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ABSTRACT
We consider two one dimensional models of disorder.

A percolation model is defined on a one dimensional chain. The bond

occupation probability depends on the bond length as

P(Ué»t 1 - € T

A percolation threshoid in K exists for 4 €0 <2 . The critical behav-

iour is analysed using a renormalization group developed for this prob-

lem.

The spin glass model is defined by an Ising chain with hamiltonian
H= 2
i>j' U _ @/{O’

. . . . 2.
The J‘;k are Gaussian random variables with zero mean and variance J©.

We find a phase transition for ji <a<4 . For 4 <O‘<-32= the system
has classical critical behaviour. Near -4 we find a smooth specific
heat. We investigate the critical behaviour near the upper and lower
critical range using the renormalization group and an ¢ expansion

around the lower and upper critical range, 0= 3§~ and J:= 4
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INTRODUCTION

In recent years we have seen considerable progress in the theoretical
understanding of amorphous materials. It has become clear by now that
random systems are in many ways essentially different from the much
better understood, pure, translational invariant ones. New problems
demand new concepts and a whole new set of theoretical ideas like per-
colation, localization, frustration and broken ergodicity are emerging as

essential for the understanding of disordered media.

A first example of a physical phenomenon characteristic of a random
system and having no analog in pure substances is the phenomenon of
percolation. In the percolation problem one has a set of bonds that can
be closed or open with a certain probabilty p. If the probabilty p is
very small most of the bonds are open and the system is disconnected.
For p greater than a critical value, there are enough closed bonds for

the formation of an infinite custer of connected sites.

Percolation is the process of formation of an infinite connected clus-
ter. There are no dynamical variables that play a role in the transition,
and it is often referred as a geometrically driven phase transition. Oth-
er transitions in this class are the gelation and the vulcanization of
polymers. Lacking a natural order parameter (like the magnetization in

a ferromagnet) they pose new challenges to the theorist interested in
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phase transitions and they have been the subject of intensive research

in the last few years.

A second model of disorder is the spin glass, which models impurity
spins interacting via exchange couplings of random sign. At low temp-
eratures the spins freeze in random orientations. The kind of broken
symmetry is inextricably linked with the fact that the system is random,
and the nature of the order parameter describing the transition is still

controversial.

Randomness adds a whole new dimension to the types of critical be-
haviour that can occur in the neighbourhood of a continuous transition.
In the renormalization group language, phase transition in random sys-
tems are in different universality classes than their pure counterparts.
In this thesis we study two new models of randomness. A one dimen-

sional model of percolation, and a one dimensional spin glass.

It is well known that one dimensional systems with short range inter-
actions cannot exhibit phase transitions at finite temperature. In order
to obtain nontrivial critical behaviour we will consider power law inter-
actions. Both models are "random relatives” of the lIsing chain with

—%{y interactions. These models have an interesting history.
They were first studied by Dyson as nontrivial examples of systems ex-
hibiting phase transitions. The =2 case was studied in detail by An-
derson and Yuval in connection with the Kondo problem. The existence
of a phase transition in the latter case was recently established "rigor-

ously” by Frolich and Spencer.
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The parameter G plays the role of dimensionality. It controls the
density of low eénergy excitations and the strength of the fluctuations
as well. The renormalization group has taught us to look at dimensional-
ity as a continuously variable parameter. There exist at |east two crit-
ical dimensionaiities, an upper critical dimensionality above which fluc-
tuations do not affect the critical behaviour, and a lower critical
dimensionality below which the system ceases to have a phase tran-
sition. Critical exponents can sometimes be calculated in an ¢ expan-

sion around these dimensionalities .

Pushing the analogy between dimensionality and range further, we
will determine the values of the parameter O , the upper critical range
Jv  and the lower critical range J; . For 0°<qg, the critical behav-
iour of the system is classical , while for 0 >Jdq no symmetry break-
ing takes place. We will then calculate the critical behaviour in an
expansion in (" -0, and  J.-g . This thesis is divided into two
main chapters. |In chapter one we study a percolation model defined on
a one dimensional chain. The set of all péirs of points constitute the set

of bonds. The bond occupation probability depends on the bond length

as _ Ikl
o 1-41% }
@(‘. ) é') = [4 -
Section one is an introduction to the model. In section two we review

the basic scaling ideas, as applied to percolation. Singularities near
the onset of percolation are connected to the divergence of the cluster
size. In section three we show that our model is equivalent to an s—1

limit of an s~state Potts model with long range interactions. Section
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four contains one of the main results of this thesis. We generalize An-
derson-Yuval-Cardy ideas to construét a renormalization group which is
exact near the lower critical range of the models here considered. In
section five we apply this renormalization group to the critical behav-
iour of percolating clusters. We conclude this chapter with a summary

and some general remarks, in section six.

In chapter three we study a spin glass model described by the ham-

iltonian

oz L dySsy

© ¥ | i— 419
where the JL} are independent random variables with zero mean and fi-
nite variance. Section one is an introduction to the model. In section
two we exhibit the spin glass instability by means of a diagrammatic
high temperature expansion. Section three contains the derivation of
the continuum field theory which is equivalent to our model in the limit
of very long wavelengths. This field theory is analysed using Wilson
recursion relations in section four. In section five we apply the gener-
al renormalization group equations derived in chapter one, to analyse
the critical behaviour of the spin glass near its lower critical range. We
conclude this chapter with a discussion and a summary of the results

obtained.




Chapter il

ONE DIMENSIONAL PERCOLATION MODEL

2.1 INTRODUCTION TO THE MODEL
In a bond percolation® problem one is given a set of sites connected by
bonds. A bond b can be independently occupied (closed) or empty

(open) with probability p(b) and 1-p(b), respectively. Two sites be-

long to the same cluster if there is a chain of occupied bonds connect-

ing them.

There is a critical probability & being the largest value of p for
which a given site belongs to a cluster of finite size with probability
one. For p>® there is a non zero probability that a given occupied

site belongs to an unbounded cluster. This probability is known as the

percolation probability B (p).

We will consider sites on a one dimensional chain. The set of bonds

is the set of pairs }(,)% . A bond (i,j) is occupied with probability
¥

K
QLK) = 4~ e 8 4.4

For large separations this is asymptotically

Pli, ) = =X - 1.2
- 41
K , a negative constant so that 0 < p((§)< 1, and ¢ > 0, a positive
constant controlling the decay of D(i,é) , are the parameters charac-

terizing the statistical distribution of bonds.
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This problem has several applications. It gives the zero temperature
limit of a dilute ferromagnet with long range interactions. Bonds be-
tween distant spins are less likely to be occupied than bonds between
near neighbours and eq. 4.4 models a power law decay of the bond di-
lution probability. Above the percolation threshold the system has a net

magnetization that vanishes continuously as K - K,

Another practical application is to a communication network running
along a one dimensional structure. All users are directly connected,
but long lines are more likely to malfunction than short ones. Below the
percolation threshold each user can communicate with a finite number
of users only. Above the percolation threshold there exists a finite
probability that a given user is connected to an infinite number of oth-
er users. Note that two users, a and b, can communicate even if the
direct line between them is open provided they can find a chain of in-

termediate lines connecting them.

Interconnected sites are called clusters. A cluster containing s sites
will be referred to as an s-cluster. The number of such clusters for a
finite chain grows linearly with the length of the chain. We will divide
the number of clusters by the length of the chain. The average value
of this ratio in the thermodynamic limit is denoted by Ng . Itis a
function of the parameters ¢ and K that define the probability dis-

tribution used to perform the average.

Percolation occurs when an infinite cluster of sites is formed with

probability one (in the limit of an infinite chain).
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The main questions we would like to address are two: 1) For which
values of @ is there a percolation threshold. 2) When a percolation
threshold exists, different cluster statistics acquire a singular part

which we would like to calculate.

The typical cluster radiu's, E , diverges as K= K. . The existence
of a divergent length scale produces nonanalytic behaviour in the clus-
ter properties. This is reminiscent of second order phase transition and
this analogy will be made more precise in the next sections. It is cus-
tomary to introduce critical exponents to describe kthe leading singulari-

ties.

[ 2 00 ] o -k A3

S sing,
[ZSSﬁstK\Xsm} 4 \K‘Kc\e -4
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The subscript sing denotes the leading nonanalytic part of the sub-
scripted quantity. For example, if for values of K close to K. a quan-

tity f(K) is given by
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then

‘ga + £4(k"Kc\ ¥ 21(\(—14(_32— 4.9

is referred to as the analytic backround. ﬁf]s.mé: g,,\‘i“ KC\H

\4.7.

and ¥,} [ k=K is a correction to scaling.

It is convenient to define a pair connectedness correlation function
C(x,y).

C(x,y)= Probability that x and y belong to the same cluster A4 .40

The sum of the pair connectedness function over all sites is easily
related to the mean cluster size. Denoting expectation values by E, and

the charcteristic function of an event B by 4e we find

\ 1w of ctuste
Z C(x,x )= 2,; E(K{X,x’ belong to *he ‘S):'E(‘:}:““f‘;: r) 4.44

% Same clustar

Eq. 4.5 can be written as

J Clo, X, KY » 2— AAL
X I - K(_\
while at K=K,
C(x, X K.Y = )"“' d-rem 443
\x—)(\

defines the exponent 7 .
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2.2 SCALING THEORY OF PERCOLATION CLUSTERS

Scaling concepts developed for understanding critical phenomena can
be successfuly used to describe geometric problems like percolation.®
The bond probability distribution is a function of two variables K and
¢ . In this section we take a fixed value of ¢ in the range 1<¢ <71 .
For a given ¢ in this range there exists a critical value of K, K. (o),
at which percolation occurs. We will prove these assumptions in section
2.5. In this section we will discuss phenomenologically the singular be-
haviour of the cluster statistics near K. . We begin the section with
brief explanation of the scaling assumption and its consequences as ap-
plied to percolation theory. We then define the critical exponents to be
calculated in section 2.5 . The cluster numbers were defined in sec-

tion 2.4 as

Ng(k). Bverage oumber of clusters of spe s 1.4
number af lafree  sites

The scaling assumption states that the critical behaviour near percola-

tion is dominated by clusters of size

‘gé B 2.2

\K-l<c\0é
d is the space dimensionality. This defines an exponent O . At the
percolation threshold
< v 4 2.3
(k) * 4,
defining the exponent & . The scaling assumption states that all the

singularities near the percolation threshold arise from the divergence of

§ asK “’K- In other words

N () = 0K ‘?(%@d)
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f being some regular function. Since Ng (K )~ 1’1, it follows that
S

NgK) = A
s = f(%m) | 2.5

The main consequence of the scaling assumption is that we can express
all the singularities related to the onset of percolation in terms of only

two exponents O and T . The critical exponents are defined by:

- -
) Ng() = total number of cluster /lattice size = \kc - Kk \

5 2.6
% (k) = probability of having the origin k- \{5
- - <
in the infinite cluster 27
Sk)= average cluster size Z Neli ) s - 2.8

s \K;"KC\Y

At the percolation threshold

-hs & :
D NS e = he 29

S
The pair connectedness function c(x,y) defined by the probability for x

and y to belong to the same cluster, at K. , decays as

' - 2. {o
C(X’X KC»’ lx-x\}é'l*”z

In the critical region C(x,ok)assumes the scaling form

C(x, 0K = —il;lé'“”l £(%) 2. 44

Now, we relate the cluster exponents O and © to the other criti-

cal exponents « , A, ¥, S ,and " . In order to evaluate the singu-



12

K
lar part of any moment [Ig AT L
Su\%

cluster distribution (eq. 2.5 ) and we replace in the sum each factor of

we substitute the scaling form of the

s by the typical size s = SE :,?g'é . The summation over all cluster

sizes gives an additional factor of Sy = ’Sé. Finally we relate t and
K-k, via eq. 2.2 . Hence, from the scaling assumption it follows
that
-5 d0(6-4)
g
1-& =(B-4)4dv 2.43
— 1- a0 (2-8)
) NS - ;‘Lngm =5 v K-% x4
1-%
)3 ng(KY g+ ?(\YS(K\,_, X . A ) 1.4¢
® : o (67BN
Y-(G-3%)dv | zA¥
-h
Z Ng(k) e . & nS(Kc)\ ~ 4 .48
s sz L L‘L‘G
h
g - T 249
\ Z: S Mg (K) = [_ s + AL 2.10
C(O ; X, kc_ = IC‘ 531)(]& T fX{t-L)J'
s> X

.2 dm = (6-1) 8 224
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thus relating all the critical exponents to v and &




1.
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2.3 MAPPING ONTO A ONE STATE POTTS MODEL
The s state Potts model! is a generalization of the Ising model. It is
important for the study of critical properties of quenched random sys-
tems. The zero state limit describes the statistics of trees on a lattice?
while the one state limit is related to the critical behaviour of percolat-

ing clusters.?

This mapping of a noninteracting random system onto an interacting

translationally invariant model is important because it allow us to use

the machinery developed for analysing critical phenomena in spin sys-
tems. It is also illuminating to see the correspondence between the crit-
ical behaviour of certain limit of a spin model and a purely geometrical

phenomenon like percolation.

In this section we show, following the line of argument of ref. 3 that
our one dimensional percolation problem can be mapped onto a one di-
mensional s=1 state Potts model with long range interactions. The par-

tition function of the Potts model for general s is given by

-0
Z =4'\’q_,eH

¢ a'm; .
o [<§0‘L)0’(8\ ) X r b Z[s - "\ +hN(-8) 3.4

iq{ ";‘%\G

Here, ¢ is a parameter characterising the range of the interaction. We

-pH =

use the identity

RY{4%
FIaY | 4\

S\K\[S "“.(._\._?._._ \4+ gama(x\ _eh - - J‘X )\ 3.1

2
e Vi - 410 - e il

to perform a high temperature expansion
tag)
ks lels hsELJ -1
SRAPRISE I - LR PR SR

M\ 33
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Expanding the product we obtain a sum over all possible bond configu-
. . . . . v - lkls :
rations. An occupied bond is associated with a factor)_«j_‘- e T gscmswhﬂe

. els . .
an empty bond carries a factor ¢ :(:fgg\d' . The trace factorizes into a
product of connected clusters

- ks sk(&ﬂd.i()
. Z i\ U- e " 5\ \go'mo’() ﬁ e ©¥ Tle
2(s K ) 5 (3eg 4 DS 4

) '\J‘Se
m e ety [ie g€ LT Dive-oe ci]le% >

T g Wy

Melg) denotes the number of connected clusters of exactly k sites on

the graph g . Defining isolated sites as clusters of unit size we get

n 2 ‘Q/”\XZ W(z) ﬂ C1+ (S-A)C_k‘ ]ngfg\
Lo . .
q:;,; Moo NG- T -h+ @VM@-“N‘}; X E i
v hoe 4 WY w1 Deare ,
N % k -6
The weights w(g) in eq. 2,4 '
- el - LK/E I's
oo 1 - B e

@Veg )¢

are exactly the weights of the one dimensional percolation problem. We
have shown that the s - 1 limit of the free energy of a Potts model with
long range interactions is the generating functional of the cluster sta-

tistics of our one dimensional percolation problem.

wh ~-kh

-1 Z[Q_"_S‘.p>e— -h o Z N & -k 3.3
K

K

N
The magnetic field h has a nice physical interpretation in the percola-
tion problem. We modify the original problem by adding one additional

"ghost site" outside the chain (see figure 1) and connecting bonds from
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the ghost site to each site on the chain. These new bonds are occu-

- —h
pied with probability 4 - ek (and are empty with probability ¢ )

Figure 1: Modified percolation problem: the chain and its ghost
site

b 3
1
)

I
|
I
t
1
|
|
|
E

We now have an infinite cluster even if <€ , provided
h>o (all the sites connected to the ghost site constitute an infinite
cluster). This is precisely the effect of turning on a magnetic field in a

spin system, thereby creating a finite magnetization at all temperatures.

The cluster numbers <h9()<)?\ in the presence of the ghost site are
easily related to the cluster numbers in the original problem <f\5>h:o.
For a cluster to contain s sites it must have the same structure as be-
fore, and in addition must have all its connections to the ghost site

open. Therefore

-hs

<n‘-’>k = <‘\‘(:'>\-\=o e 3.9

Eq. 2.8 can be interpreted as the generating functional of the clust-

ter statistics in the presence of the additional ghost site. In the limit
s » 1 the magnetization -2¢ corresponds to _ s where Pw is
2h

the probability that a éiven site belongs to the infinite cluster.
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The susceptibility corresponds to
- 3 = 2 Ny KE average  cluster LAY s K 3 3.40
)S\" 13

The percolation threshold is signaled by a nonvanishing

P,(,U‘(\a' \K'Kc\ﬂ 3.44

The divergence of the magnetic susceptibility corresponds the diver-
gence of the average cluster size.

S(k) =+ —— 34z
( (K"Kc\

The anomalous dependence of the magnetization on the magnetic field at

criticality corresponds to

-kh

T
J nexe \KJQ + h 3.43

In a magnetic system the susceptibility diverges when spin-spin corre-
lations become long ranged. In the percolation problem the mean cluster
size diverges because of the slow decay of the pair connectedness func-

tion. We can define

1
clvste - P .
CUXY & Pase (o, » |baloay o tha sAMe s r§ " 3.4

in terms of which we can write S(K):

5ok = SO

%X

We can relate C(x) to an s -> 1 limit of a Potts spin-spin correlation

function.
_tkls sted
‘ ""'— 3 - g
L[s g‘“"ﬂ“_ A1 1 fn{l e u-df [ie Squs (L" 8 _4\[550‘0\0‘00"-11

g\

wis ,\gﬁ -
B -4t , 3.16
- Z n N G-e -4 \gcrmo‘(a\ J:;‘%e k- [Sgd'(x!d'(x) —4]/2

Ty Cy) ey



_ikds
—— t—_‘ "-‘.. v
Yol weag) ey v L) fle ‘,‘_“r W Esdearewyorl
A s .
, ;\p,nu‘) X, R A
3qul~% X, % ia Ma diffore~d clusters

SOme  clustar

= (s-4) P{aorbk x, X belong d. the sawa cluster §

Using eq. 3.4 and eq. 3.4¢ we conclude

Qm L L ST LS - X))

s>4 (S-1)

34T
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2.4 DISCRETE CHAIN WITH LONG RANGE INTERACTIONS

The main topic of this thesis is one dimensional random systems with
long range interactions. In this thesis we show that the one dimensional
percolation problem (via the Kasteleyn - Fortuin trick) and the one di-
mensional spin glass problem (via the replica trick) can be mapped onto
a chain of spins with long range interactions. The spins can be in a

finite discrete number of states.

The critical behaviour of discrete one dimensional models with in-
verse power interactions is of considerable theoretical interest. Ising
models with ’4{0“ interactions are known rigorously to exhibit long
range order ifA< ¢ <1 and have no transition if © > 2.' Thed=z2lsing
model is of interest because it can be mapped onto the Kondo problem.
The one dimensional row represents imaginary ’time in the path integral

formalism, the Ising chain represents the time history of the impurity.

Within this framework Anderson and Yuval? derived Renormalization
group equations (those equations were rediscovered by Kosterlitz and
Thouless three years later in connection with the XY model).? They
rewrote the spin partition function as a partition function of gas of in-
teracting defects. The renormalization group equations were obtained by
integrating out tightly bound pairs of defects. Later on Cardy" gener-
alized Anderson -Yuval ideas to treat the general discrete model inter-
acting via T(u. interactions. Surprisingly the Anderson Yuval technique
used to derive the renormalization group equations (identical in spirit to
Wwilson's decimation procedure) works for this general case as well. The

general discrete chain is interesting in view of its relationship to higher
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spin generalizations of the Kondo problem. It has also some features
which resemble two dimensional spin models with continuous symmetries

and their four dimensional gauge theory counterpart.

In this section we will generalize and extend Cardy's work in two di-

rections. First we will consider 4 interactions. This will be the

€
first step towards a systematic £- expansion around the lower critical
range. This expansion is similar to the Nelson-Fisher® extension of the
XY model and to the Kosterlitz® extension of the vector spin chain.

Second, we will include a generalized magnetic field term in the hamilto-

nian. This will be useful in the computation of critical exponents.

We consider a one dimensional chain, with periodic boundary condi-
tions. The sites are labeled by integers, at eackh site i there is a spin
variable that can be in one of s possible states. We denote the possible
states by S, «:{ -5 ; sometimes we will denote the state Sx simply by

its index « . The hamiltonian is defined by

pH- J REs) s h(s) uA
n laimen) A

a is the lattice spacing, K is a ferromagnetic interaction i.e.

K<, p) . K@, «) < K, )

h is a function of the spin variable state. If ¢ is an Ising spin the
states are either + or - and h&) =h , k() -\ is the usual magnetic

field term. A function of the state of the spin variable h(x) is a suit-
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able generalization of the magnetic field term for the general discrete

S
model. We will impose the restriction Z L\(Su VY=o 4.2
ol = 4

which preserves the zero of the ground state energy. We will use the

notation . 8 %o
e
Y.3
\/(‘\\ -
o Nz 0o
We integrate the action by parts twice . We define
>
\’\(T\\ = Z_ V(isy + C‘
S:=0
Y.
n-A
U= ) HRY «
nzo
so that
H(n) - H(-1) = V() Ulard) - Ur) = H)
then

Z V{a-m) K(G G‘,\) . Z [H(n-m) - H (“'m‘"‘)‘& K (G 62)

e m<n

) He-m) [k (e @) - KOG ] - HE ) K@ Gw)

m<h
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LB

+ U(ML: KR a740 )

We now adjust the constants <, , ¢, in eq. 4.4 so that UG\ ==

as Ao for € >0 , and UG = @831l for € =° , without a
constant term. With this choice Ulot>o , and
-0
UCa) s — 1 [ml ; 4] 4.6
(-0 (1-¢)

The action

) [K(Gn Gul) + K(Guney 62) - K(Gm 6 - K (Gunt, @) JUG-m) a7
m<n

describes the interaction between defects. We say there is a defect
of type «n at site i if .- S« Scyy = Sy NER - Note that if Gu: Gy (or

if 0oz Gy ) i.e. if there is no defect present at site m (n)

kCG'M o"\.&l\ *'K(G—MH G.'\\" K(O'md;\— K(%HG:\H} =0 Yy.g

so 4.7 indeed describes an interaction between localized defects. We

can think of

UGo) K(w,8)
%«5 = e

as a fugacity for creating an «, » defect.

Using eqs. 4.3-4.8 we rewrite the partition function as

S G v T
Z ‘2‘ Z ‘Ad‘d;'" ‘éd,\“u X%. é_}_‘.“ .ﬂ/ 8(".n —‘-)“"\ e Y. {o"

nxe oo O A
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1 5 Hw‘, \"“: i][k(d,dz)zrx(a;.‘dan- K(«‘-..o@\—K(d;olau)]
LATRIEE L P B o

<} TG o6y e-A)

&l

t 2 h) (“::Zri—l) B
We impose periodic boundary conditions rta, = T .Originally the coordi-
nates r; , describing the position of the defects took values (a , with
«e€Z . In eq. .10 we replaced the original system of kinks on the lat-
tice by a continuous 6ne, the function ©(®&r -T-4) provides a cut-off
of size a. Clearly, the critical behaviour of the system is insensitive to
the choice of regularization procedure. The renormalization group equa-
tions are derived from the fact that the physics is independent of the
particular value of the microscopic length, a, defined by the lattice
spacing. A change in a is equivalent to a redefinition of the fugacities
Yoo coupling constants K., , generalized magnetic field h and

ground state energy.

In other words, changing the cut-off a - aida can be compensated
by changing K-k , y_>j+53 ,h>hdl,  and adding a constant to the
free energy so as to get a partition function of the form u.io with

y,a,k,h, replaced by ~5+§3 Cala , ke, ha Sh

: { w0 hatQ)
7 (a 4, Kap he)z extsed 2l Fuald) Ks@ het?]
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To verify this assertion and to determine the equations governing the

4

flow of y(1), k(1), h(l) we change the cut-off a - ae in eq. 4.40 .

The change in Z due to the change in the fundamental length appearing
explicitly in eq. 4.10 is

' - S +
Z[(’.LJE&) 4\&(«‘«\»««(«;”«3..)-K(«...m K (s ogai ) |

i expi
a’ “¥ (2-¢) (a- 0

922: { ( 8\ "“\[K(d\ dk)*"(c"\n AH)-
ex

= i
+% k(e(;\(f\;- Ra—\)\ _— (é*(mn i<k (1~ 0—) (-1

\ Y.{z
. ) (R - R
S JCTER R K(*fﬂ"‘aﬂ*z: head e \
This can be compensated by changing
3 2C-a)
K(,8) > e KC,6) w KCa,6) 4 fa-g) KB H.43
l\(a() - ezk(d\ ~ hey + 2R H.44
1(.1,‘0') [_K(O( \*—K(Olm )H\ k("(*\da) 4GRS H\]
2 i<y @-¢)e-0)
’!;T Y (o Qi) = TY e Yl o) & UAs

Using the identity

A Z [ Klairg, "(b’\ + K (L dbu\ - K ek d;\ - KK dﬁn)]

(4:3

N

k(o o)
I T KColin %) ~ Kot o) ] Z o

i#'a

We rewrite eq. 4.5 as
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0= 4

The second effect of changing the cut-off is to change
O (e - ny -a )= B (M -1y ~ael)s BNy -1y -a)-@ E(la..—’\a—a\ 4.4F

The delta function juxtaposes each neighbouring kink pair in turn.
Physically this corresponds to integrating out pairs of tightly bound
pairs of kinks which renormalize the interaction between widely separat-
ed kinks. Consider the factor involving two kinks i, i+l and a third

kink at j. As we juxtapose i and i+1 we generate (see fig. 2)

G By 1a1 4. 48

UATERI FRE-N

oo - A
A% = - 2 Z Z_—_ Z &AWA %‘q“n%ﬂ:dh[%d"ﬂdu‘_-” e
a‘ﬂ

N20 ooty L3t

o
e(ik‘ ra

Figure 2: Kink description of spin configurations

Consider the term

e-gm(}(m-ﬂx) [ K(x; dk) + K (o dt”) - K oting “3\ - K(x; d%"“) ]

4.9

e-gth‘u(n““'a ‘h&)[k(“i“ 0(8) + k(“i{-}_ d344)-— k(“l'#l “a}- k(qu Q(AM)I
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in eq. 4.18 .When o, ¥a. (see fig. 3) eq. 4.19 is equal to first

order in % to

-y |
L Ul —Rz\ [ k(s o) ¥ K (X pag) = Kla: g} = Kot ) ) 4 20
e ¥
and the change 4.\§ in the partition function can be absorbed in a

renormalization of .,

ho)
‘é&a‘%’ Fun +4) %o B0s e H.24

NERNG

Figure 3: Configuration renormalizing the fugacity

When «-«,, (see fig. 4) the leading term in eq. 4.!9 vanishes and we

need the next to leading term in < , this is
H‘l;_r\x\

0

{-a
n, -n
iZ; efo {K(“i&( 0(5\ + K(diy; “ﬁu) - K(O(itz_ da)-— k(o!{*\ uah)} E‘L:O_) l ‘{J} 41t

Its contribution to the partition function is

[

NN
AZ - -4 ;4 LAV A jé{. o dn, o d { } 4.23
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Figure 4: Configuration renormalizing the temperature

fea B
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The main contirbution to the integral over any coming from the region

nk_n!>>a is:

-6
™ - 44 ) ™ o dK.‘QL\
k any 66":0')2; l 'fé?;_’f"\ & K("(A %eas) + 1 (s Sern )= K elya NESCA k
- 4.5
~q d
'y(Rxa-L —RK-&)+ {k("‘a Ayar) + K Aear) - KKt rag) -k(x d:u)} {@an:u) . (n%r_[ﬁ‘ } g
o (4-0) (1-0)

The first term in eq. y4.25 generates a ground state energy renormaliza-
tion and a renormalization of the magnetic field. The change in h nec-

essary to compensate for this change is

h (oleed Y - )
h(t)> hix)+2Ile VL 4. 26

Awery

For infinitesimal fields this is

h(x) - hixy + © (23: 85,5 Cheay-h)1 Y. 2%

Note that 4.2* preserves the condition

Z 1'\(9() = 0
ol
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Inserting the second term of eq.“.15 into eq. 42> we find a change in

the partition function that has to be compensated by a renormalization

of K. The change in Z is:
' S N P L1XE ML PP P
‘ a by o dh M. @
AZ = - ‘Z_—“ ‘é’d‘d"" %’d““‘ \aa‘dbs Z a [ ol x
;gz)gﬂ,\‘f!’

y.28\
N . o Kine o) - K ) M
% ;é ek(\n { U(n;‘nu-d [K(d( V) H‘("(\Ma)‘) Kise ) ) ]} v

L
L M e } Ui Rpad) [ KCtin,0) + K (% oty )~ K(Sint tid) = k("“'\)ﬂ& B
©

Symmetrizing the double sum in the i, k variables we see this change

can be absorbed in a renormalization of K.
th) - he? 1
v y.1a
Cheor - R}
07 Y, [K@n) K@, k&) @
- 0nv

Note this renormalization preserves the condition K(««):o

Collecting eqgs. 13,14, 16, 24, 23,29 we finally obtain the renormal-

ization group equations which for infinitesimal magnetic fields read:
A %to[k(e,o) +ie (8 ,0) - kG,0] 430

goy LK@ A+ K (0,0 - K (8,0Y] -
3ot vEo

d K,8): @-Vkixa) - [
33 v

dhey = hwo + L ‘é:a [h() - h) ] 4.34
4 Pia

;_A.Q%(q)fﬂ R YCHSRIE ke nd ] + Z o un
(0‘/43 NET N
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2.5 RENORMALIZATION GROUP EQUATIONS AND CRITICAL
EXPONENTS :

The critical behaviour near the percolation threshold, K ,is character-
ized by a typical cluster size which becomes very large. In section
7.2 we described a simple scaling picture of the transition. All the
singular behaviour in the cluster statistics was related to the diver-

gence of \§ as K - K_ and the decay of C(x,y) at K=K_.

To provide a more quantitative description we need more sophisticat-

ed tools: the renormalization group and the ¢-expansion.

In section 2 3 we established a connection between our one dimen-
sional percolation problem, a geometric phase transition of non interact-
ing (i.e independent) bonds and the s >1 limit of a strongly interacting
ferromagnetic system exhibiting a thermal phase transition. This model
is a particular case of the general discrete chain considered in sec-
tion 2.4 .Indeed if

Ko, ) = K L F O s A
K, a )z o Azd---5 5.2

W(xY: -4 o=t ha):-h a:2...5 53

the hamiltonian 4.4 becomes, up to an additive constant, 3.4 describing

the s-state Potts model with long range interactions. In the percolation

problem the generalized magnetic field of section 1.4 becomes the ghost

field of section 2.3 . Note that h(«) as defined in eq. 5.3 satisfies the

condition J W):=0 (eq.4.2). The relation 5.4 and the corre-
<

sponding equation for the fugacity

\30«{5 = ol & 0 5. Y
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are preserved by the renormalization group equations derived in section
14, We can immediately apply this formalism to our problem. Using
egs. 5.4 and 5.4 we find that eqs. 4:30-4.32 in the previous section

reduce to

dK - G-oYk - 21s kY 5.6
a¢

‘.J_"\ z l’\(‘\' l)

I 9 A
d%_ K s-2) 4yt 5. ¥
A”Q .—‘3(4*? «a::;) t+( )‘3

This system of equations can have three different types of fixed

points.

Consider first the fixed point at K=0.' For finite s, our equations
describe a magnetic system and K is proportional to the inverse temper-
ature K e - _j;_: . A fixed point at K=0 is an infinite temperature fixed
point describing a disordered phase. The renormalization group equa-
tions s.5-5% are analytic in s. As s-»1 K is related to the bond occu-

pation probability (see eq. 3.7)

b
e, gy A= end? 5.8
P(i,j) is the probability for having a bond of length |i-j| occupied. A
K=0 fixed point describes a situation where P=0, that is all the bonds

are open and the system is completely disconnected.
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The fixed point at K= -, for 'finite s describes a magnetic system
at zero temperature. This is a completely ordered phase. As s> 1 ,
again K is related via eq. 5.3 to the bond occupation probability.In the
context of our percolation problem K= -2 s equivalent to P=1, so the

K=-o0 fixed point represent a state of perfect connectivity having an

infinite cluster.

An infrared unstable fixed point at finite K describes, for integers
s =22 a thermal phase transition from a ferromagnetic to a paramagnetic
phase. The value K. at which the system is scale invariant corresponds
to the critical temperature. When s — 1 an infrared unstable fixed

point K_signals the existence of a percolation threshold.

Le &
pc(-‘)z\ - [A B e \(—3\ 4! .9
is the critical bond occupation probability. If the initial values of P

are such that\K[<|K/ (i.e. if P(,}) falls off faster than {Eﬁg\a ) the

1o~

system is disconnected while if IK\>1KC\ an infinite cluster will form.

Inspecting eq. 5.5 we see that for @ > 2, and finite initial values
of K we always flow towards the K=0 fixed point while for ¢ < 2 an in-
frared unstable fixed point exists. 0=2 is the lower critical range for
one dimensional percolation with power law decay of the bond occupation

probability.

Egs. 5.5-5.3 are exact to first order in y and have an infrared un-
stable fixed point with y"= O(l—tf>- This fact allows us to calculate the
critical exponents exactly, to first order in Je, in a V&- expansion.
Throughout this section ¢ is defined as g:21-¢. From egs.s.5-5.3we

find a fixed point
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- -4 \rf; + O S. 41

Linearizing the renormalization group equations around the fixed
point we find, in the limit s— 1

-y kY
3 8x O "k 5
a2 5.13
d dy
de 4 -4* 33
dh o h(4-4?) 54
iy

The linearized equations have one positive eigenvalue characterizing

the divergence of the cluster size near threshold.

-

lk-e |9

<.ig
3'—‘ (-ukxﬁi)\[{ + OCe)

From equation S-i4

, using the well known relation between the mag-
netic field eigenvalue and the exponent # we find

1-y4 = (4 +4 -

o1

)

G.46
1 - 4+e +0¢et)
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As €s0 |, OU->w this is characteristic of systems near their lower
critical dimensionality. Note that .‘\.) is not analytic in € . This feature
is common to other phase transitions in random systems.? Finally, from
the relation of our model to the ferromagnetic system we can conclude
that for ¢ < 1, the system is always connected. The existence of a

percolation threshold is valid only for 0 < ¢ < 1,
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2.6 SUMMARY
We presented a new percolation model. Bonds between points i and j on
a one dimensional chain are occupied with probability

-L\g 1
P(‘:)ﬁ): 1. e 6.4

The model has applications to one dimensional dilute ferromagnets

with long range interactions and to one dimensional switching networks.

We studied the percolation transition as a function of the parameters
¢ and K, defining the bond probability distribution. For 0 > 2 the
system is always disconnected while for ¢ < 1 an infinite cluster always
exists. For 1< 0 < 2 the system has a percolation threshold at a cer-
tain critical value of K. To analyse the critical behaviour at threshold
we mapped our percolation model onto a Potts like model with long range
interactions. We derived renormalization group equations valid for
near 2. We then calculated the divergence of the cluster size as we
approach threshold and the decay of the pair connectedness function at
threshold in a { expansion. The singular behaviour of other cluster

statistics can be derived using the scaling theory described in section

2.4,



Chapter 111

ONE DIMENSIONAL SPIN GLASS MODEL

3.1 INTRODUCTION TO THE MODEL

In this chapter we will treat a one dimensonal spin chain with random
long range interactions. Ths hamiltonian posesses the essential features
of a spin glass. The purpose of this section is to present a brief over-
view of the status of the spin glass problem as a motivation for its

study.

Spin glasses are magnetic substances with exchange interactions of
random sign. The first materials exhibiting spin glass behaviour were
obtained by diluting magnetic impurities in a noble metal matrix. Ran-
dom exchange is caused the oscillating nature of the, conduction elec-
tron mediated, RKKY interaction between randomly located impurities.
There are by now a wide range of materials including magnetic semicon-
ductors and glasses that exhibit the same kind of magnetic behaviour.
These materials exhibit a phase transition as they are cooled down be-
low a critical temperature called the freezing temperature. At the tran-
sition the a.c. susceptibility exhibits a sharp cusp, and the non linear
susceptibility diverges.! The specific heat is perfectly smooth at the

transition.

Below the transition temperature, remanence hysteresis and slow re-

laxation phenomena are observed.

- 39 -
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From the theoretical perspective, the essential ingredients necessary

to produce spin glass behaviour are disorder and frustration,? a word
coined to describe the effect of competing interactions. The frustration
effect is responsible for the large ground state degeneracy which is

characteristic of glassy substances.

The intuitive picture of the spin glass as a phase where all the
spins are frozen in random directions is simple and appealing. However,
the implementation of this idea within the framework of statistical me-
chanics has encountered considerable difficulties. One main obstacle is
the lack of a natural order parameter that can be used to label the dif-

ferent ground states of the system.

Expectation values like <—;> vanish due to the randomness in the ex-
change. < > denotes thermal average while a bar denotes 3 configura-

tional average over the random exchange.

The expectation value <S;>1 is not zero and its called the Edwards-
Anderson?® order parameter q. Unfortunately, q by itself is not suffi-
cient to completely specify the spin glass phase. When it is calculated
in the replica framework the natural identification 3: <$'s®> fails. To
minimize the free energy one needs to assume 3%: <S°(5n’> with a non
trivial dependence on the replica indices.* In the limit when the number
of replicas goes to zero the nxn matrix is parametrized by a function
q(x). While max q(x)=q(1) is still identified with the Edwards-Anderson
order parameter, the meaning of the other values of the function q(x)
is not very transparent.5 |n particular the existence of a function as

an order parameter implies the existence of a continuous symmetry that

was not manifest in the original formulation of the problem.
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A more intuitive approach to the problem was pioneered by H. Som-
polinsky.®
He introduced relaxational dynamics and obtained a static limit of the
dynamical problem by postulating a continuum of macroscopically long
relaxation times. A startling consequence of his analysis is that any
stable solution must violate the fluctuation dissipation theorem in the
spin glass phase. He introduced an order parameter A(x) measuring the
breakdown of linear response. The second order parameter is the value
of the spin autocorrelation function q(x) at a, macroscopically long,
time scale x. Since the fluctuation dissipation theorem is obeyed in any
finite system, it is not clear how it is lost in the thermodynamical limit.
In fact the nature of the violation of the fluctuation dissipation theorem

is still debated.”

Most of the theoretical work has been done on the Sherrington Kirk-

patrick model:

N
H - ) Z Jig Si5y 4.4

4z 4 dei

Jig are gaussian random variables with

— Y
\ch -0 d”k _ e

N
In this model the thermodynamical limit and the range of the interac-
tions is taken simultaneously to infinity. The thermodynamical limit is
an extremely delicate mathematical operation and it is certainly question-
able whether it can be interchanged with the infinite range limit. It is
still not clear whether the peculiar features of this model manifest both

" in the statistical mechanical and in the dynamical treatment are artifacts

of this particular limiting procedure or whether they are present in
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more realistic models as well. While most of the theoretical work® indi-
cates that four is the lower critical dimensionality of the spin glass,
there is by now ample experimental evidence for the existence of a
sharp phase transition in three dimensional materials, and the lower

critical dimensionality of the spin glass remains a major open problem.

In this chapter we will study a one dimensional model defined by the
hamiltonian

He L g Sio

— 1.3

i*é‘ X" 'é\d—

S; are Ising spins and J"k are independent random variables with prob-
ability distribution

2

=
@(\3('3\ - e 1t 4.4

s

Var ®

The model contains disorder in the couplings. It also has frustra-
tion. Even the pure antiferromagnet with J‘~y=—1 is known +to be frus-
trated. It has an infinite number of ground states with an arbitrary
rational commensurability.® For & > 1/2 the model defined by eqs.
13 -4.4 is rigorously known to have a well defined thermodynamical lim-
it.'® Khanin and Sinai showed that except for a set of {J(J} of measure

zero, the free energy per unit volume

ST 3355
d F(N',/B,J‘a\: - L Q.s%i'nse RCTEFY 15
N AW

has a well defined limit as N > and this limit is independent of the

particular values of the {Jig ).

R R e




B —————

43

The parameter ¢ is a measure of the interaction range. In this one
dimensional model it plays a role akin to dimensionality in short range
models. When ¢<lz the energy grows faster than the volume and fluctu-
ations are suppressed. This is a limit of infinite dimensionality. When
ol >3i the interaction is effectively short ranged and the system can-
not exhibit symmetry breaking. This Corresponds to a limit of low di-
mensionalities. We will study this model as a function of 0 , and we
will see it behaves very differently in different ranges or the parameter
0 . This suggests that the three dimensional Edwards-Anderson model

with short range interactions might have a very different behaviour

from its infinite range, Sherrington-Kirkpatrick counterpart.
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3.2 THE SPIN GLASS INSTABILITY, HIGH TEMPERATURE
EXPANSION ' .

In this section we show that the model defined by egs. 4.3 _ 4.4  has a
phase transition for sufficiently small 6 by exhibiting a singularity in
the high temperature expansion of the free energy and the non linear

susceptibility.

The starting point of the high temperature expansion is

—_é’F: QS%'{’RW

L(Z
The bar denotes the average over the bond variables Jd

[ 4+ exendiy S5y } 2.4
li- 4\

iy Using the

identity

Se Sg&.

= OR&Q. ‘\’&Q\Q. S;S&z (/Q\Q L"'*'S;":é,"}“a\&l

valid for lIsing spins, in eq. 2.4 we find

-ov = L Qg R pdiy el v et bl Ceess, thedy T 2

< li-417 k-4t
The first term in €q. 2.2 can be evaluated exactly and is given by
o o o0 2 hd
vl €% T G dwx a (¥ J oo 2.3
2l - BT T TR L gy

The second term can be represented in terms of diagrams. We label

points by the integers i ¢ 7.

3.
A 1 C4r 5.5, TS
_L_N +TL k(k 3 \\‘Atq.l

is given by the sum over all different labelled graphs with an even
number of lines at each vertex, and not more than one line joining each
pair of points. To each line connecting points i and j we attach a fac-
tor 1A &1%";'%&‘ and with each vertex having 2n incoming lines we asso-
ciate a factor dzi,ﬁ . Examples of these graphs are given in fig. 5

At this stage disconnected graphs like 1f appear in the expansion.




1o 1b

Figure 5: Graphs entering the high temperature expansion before
configurational average

| i
D01 Fs
‘o A Ae T

f

|
|
|
|
|
|
|
|
|
[

The next step is to take the logarithm in expression and per-

form the configurational average. Since d;élez—.o when Gy #Hew) only

lines joining the same labelled vertices correlate with each other.

Q"’%[‘*A*U* """ IR N fﬂ+‘-‘3'€[A+G+"'11 2.y

3
Piraraees o

Eq. 2.4 can be represented as a sum over all labelled closed loop

4
graphs. Since G4 n J;K\):o when k is odd, vertices are now connected

by an even number of lines. Examples of graphs contributing to eq. 2.4

are given in fig. 6

: =
Il P f
| R I
= — |

N~— |
I e zh Zc.‘ 2d |
| Figure 6: graphs entering the high temperature expansion after |
I the ensemble average is performed l
! |
L |

wh
When points i and j are joined by 2n lines we attach a factor (‘M @%;‘)

for the corresponding line, we then sum over all possible labelled
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graphs. As usual taking the logarithm eliminates all disconnected
graphs from the sum. Since we are interested in the singular behay-
iour of the free energy we keep the most singular diagrams. These are

the polygon graphs shown in fig. 7

o OO0

Figure 7: most singular graphs contributing to the free energy

]

|
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We neglected diagrams having vertices connected by more than two lines
like graph 2c since the propagator associated with a multiply connected
pair of points falls off much faster than the corresponding factor asso-
ciated with a double bond. We also neglected, in this approximation,
graphs having articulation points ,like grap‘h 24 , since the sum over
this class of graphs contains one lattice summation less than the sum
over the class of graphs obtained by deleting the articulation point.
These considerations are valid as long as the summations are slowly

convergent, i.e. for o’g';_ . The graphs in fig 7 are easily summed:

(st de--Y

comacte & z -

E .i Z %/(C‘.L.'L) %(“1'{-3\ .. 5(&‘,‘-(‘(\) .
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%(\K-Ql): (Tﬁ\ Jkﬁn’ ) = j’,é_f (J"p‘ﬁ'f 6> 2.6
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Lo

integers the graph (, SN (G Gy

Permutation of Cqd,

run freely over the
- (il s counted 2n times . (Any cyclic
“ Za , or an inversion -
the n-polygon graph invariant).

2.5 we introduce the Fourjer t

o ¢
GO0 = T Gny et

2. F
Nz R
@(k) will be evaluated for smal| k

in the appendix to this section,
Planchere| formula gives

iv

A
. . . TN é\(K)
Z: % (44 - 4) Gy -4). Blen-14) = «r{(?,“;s[ 4 I
LTIRRY 9N

2.9

is convergent

pProvided G‘>.‘i
existence of the thermodynamical limit whe

6‘ L
n > .

To analyse the sec-
ond term we need the results of the appen

dix:
%’(k§ = I’SL\BIZ E’(zg) + 2 Aty xedt M T i"(l—ld‘)
From 2.9

of  the temperaty re.

Higher order
2R § Q(fo):’f.

diverge when
The critical temperatyre e - Jm 2.44
decreases as ¢~

increases.

a




The diagrams included in our calculation are the same as the ones
considered by Thouless et.al.! But while their contribution for the infi-
nite range model| vanish in the thermodynamical limit, they give 3 finite
contribution to the free energy per unit volume in our Case. In the

Same approximation we can calculate the correlation function

sisyS 2o i-g) 2.1

This correlation function s related to the non linear Susceptibility via

T - 2.1
Koz ¥x L [emey RN

W

linear response.

=L ) T89Sk S > - 3 <S> S 2y
yxL

Assuming a Symmetric distribution of bonds, or local gauge invariance

2 43 reduces to

Kz:-— Z<S“Sb>

4
2

|

|

|

o, OO, =0 ¥ |
|

|

|

|

|

|

|  Figure 8: Diagrams contributing to the non linear susceptibility.
|

l

The double line represents a factor |

Summing up the diagrams in fig. 8 we find:
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Using the results of the appendix we rewrite eq. 2.4 as

QT ) . (";Y
T L1- (’%)L_}P(t-w)%m)(%

[

~

)L kzo’-l'(
When T > T, Q-5 71) decays exponentially while at T = T

Qik, T.) » L 2.1¢
Ke-4

Notice that for T = 4 SéK R, T ) = oo

4

suggesting that fluctuations destroy any type of ordering. Since our
calculation is valid only for & close to iz_ this conclusion should be

taken with caution.

The non linear susceptibility diverges as

The analysis above strongly suggests the presence of an instability
when T falls below T. , but it is too crude to predict the precise form
of the singularities in the critical region or to determine the range of
validity of the equations derived. In the next section we will perform a

renormalization group analysis that will confirm the validity of

T ——

e

TrEnEE
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€43s. 2.4¢ and 2.1? provided 1< @é% <. 1t will also yield corrections to

€q. 2.43  to.first order in €:0_2
3
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APPENDIX

The function 9(j) is defined by eq. 1 .¢

[ - & -
(3= HRolgs j ey e ¥ (4'9\ J;ﬂ\)
o T e
The behaviour of §«) at small k js controlled by the long

distance be-
haviour of g9(j) so we will approximate it by

Yy
gL . | e B gy v
L lé’}L‘T ’31114'
> ™ 2 ] e‘.’w
b=l tw ™ e [

We substract the k independent term and estimate the first

k depen-
dent correction
o0 o
5(\(\ _ @Ldll I A = L Z Coane -4
5 A2 e
i fn
A ® 2 L ( ;
% (k) ) wnnk -4 s o7 ) g Wi ju Sk
LES) lﬂ!w‘ =t in‘L@ Lu,z o X¥

Using the definition of the Riemann zeta function,

and evaluating the
integral integral? we find

G s 28T ) + Ay ot D=6 Mmal
Note that since {<0‘< 4 n(4-¢) Mm g 1T <0
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3.3 MAPPING ONTO A CONTINUUM FIELD THEORY

In the study of critical phenomena it is extremely convenient to re-
place the original hamiltonian by an effective Ginzburg-Landay hamilto-
nian which describes the same physics on scales much larger than the

microscopic scale.

The effective hamiltonian should be a functional of a3 coarse grained
average of the order parameter. For the spin glass problem the Landauy
Ginzburg theory was first constructed by Harris Lubensky and Chen!
Their results apply to the Edwards-Anderson (i.e. short range) spin
glass model but theijr construction can be trivially generalized to include
the effect of long range forces. In this section we will present this
generalization which is essential to the determination of the upper critj-

cal dimensionality of the model, to be carried out in the next section.

1.3 . Our hamiltonian is given by
= L) ).
Hoeo2 2_ b S0 Sy
*y /(-«a;d‘

S are Ising spins, J are independently distributed gaussian random

variables with probability distribution
2

S
@ (3!3 V-e o

Vet
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To perform the quenched average of the free énergy we use the well
known replica trick.? we average the nth moment of the partition func-
tion by considering n identical replicas of the original system, and in
the end, we retrieve the physical quantities by letting the number of
replicas go to zero. The configuration average of thenth moment of the

partition function js given by

z" = jﬁbe(élﬂ A‘S‘b e [ 3y 575;

<y az,

le- 418
= is the replica index running from 1 to n. Carrying out the gaus-
sian integral we find
— g T s 3.4
z° - an, e

Where the effective hamiltonian is given by

i - . «x 0
ML ar g 5oy 5 s
v odey o li-4)2¢

The trace in €q9.3.Y is over the replicated spin variables SA(: azt--n. The
order parameter in the replica formalism is identified with <s*¢*s where
the average here is taken with respect to 3.5 . Naively, one would

like to obtain an effective hamiltonian in the variables

®4 o L0
LEERC N 3.6

Unfortunately, the 9% 35 defined by eq. 3.6 are not independent vari-

ables. (There are n(n-1) 9., and only n S«).
2
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As emphasized by Anderson,? the variables 3"" defined by eq. 3.6

obey a positivity constraint

ol

A a? ) Z So« 5°(L S"(L S“L .. S“'S 2 o) 3.7

G(,"-Dép
This positivity is expected from the physical interpretation of the Ed-

wards-Anderson order parameter as a spin autocorrelation function.

1. G < s(oys () >

1-> 00

3.3
The spin variables and therefore the 2*® derived from them are dis-

crete. In order to get rid of all these constraints we use the mathemati-

cal identity*
1 bRy A XAX L Xk
e * . g fx et ¢
T e
to obtain
n - @Q’m exe .t K, X8 nets _ "
< Z > . j {ﬂ;uc/; ‘ ¢ % ’ Q Qa ‘}"l exs ) @-.GS:(S,s
et { ®<s
- 8ra7
: LQQ“ e

The matrix Kié« is defined by

Z K&( bt gtk 3-”

Ty le- 41«
The lagrangian defined by eq. 3.ic

o . et N L S *h ¥ b 2.\
£C91-1%’<~3QL QU 2,@&3‘%&;@(@;55
A '
is equivalent to the initial effective hamiltonian 3.5, in the sense that
el [~ ] ~dral
noe _ &QQ‘?“” e 3.3

and

Ko [5] Aral

)
the S3sPe . S@Q Q" e 3.1y




Furthermore, all the correlation functions of the replicated spins can be
expressed in terms of correlation functions of the Q variables calculated

with lagrangian 3.1 .

We exploit the translation invariance of the replicated system by

fourier transforming egs. 344  and 341

Loy e Q- T @ k) K 2.5
té/ <
P 3 f K. ko -4
K(k) - lz (5;_ %131] 306
4 g1
For small k
‘ (K.aa .
Z: < - C‘ - Cl 10,%\16" 34??‘
3#’0 fél"o.

C4 and C, are positive constants defined by

d
C‘ . Z __I_ J n ;‘£, Ktéxl . ( )
g C, - Ixli- e . = i’4 é’;
i R & 3.8
With these definitions we have, for small k
1O~ d
Kk =4 & Cg_: la x| 1 219

O et
The effective lagrangian can be split in two parts & - £o *£4

LB T e T L g e gy
s L{cht K Cy :
3.20
d g-d
= e { el + o 0¥ Yy vy ZK
2 ad C
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What is meant by a fractional power of the gradient becomes clear when
written in momentum Space as in eq 330 . To evaluate 62,1 we expand
in powers of the field Q. we will keep up to cubic terms since higher
powers of the field will turn out to be irrelevant,

_d.ial

- - L3 ¥
e = *’\, ex P & QNQ S’< SG - '{ * Z- Q:\“ + Z QLO Q\A 6\\?“

LT T4

3.14

P— b

S B 5 d*x [4 @) vian qiey 1
o 3

Rescaling the field variables

cr

4
@ o’ Ta—» q .22

d-20 Tyt
e a <4 [’\-Cd 32y
Cy T
3
w: 1 @) o
3WAT ) =, .25
c

The effective hamiltonian 3.\2 and its truncated expansion in powers
of the field 313 are the main results of this section. Its physical mean-
ing as a physical Landau free energy functional is not completely clear.
The order Parameter q from ijts very definition is a3 positive quantity
and its fluctuations should be positive too. (For an excellent discussion

of this point see ref.3 ). On the other hand for the mathematical ma-
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nipulations we have made to be correct the path integral over the Q
fields (see for instance eq.34) js unconstrained. Nevertheless the form
of the free energy functional is such that jt gives sensible (i.e. posi-
tive) values for all the averaged correlation functions. Having derived

€q. 3.23, let us Pause to examine each of its terms.

The cubic vertex is characteristic of the spin glass problem. It in-
troduces new divergences in perturbation theory and Consequently new
terms in the renormalizatian group recursion relations to be discussed in
section 1.y . ¢ is essential for the Positivity of al| the eXxpectation
values of products of Q fields. To illustrate this point let ys reproduce
a heuristic argument originally due to Lubensky, Consider the Sher-
rington Kirkpatrick ansatz 9, . 9., . Inserting it in €9. 3.23 we

find the free énergy per degree of freedom

Lrael. e wewa
L{
When r>0 the only nNon negative minima is at 9.0 .See fig qo . When

r<0 a non trivial Positive minima develops, as shown in fig. 9b .

; | 2rs1 / nee

nN{r=4)




60
Therefore for n< 2 the cubic term plays a very different role than in
the usual Landau theory. For T < T_,it continuously developes a posi-
tive minimum causing a continuous second order phase transition instead

of a first order transition as one would normally expect.

The mass term r, in eq. .23, controls the distance from the critical
point. When T=T_ =JC4J r vanishes, as T < T, r becomes negative

indicating the instability of the paramagnetic phase. In one dimension
co. I 2 -2TGe -

and eq.3.14 becomes

Te - m J 3.8

in agreement with the result of section

e\ z
The:kV 1@3 term replace the (¥6)) characteristic of short range in-
teractions. Fourier transforming it gives g which, for small k, is
much larger than the corresponding short range «'& . Long range in-
teractions supress fluctuations more efficiently than their short range

counterparts extending the range of validity of mean field theory.

in the continuum theory the cubic coupling w has dimensions of

(length) wi-36 _ Hence from naive dimensional analysis one would ex-
pect the upper critical range to be 6= %5 . This will be confirmed

by the renormalization group analysis of the following section.
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3.4 EXPANSION ABOUT THE UPPER CRITICAL RANGE
In this section we use the Landau Ginzburg hamiltonian derived in the
previous section to analyse the critical behaviour of our system near
the upper critical range. We determine the upper critical range to be
- —%; , we derive renormalization group recursion relations and calcu-

late critical exponentes in an g. expansion in the range 0= 2die .
3

The absence of a thermodynamical limit when c‘:% , suggests mean
field theory should be valid in its vicinity. To establish the range of
values of the parameter ¢ for which fluctuations do not influence the
critical behaviour we invoke the Ginzburg criterion. From the free en-
ergy functional we see that the energy cost of a fluctuation of the or-

der parameter over the correlation length is

r g-4 * -

j ™) ¢x - g @ »
—o-d

Ixi< & €

From eq. 3.12 , &~T while from dimensional considerations \g‘ ~ T

Inserting this in eq. u.4 we find

) L4 ud- 66
g LVI“%QX d'x = g u.z
Ix\¢ g :
That is, when ¢ ¢ ?;_f fluctuations over the relevant length cost infinite
energy and hence are heavily suppressed, while for ¢ =2 2_._% these
fluctuations cost little energy and dominate the critical behaviour as

T>T, and § —»o0 . These considerations indicate that the upper

critical range for this problem is 0= ?_.:i .

Now we turn to the derivation of the renormalization group recursion

relations for the Landau-Ginzburg effective hamiltonian.
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This analysis for ¢ é},'M , i.e. for short range forces, was carried out
by Harris et al. We will carry out their analysis in the presence of a
long range force term. Because of this term the spin rescaling factor is
determined by thet\7 2 ) term to all orders in the coupling w. This is

a general feature of long range forces.?

The quadratic part of the hamiltonian defines the free propagator

< Qs () Q'8 (k™) > = G, () g\uz‘ gw&; 't TN

G. (k)= ' "

[ ¢ 4 n]

The recursion relations for the coupling are found by integrating out
wavevectors in the range %e « <4 (we have chosen units so as to have
a cuttoff of order unity),rescaling the field Q, Q— % Q and changing
the length scale so that the rescaled wavectors lie in the range

0<¢ w<4 . The rescaling factor Xg is determined so as to make
the coeeficient ofwwféez? invariant under the renormalization group
transformation.

Under rescaling

K - K 4.5
Slf—-é
hence we chose
26-4
>\5 - 6 * L‘ '6
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All the integrals entering the recursion relations are well behaved
since i‘é provides an infrared cuttoff. Hence the renormalization

- .
W< Eq. 4-6 is cor-

group does not generate non analytic terms like %
rect to all orders in the coupling w , provided ¢ is small enough to

be in the domain of attraction of the long range fixed point.?

The cubic vertex w renormalizes r and w. The relevant Feynman

graphs are shown in fig. 10.

i
1
\
\
l
i\
Figure 10: Graphs renormalizing the temperature and the cubic I
vertex 1

a

e

The lines represent the free propagator and the vertices are generated
by the cubic term in 1.13. Their contribution to the renormalized ham-

iltonian is given by

Uoped

N r N kN
g \B%« - .A',l Z sz’(!\-l\gé &%)é C"“(K*K)Go(“\ ‘X '*ﬂ Q(K\ L«g“_'}‘
s Wit

B!
s

¥ e Gol NG (k)G k)) 4.8
(4, . wr [ T ewnauaey 22 (o b45s O )

-
\j’"{/‘ "«“t“s‘i é e <t

The spin rescaling factor yields immediatly the exponent®

”Z: 24 d -0 4.9
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Using eqs. ¥ %~ 4.4 and the rescaling factor we finally obtain the re-

cursion relations
4
e o .
Q- 51'%§n-zccn-x>w‘gg;3,i . 4.3
» ‘/S L?r“—pé‘\'nl
Py
ey : RRNS ! Y.io
- - * .
W= QQG B = %w + 36({\-1)@5 il
- i _o)g‘glf’é
hS L«

getting s Q'Q we convert the discrete recursion relations into differen-
tial equations
1l @-myn - e (hony WS e u. A
Ci+n T
W y
%1:(6;—”—1{3‘)“-\» 3g (a-y WP se o(““5 Y.1
inserting the known value of 7 from eq. 4.5 and writing €~ 2446 in
Ky
eq. 4.Ar Wwe find
T +o(w) Y. 3

4
(i.e when ¢ < 0).

m is irrelevant when g« 22
3

confirming the cubic ter
Hence 0= Z% is the upper critical range of our problem in agreement with

the qualitative arguments of the previous section.
For €< O the gaussian fixed point n=0, Ww=0 is stable and the expo-

nent © is given by its classical value:

! - -
.—-—\-3 - T V)l - 10 - é L‘- \\‘\
O(1-m) , we can predict the diver-

Using the scaling relation Y =

ear susceptibility

gence of the non lin
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This agrees with the results of the previous section (see eq.L'd, but

now we know those results are valid provided ¢ < 2/3. Fore>0 , w is

strongly relevant. For small ¢ we can find a fixed point with w of or-

der ¢ and calculate critical exponents in an < expansion. The new

fixed point is

W‘L: - & L’\-\S

S
1 ln-1y Ke

R . -3 € .6
<

Linearizing eqgs. 4.44 - u.42 around the new fixed point we find

o= (% i Z;S')STL - 1€ S+ v 2£ Y13

3 Oant) Lie N T we

. A

SW:QSW-:;gSW M-8

The eigenvalues of the linearized equations are -%& and & -4d€
‘ 2

gives the desired corrections to O

A a~-YE b4
O 3

. This
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3.5 EXPANSION ABOUT THE LOWER CRITICAL RANGE
In this section we discuss the critical behaviour of the model near its
lower critical range. We determine the value of the lower critical range
to be =1, from a simple physical argument first, and then from a more
rigourous analysis using a renormalization group. To investigate the
critical behaviour we map the random model onto a classical, translation
invariant, spin chain with long range interactions. We then apply the

formalism developped in section 2.4 to this problem.

Most of the theoretical work on spin glasses has concentrated on the
Sherrington-Kirkpatrick model which is 2 model effectively embedded in
an infinite dimensional lattice. The value of the lower critical dimen-
sionality of a short range Edwards-Anderson model is still unknwon al-
though most of the theoretical work seems to converge on d=4 while the
experimentalists insist they observe 2 sharp phase transition in three
dimensions. (See ref. @ in section 2.4). The relevance of the mean
field results to three dimensional materials is again another open ques-
tion. In this section we analyse our spin glass model near its lower
critical range and this is, to the best of our knowledge, the first at-
tempt to study the critical behaviour of a spin é\ass near its lower crit-

ical dimensionality.

The critical exponents we find in this section differ radically from
the ones found in the previous one. in particular the specific heat ex-
ponent ol - indicating a perfectly smooth specific heat. These results
suggest that the Sherrington Kirkpatrick model might not be a good

guide for understanding the finite dimensional world. The results here
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pend crucially on two assumptions: 1)That the ground state

obtained de
lue of this order pa-

and fluctuations in the va
2) That

hat disorder the system.

from the initial condi-

of the system is GuncA

rameter are the relevant excitations t
the symmetric fixed point we found is accessible
the critical behaviour. we end this

d hence effectively controls

on of these assumptions.

tions an
section with a discussi

The hamiltonian is given by

Wwe start with model 4.3.
\f\: Z 6‘;”_@,{5\’ <. 4
Y e
Here ¢, are Ising spins and Jik are independent random variables with
probability distribution 5’,
e
IR 5.2
S &
ermined from the following argu-

The lower critical range can be det

ments.?

Y degenerate) ground states of

(out of the many possibl

Consider one
it by Sf(&w), indicating explicitly

the random system. Denote its de-

n the quenched disorder.

So;Qk\ is for example a solution

pendence ©O
of the mean field equations indicating its stability against single spin

flips.
5°;(§3&> - W g X(,K g\c(‘\\ 5.3
Clearly J‘% and S (3) are strongly correlated. Lets consider
Mattis Luttinger?

fluctuations about this ground state and perform 2a

transformation:
g.4

g . S A

The hamiltonian in the new variables 41 is given by
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5SSO N S gy 6.
+% \A-—g\d

In the appendix to this section we show that the random variables

Kig = ST0) Yy SO
le- 419
have a positive expectation value
E:s ~ gav«l c.F
)i 4129
Hence as far as fluctuations about a single ground state our model is

5.6

equivalent to a ferromagnetic chain with F—Lé—‘winteracions. The interac-

tion between the defects (now defects are defined with respecto to the
R Y-

random configuration) is proportional to [c- 41 . The lower critical

range for this problem is known to be* ¢ =4,

To give a more rigourous argument for the value of the lower critical
range and to give a quantitative estimate of the critical exponents we
turn to a renormalization group that exploits the one dimensionality of

the model. The nth moment of the partition function is easily calculated

2", ey 8y 20 s exe a8 5.8

As in section 3.3 we introduced n replicas of the system. The effective

hamiltonian in eq. 5.2 can be rewritten as

- Ha - Z 2 K (o 0}\ 5.0
o heee

Koo = gmﬁ@‘ Y )2 «rxl] 5. 44
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In egs. 5.10-5M we added a constant to the free energy so that K

obeys the condition
v (G 65339 ‘Q 0 - 6.8, E. 412

We interpret X(STOW as a spin variable that can be in 2" different
states. Each state is an n dimensional vector with entries equal to 1 or
-1 . This states can be visualized as vertices of an n-dimensional hy-
percube with center at the origin. To clarify the notation we give an

example for n=3.

For n=3 there are 72°: % states we denote by S azt--- 8
g, = (444) G- (44 -4
S, = (4-44) S¢ = Ci-4-4) c.43
C.,} - (A 4’” 5;: ('4 4 -4)
G = (A1) Ggo (-4-t-t)
The interaction between spin i in state &, and spin j in state Q,,ér is
given by ‘ )
K( Sc{; Sdb\ z {5—)’31 (So(; ° Sda ) S.A"\
li-419 b i-410
Sa; - Sdk is the standard dot product of three dimensional vectors.
Sometimes we will abbreviate

K(sq Sn) = K(a,B) <.\S
The original couplings have the symmetry
K mls), Mls)) = K(sx Sa) 5. A6

Here, “(Sa) is the vector obtained by applying the permutation T to its

components. Geometrically the interaction between two spins depends
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only on the relative position between the spins on the hypercube, or in
other words K(S«,S,) is invariant under the point group of the hyper-
cube. This symmetry is preserved under renormalization. The renor-

malization group equations H.3>o-4.32 of chapter |l, in zero field, become

%Q‘é(d,(ﬂ = yla,6Y LA ¥ = K,V ]+ E Yoo Bon S .43

-

AR () = (-6 ) KA - y %::o L K(a,5) + ¥ (e, V) Sw s,
oL v 5.1%

. \'57;5\) [ K (x, B3) +\4(r51\)\ _ K (e, ]
N

The variables © run over 2™  states on the hypercube. This equations

have a fixed point

T
Yan = % = & A X0 c.1Q
LI\‘\"
Kan = K - 1 1:,/\ + (- Z'h\\)—%‘\ul xxn 5.10
2

We now linearize eqgs. 5.1 - 6.18 around the fixed point 5.8 -5.20 .

S%an = 249 SWetn + LL"L‘W‘{T S%M y 24t L g‘éu =
\)-*‘-()fs
SKAA = ue S\édﬁ oy Z 8%0‘0 §.22%
O e, N
This is a system of 1(1"'4) linear equations. Since Y«n and
Kxn depend only on the relative position of « and » . We fix « and

let » vary over the 2"-4{ remaining points on the hypercube. This
way we obtain 2"-4 fugacities %dAand 2 couplings Kup » @ total of

3 (. 4) equations.




The linea rized renormalization

can be written in matrix form as

o H o B O I
o A o o) o 2
) 2 o H o L
o 1 73 A o
o 1 o o H
o ~ 5 A v+ A4

Due to the high symmetry of this matrix we can

form of its eigenvectors

73

group transformation (in units of ¥ )

find the most general

g\éo{!\; - Q& ) Loy, o < < d ! } )

&Ko(ﬂ; = (_o\)\a) [N é\ C,é, - - \ g.lq
Other eigenvectors are obtained by interchanging any of the 2.2 pairs (¢, &)
with (a,b) inserting the ansatz ¢ a4 into eqgs. 5.15 we ob-
tain

yo + @4-) ze - X o

- 2b

200 v b +@—“'1)7—é
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so yud NECLIPE Y I S X c 525

2b + 2¢ ¥ d N CREY B R
This set of equations has only two eigenvalues

4= 4.56 Ny: - 2-56 .26

We do not kn owwhat is the physical meaning of the eigenvectors as we
do the analytic continuation to n=0 and we will come back to this point
when we discuss the accessibility of the fixed point. We assume the ei-
genvalues retain their usual meaning. The presence of a single positive
eigenvalue indicates the existence of a single relevant variable in the
absence of a magnetic field. Reinserting the factor 3" in front of equa-

tion 5.2% we find

4 . 1.5¢% 9 v A VE 5. Y
O

As usual, © is the exponent characterizing the divergence of the corre-

lation length as T-= Tc

\g . \ c.28
= - 9
('T——T (,X
From the scaling relations
K= 20 : 2- -3 $.29

VE

as ¢ 20 , ol>-00 indicating a smooth specific heat.

All this analysis is valid for £€> 0. When €< 0 eq.‘?-\g indicates K
always flows towards zero. Since K~ '—’\E the system always flows to infi-
nite temperature and is disordered at any finite temperature. This

analysis predicts the lower critical range of the one dimensional spin

glass model with power law interaction is ¢=1 .
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Let us now discuss the majér aésumptions made in the derivation of
our results. The renormalization group equations are based on a low
fugacity expansion about an ordered state. For finite n, our chain
picks a grognd state (one of the vertices of the hypercube). The rel-
evant fluctuations at low temperatures are isolated single spin flips.
Since single spin flips cannot destroy the magnetization we make a par-
tial summation of single ﬂvips to overturn finite domains. The renormali-
zation group describes how overturning this domains renormalizes the
magnetization to zero at the critical point. Then, the renormalization-

group machinery yields the critical expéﬁents.

The relevant question is whether it is valid to naively anal;/tjcal\y
continue, as we did, the results obtained for finite n to n=0. We do not
have a complete answer to this question but we will discuss some bits of
insight into this problem. _ while it is clear that a spin glass has a mac-
roscopic number of degenerate ground states due to the frustration ef-
fect, it is perfectly possible that all of them correspond to a single
ground state of the replicated spin system. This is, in replica space
o#° ¢ can be a good description of the ground state of a spin glass.
in fact, all the mean field theories (Sommers, Farisi and Sompolinsky
solutions of the Sherrington—Kirkpatrick model) predict that at T=0,
‘ﬁ*\:& . Picking a single state on the hypercube, say (Vi) s

equivalent to expanding about EA

The next question is whether the expansion in the number of flips,
B
which is a perfectly sensible expansion in powers of y~ e T for finite

n,can be analytically continued to n=0 to give some expansion in powers
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of é’ . The answer to this question is negative. We have performed

the analytic continuation of this expansion up to second order. The

zero and first order of the expansion for g(v) give

9(ty = 4- 2:&*,;
Unfortunately the second order term is of order one, showing that an
analytic continuation of a expansion in the number of flips does not re-
duce to an expansion in powers of T as the number of replicas goes to
zero. | believe the analytic continuation of the renormalization group
equations is still valid even when the low temperature expansion on
which it is based breaks down as n goes to zero. But to prove or dis-

prove this assumption one needs an approach not involving the replica

trick and this remains to be found.

The second major assumption made in the course of our analysis is
that the symmetric fixed point &.11-52 controls the critical behaviour of
the system. This assumption looks rather safe since all the directions
in parameter space correspond to the negative eigenvalue Ny with
the exception of the direction associated with )\, , the positive eigenva-
lue representing temperature, which of course is a relevant variable.
In other words any initial condition near criticality flows close to the
symmetric fixed point we found. This conclusion, reasonable as it
seems, is based on a local analysis around the symmetric fixed point.
Parameter space, in the limit n>o, is a zero dimensional space and we
do not understand its topological properties. We cannot exclude more
esoteric possibilities, like the existence of other attractive fixed points
or runaway solutions, without performing a global analysis of the sys-

tem 51¥-51&. This is an extremely difficult probliem.
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APPENDIX

We want to calculate the average

KCO) = <62y 50 b »

\;_25\6~

Using replicas and introducing an external source coupled to the bonds

this can be written as

mrkl e L Gt

K(L’é} = Lo 2 in e Li-g1€
n>0 32;3
x H
= G B0 J ohslefsigte
Ao xc-é\” r

5 ¢stsr > <sfsi o)

ne=

- (}i}z 0. $4 ¢

Lo g€ nos
To evaluate the sum over the correlation functions we need to assume a
decific mean field solution. This specific assumtion enters only in a mul-
tiplicative coeficient in front of the correlation function and does not
enter the dependence on li-jl.For definiteneess let us insert Parisi's so-

fution®

Z (3"’5)1 N

R L

A4

- j 9t (x) dx
0

to obtain

1.(((’33_, (5131 .
- L2 {-
» \;-Z\W % ig‘(j\‘éé}



79

REFERENCES
1. This argument was suggested to me by H. Sompolinsky.

2. D.C. Mattis Phys Lett A 56, 421 (1976). J.M.Luttinger Phys Rev
Lett 37, 889 (1976).

3. Dyson F. Comm. Math. Phys. 12, 212 (1969) . Comm Math Phys 21,
269 (1971).

4. G. Parisi Phys Rev Lett 23, 1754 (1979).



80
3.6 SUMMARY
in this chapter we studied a one dimensional random chain with f’u}‘ in-
teractions for different values of the parameter ¢ controlling the range
of the interaction. It is instructive to contrast the results we obtained

with the corresponding results for the (non random) ferromagnetic

chain. See fig. 11.

The ferromagnetic models are well defined (i.e the thermodynamical
limit exists) for @ >4 . This can be easily understood by considering

the ground state energy per spin
L

£E= L =

2% 4 l&‘o’

which is finite as L o for6 > 1.

The effect of the randomness is to lower the energy péer spin so that

even when the sum
L

L e

Azt

is divergent, the random exchange J;B produces enough cancellations so

as to make the ground state energy per spin
[-
Bl X

T
(=4 “\—L'\E,

converge, as L 2o ,for ¢ > 0.

The upper critical range of the ferromagnetic chain?
is ¢ = % ,and mean field theory is valid in the range 1 <@ < ?%2
The randomness of the interactions enhances fluctuations and the classi-
cal regime is attained for much smaller values of @ (i.e. for a much

longer range of the interaction).For the random system mean field theo-

ry is valid for - Zd<% -
IS 3
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The lower critical range of the ferromagnetic chain is ¢ = 2. This
can be understood from energy versus entropy considerations.In a
chain of length L the energy of a domain wall is proportional to
L
yr L o~
G hed 1519
The wall can be placed in L sites giving an entropy contribution
~T Ceg L.
to the free energy. IfG> 2 (and for long enough chains) the entropy
term dominates at all temperatures. It is always favourable to create

domain walls, and the chain is disordered at all temperatures.

In random systems fluctuations are more important than in non ran-
dom ones. The lower critical range is reduced from the ferromagnetic
value to ¢=1{ . This can be understood from the results of the ap-
pendix to section 3.5. Defects defined as fluctuations from any ground
state of the disordered system interact via e power law forces.
From a different perspective, we showed in section 3.5 that the defects
in replica space that disordered the Edwards-Anderson order parameter
had 7% interactions. For ¢=4 this reduces to a gas of defects with

logarithmic interactions, corresponding to the marginal dimension.

In the region ¢>{ the random system does not exhibit symmetry
breaking while the corresponding pure system does. This fact has ex-
tremely interesting consequences like the presence of Griffiths? singu-
larities in the magnetic field dependence of the free energy. These
singularities come from bond configurations having large ferromagnetic

regions. These configurations occur with very low probability but,
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when the pure system has spontaneous magnetization, give anomalously
large contributions to the magnetization of the random system in the
presence of a magnetic field. These singularities are characteristic of

random systems and have no analog in the corresponding pure model.

Figure 11: Random and pure system for different ranges of
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