vΔ is kept constant, for consistency with our experimental
observation on the doping independence of α) describes the
anisotropy of the QPSW. This expression is consistent with doping-
dependent spectral weight obtained from ARPES21. It is shown in
Fig. 5b. The four curves are supposed to correspond, qualitatively,
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Figure 5 Phenomenological description of the Raman response of underdoped cuprates. a, Angular dependence of the phenomenological superconducting gap
Δk ≡Δ(φ ) as a function of doping. Δm stands for the maximum gap amplitude at the antinodes, and Δ0 is its value for a slightly overdoped Hg-1201. (vΔ/2Δm)
describes the slope of the superconducting gap at the nodes. Both Δm and vΔ are doping dependent. b, Angular dependence of the phenomenological QPSW
(ZΛ)k ≡ ZΛ(φ ). C is doping dependent and describes the anisotropy of the QPSW. c,d, Calculated antinodal and nodal Raman responses in the superconducting state using
the parameters described in (a) and (b).

to the overdoped (BCS), optimally doped, slightly and strongly
underdoped regimes. The resulting spectra are shown in Fig. 5c,d
for both ANR (B1g) and NR (B2g). All the main qualitative aspects
of our experimental observations are captured by this simple
phenomenological model, namely: (1) the opposite variation of the
nodal and antinodal peak energies with doping, which implies that
the slope of the superconducting gap at the nodes vΔ decreases as
the doping is reduced whereas the maximum gap amplitude Δm

increases at the antinodes, (2) the doping independence of the low-
energy parameter α associated with the ω-linear term in the B2g

response and (3) the drastic suppression of the antinodal peak due
to the loss of coherence of the antinodal quasiparticles, consistent
with Fermi-surface ‘arcs’24. Aspects of this phenomenological
description emerge from models describing the competition of
superconductivity with alternative forms of long-range order25–27.
We emphasize, however, that we only observe the nodal and
antinodal Raman peaks below Tc.

COMPARISON WITH OTHER EXPERIMENTS

Finally, we discuss whether other experimental probes support the
existence of two energy scales (corresponding to the maximum and
the nodal slope of the gap) in the superconducting state of the
underdoped cuprates.

Let us first note that the two basic building blocks of the
phenomenological analysis developed above are consistent with
available information from ARPES. The leading edge in the ANR
(corresponding to the higher-energy scale) was shown to increase
as the doping level was reduced28,29. Evidence for a second energy
scale associated with the nodal region, and varying in an opposite
manner with doping, has been suggested from ARPES in refs 22,23,
with a corresponding change in the gap function as discussed
above. More extensive ARPES studies of the leading edge in the
NR are clearly needed. ARPES also reveals that the antinodal
quasiparticles in the superconducting state quickly lose spectral
weight and eventually become incoherent as doping is reduced21,29,
whereas nodal quasiparticles lose spectral weight as doping is
reduced but maintain coherence down to low doping levels20,21.

It was suggested from thermal conductivity measurements on
Y-12330 that the nodal slope of the gap, vΔ, increases as the doping
level is reduced, which would seem in contradiction with our
observations. However, closer examination reveals that only one
data point is available in the doping range of interest here, and more
experiments are clearly needed.

Tunnelling, although not a momentum-selective probe like
Raman or ARPES, exhibits a set of distinct superconducting line
shapes as a function of doping. The main peak in these spectra
moves to higher energies as doping is reduced from optimal
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doping31 (as also seen from break-junction measurements32–34),
and at the same time broadens considerably. This is consistent
with the behaviour of the higher-energy scale, and with the rapid
loss of coherence of antinodal quasiparticles. Fourier-transform
tunnelling has shown that antinodal decoherence is closely related
to a local charge order, at least in the surface31. This is consistent
with the loss of the electronic Raman response that is sensitive to
the charge dynamics. In contrast, the observation of quasiparticle
interferences from tunnelling35 provides strong evidence for the
coherence of nodal quasiparticles. There are also some previous
and recent indications that the lower-energy scale might show up as
the gap edge in the Andreev reflection spectra36 and a low-voltage
shoulder in the tunnelling spectra of underdoped samples31.

CONCLUSION

In summary, ERS clearly demonstrates the existence of two distinct
energy scales in the superconducting state of underdoped cuprates,
with opposite doping dependence. Here, we have suggested that
these two scales are associated with the nodal slope of the gap
function, vΔ, and its maximum Δm, respectively. vΔ decreases
whereas Δm increases as the doping decreases. Correspondingly,
our experiments reveal two different dynamical properties of the
quasiparticles in these two regions. Hence, the dichotomy between
the coherence of nodal quasiparticles and the incoherence of
antinodal ones, which is well established in the normal state,
persists in the superconducting state in the underdoped regime.
A theoretical analysis using a new sum rule reveals that the
superconducting state cannot be described within the standard
BCS–Migdal–Eliashberg theory with only one energy scale (the
maximum amplitude Δm of the superconducting gap): a second
energy scale, the slope (vΔ) of the gap at the nodes is needed.
We have also established a new relation between the behaviour
of the low-energy Raman response and that of the temperature
dependence of the superfluid stiffness, both associated with nodal
physics. All these observations emphasize the importance of the
momentum space differentiation between nodal and antinodal
regions in both the normal and superconducting state in the
proximity of the Mott transition. The physics of momentum space
differentiation can have multiple origins and has been stressed
previously by many authors37,38. Modern theoretical approaches,
such as cluster perturbation theory, functional renormalization
groups, and cluster extensions of dynamical mean-field theory
are capable of capturing this physics in the weak coupling and
strong coupling regimes of the Hubbard model, respectively39–42.
Our results provide further tests for these methods and should
stimulate further development of these approaches.

METHODS

DETAILS OF THE EXPERIMENTAL PROCEDURE

The Hg-1201 single crystals have been grown by the flux method. One of the
crystal growth procedures that we have developed, as well as Hg-1201’s
structural and physical properties, are described in ref. 43. The ERS
experiments have been carried out using a triple grating spectrometer
(JY-T64000) equipped with a nitrogen-cooled charge-coupled device detector.
All spectra have been corrected for the spectral response of the spectrometer
and for the Bose–Einstein factor. They are thus proportional to the imaginary
part of the Raman response function χ′′(ω). The NR and ANR have been
explored using cross polarizations parallel to the Cu–O bond directions (B2g)
and at 45◦ from them (B1g), respectively. Green (2.4 eV) and red (1.9 eV)
excitation lines have been used to probe the NR (B2g) and ANR (B1g) Raman
response functions, respectively, to reduce the Raman phonon activity and
enabled a direct view of the electronic properties of this cuprate without
invoking ad hoc phonon subtraction procedures usually used in cuprate
systems44. No sign of resonance by laser excitation lines is detected in the B2g

Raman response functions. Moreover, it has been shown that the B2g

background decreases as the doping decreases45, so that we can apply the sum
rule derived from the t–J model for our B2g data. The spectra presented here
have been taken below (T = 10 K, corrected for laser heating) and above Tc

(T = 100 K for 92 K (overdoped), 95 K (optimally doped) 89 K (underdoped)
and 86 K (underdoped) crystals, and T = 89 K for 78 K (underdoped) and 63 K
(underdoped) crystals).

DERIVATION OF EQUATION (2)

The diagrammatic formulation of Fermi-liquid theory isolate, in the
diagrammatic expansion for an arbitrary response function, the quasiparticle
contributions represented by two electron lines (see below). We apply this
formalism, initially introduced by Larkin46 and Leggett47, to the calculation of
the Raman response function χ′′.

″( ) = Im [ + + + …]χ ω

The shaded elements are irreducible vertices with respect to the
quasiparticle lines (BCS electron lines multiplied by an additional QPSW factor
of Z relative to the non-interacting case), and do not contain imaginary parts.
The quasiparticle contribution is small (linear in ω and T), hence we only keep
the second graph (the first one being real, it does not contribute to absorption).
This has the form of a non-interacting quasiparticle bubble multiplied by Z2,
and by a vertex (
2), which describes the renormalization of the Raman tensor
via high-energy (non-quasiparticle) processes, leading to equation (2). The
higher-order graphs can introduce collective modes at higher energies not
considered here.

THEORETICAL SUM RULE

The absolute value of the Raman intensity in samples with different doping
levels or composition is difficult to ascertain experimentally, because it depends
on geometric factors that are hard to measure, such as the penetration volume
of the electromagnetic field into the sample. To circumvent this problem, and
to make contact with the physics of the Mott insulator, we use a sum rule to
normalize the Raman intensity. In ref. 48, such a sum rule was derived for the
Hubbard model. This cannot be used to interpret our experiment however,
because it involves the contribution of the Raman intensity from the upper
Hubbard band, which cannot be determined experimentally because it occurs
at energies where other interband transitions take place. For this reason, we
have extended the method of ref. 48 and derived a new low-energy sum rule for
the B2g Raman intensity, directly for the t–J model (for which the upper
Hubbard band has been projected out). This sum rule relates the low-energy
Raman intensity to the expectation value of a composite operator:∫

dω ωχ′′(ω) = π

2
〈[M,[H ,M†]]〉 =

∑
ijkl

α···δ′

Tαα′ ···δδ′
ijlm

×〈Xαα′ (i)Xββ′ (j)Xγγ ′ (l)Xδδ′ (m)〉.

In this expression, Xαα′ (i) is the Hubbard operator at site i, and the Greek
indices α···δ′ run over the three possible atomic states 0,↑,↓. M is the B2g

Raman tensor M = ∑
kσ sinkx sinky Xσ0(k)X0σ (k) and H is the t–J

hamiltonian (containing a hopping term and a superexchange interaction). We
have calculated the tensor Tαα′ ···δδ′

ijlm appearing on the right-hand side of this
equation. For a hopping term involving nearest (t) and next-nearest neighbour
(t ′), assuming unbroken spatial and time-reversal symmetry, we have checked
that all non-zero contributions involve at least two fermionic operators (that is,
Xσ0 or X0σ) living on different sites. In the absence of translational symmetry
breaking, contributions involving exactly two such operators are proportional
to doping. We have checked this from an explicit evaluation using, for example,
slave–boson or dynamical mean-field theories. Details will be published
elsewhere. Hence, the B2g Raman intensity for the t–t ′–J model reads:∫ ∞

0 dω ωχ′′(ω) = C(t , t ′, J) p+··· at low doping levels, justifying the
normalization used above. A similar observation follows from a different
sum rule49.

Received 4 March 2006; accepted 28 June 2006; published 23 July 2006.
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