) ECTURE TIT : EXTREMAL W=2 CFT's

j__ SUMMARY oF KEY Po/NTS =RoM
[ECTURES T_+1I.

2  QUANTUM GRAVITY IN
2+ DIMENTSIoNS,

DE FINING EXTREMAL W=2 CFT

3.

L. COUNTING POLAR POLYNOMIALS
5 COUNTING WEAK JAGR! FO&MS
S,
Y
¢

SEARCH FoR THE EXTREMAL E.G
NEAR - EXTREMAL W=2 CFT

CONCLUDE: TWO 6PEN PROBLEMS

SECTIONS 3—7] ARE UNPURLISHED RESULTS
WITH

M.GABERDIEL, C.KELLER, S. GUKOY,
U oocurl, C.VAFA



1 . SUMMART OF KEY PoINTS FROM
[ECTURES T s{_”ﬂ:

A A VECTIR-NVALUED NEARLY

HOLOMORPH Q. HMODULAR. FoRM OF
WEIGHT W< |S DETERMINED BY

TTT S PorLAR PART

B THE ELLIPTIC GENUS OF AN

W=2 THEsRY W ITH INTEERAL L)
CHARGES AND C=€mw !S A WEAK

C TALRI FORMS ARE EQUIVALENT
To V-V=-N-H MOD. FORMS

= 25 ho G (=z)

/4. mo-?.?m



D THE POLAR TERMS IN R (<)
ARE THE TERMS ChiL) wiTH
P= Hwn - R <o

\
ATTER SPECTRAL FLow £ CHAREE
CONT VG-ATIGN THE INDEPENDINT

C(n. L) HAVE @n)e

=
n= Lo 54 Upnl® = 0

[
|

m

o

= 2

E. T & HAS AoL83 DUAL,
BTZ BLACK HOLES ONLY CoNTRIBITE
TO THE NON- POLAR PART OF X,




2. QUANTUM GRAVITY (N &+l DM’

- RECENTLY, WITTEN REVINED AN

OLD (19%¢) PRopPasAL THAT QUANTUM
GRAVITY IN 2+ Mg IS EXACTLY

SOLUBLE.,

roCcUs oN THE CASE AL 0

I |
WHAT IS THE HO!L 0 GRAPHIC
ULl OF 2+ Q.6 ¢

:

T MOTIVATE WITTENS ANSUER

| ET US RECALL WHY PEOP/E
THIN K THAT R+ Q.G. (S CXACTLY
SOLURLE !



THE ACTLION

S = TG g <R+ } — STwa#)

L - AdS (L ENGTH
G — SPIN CoNNEcT/ON
k — QUANTTZED

IS CLASSIcAlLY EQUIV TO: 2

7 (48 [t

K
Kez g % x, Aeztomxes

WITTEN SUGGESTS THAT "THEREFRE

2‘77—#1_ HOL 0O CRAPHICALLY PUAL
PARTITION FUNCTION IS =ACTORI ZED:

LETS JUST AccePr IT.
YZ('C'. <) = Zk}'qzkk_f7 J




ON A CoMPACT SPACE C.S. HAS
NO LocAl PE GCREES oF FREEDM.

NEITHER. DoES 2+| GRAVITY:
NGO GRAV. WAVES. LOcALL'Y SOLUTIONS
ARE JUST A4S

BROWN + HENNEAVX: EDGE STATES
— VIRASCRO ALGCEBLRA DESCENIENTS

—

C +Cq = —35— —24 (Kp+ k- )

LORENTZ

CL_—CK = 2q(k+_K~> [A-N'OMALY
CL': ;L{K+ 4 CR:ZZ//C_

ZKCT) z_— /wac_ = % 3——]_

(NOTE THAT L 165 IS A NULG STA—T’E)

_.k.1—;-’£ -
/st,Lﬁ = 9 (~9) 1¢<)



EVIDENTLY , THIS 1S NOT HMODULAR
BUT WE EXPECT MODLARITY
IN A DIEF — INVT THEORY.
WHAT T6 D6 ¢

WITTEN PROPSES THAT THE

PFE  SHoulD BE AS CLOSE TO
THE VIRASORO CHARACTER AS

F[;OS.SZBLg:
~ %)
Z (<) = cg_kW _)_“—S + O@)
Kk i n=zl—ﬁ Ze
Cé-
AS T EBEXPLAINED (N [ECTURE 7
THH S MEANS:

‘e
ZKCI) = Qe) +-- +&

THAT 18— RY ADDING NONPILAR TERMS

WE. CAN ReNDER 2(=) MODULAR



W I TTEN INTERPRETS THESE TERMJ

AS THE ConNTRIBUTION OF RBRTZ
BLACK HoLES,

THIS BITS IN PERFECTLY WITH

THE FEAREVYTAIL STORY OF
/ EcTURE IL.

ORVIOUSLY THE. REASOSNI NG /S
4R FROM AIR-TIGHT. WHETHER

Voo LILE [T 06K X7, WITTEN
MAKES A SHARP PROPOSAL:

LET Z.(x) BE THE
UNIQUE MoD, /NVT, FUNCTION
SUCH THAT,

~

— k22
Z) = |9 TT—’—’S + O@)

n=zl—ﬁ“
%$§




DEE AN EXTREMAL CFT oF

LEVEL K

1S A CFT WiTH
PARTITION FUANCTION ZZL(T)

WITTEN'S PROPOSAL:
DUAL OF 'PUQC 24\ GRAV ITY

1S C, @96
S AN ECFT.

THE  HOLOGRAPHIC

wHeee Ck

e BUT Do ECET s ’E.xxf‘r?

| 0

YES FoR £

= |

CONTROVE RS14L 9

R K> |

THIS LEADS 70 A & QUESTION:

MAYRBE EXTREMAL SUPERCINFRMAL
THEORIES ARE EASIER T0 F/ND...

T E SToRY FoR W=/ (S DISWIED

IN WITTENS paver AND 1S SIMILAR T N =0



5, DEEFINING EXTREMAL W=2 CFT

T Wil NowW DESCRIBE SOME WERK

IN PROGRESS (IITH

M.GABERDIEL, C.KELLER, S. GUKOY,
U oocurl, C.VAFA

SOMETHIN G QUALITATIVELY NEU)
HAPENS IN THE (V=2 CASE.

WE WILL USE MODULARITY OF
THE ELLIPTIC GEMS TD PUT CoNSTRANIS

ON THE SPECTRUM of W=2 PRIMARY
FIELDS,

oW SHoULD WE DEF/NE AN
ExTREMAL W=2 ceT " 7

/

TS UP To U

LET S FoLLow W ITTE NS LEAD



AND TAKE T°T Tb0 BE SUcH THAT
THE PARTITION FUNCTION

Z (Z/T) iz
TIME |S  TAS CLosE As PossIBLE"
To THE VAWUM CHARATER,

Al

> DELCINED LAST

"
- T
VACUUM CHARACTER FoR |hqr=105
AND c= 6w C_:;':’/z G_:J.’_%
U
50 J’,
s '—l!_zlﬂé%dﬂ'/z) (! = %JH/:)
%\/o«.c('tiz')r- | d‘:
TT(1=q4 _
SUPAINGEO)
i 1



TLHIS (8§ NoT- SPECTRZAL FLOW
INVT ;‘ DOES NoT~ HAVE LoD

MoDULAR. PROPERTIES — SO WE /
ToACE (T 7D HAVE THESE PROPS:

DEE: AN W:(Ra) EXTREMAL CFT
(S A HYPOTHETICAL  THEIKY WITH

Z.

Zosus = | 2 SRY |+

NSNS
CeZ
— ~
Cln i W 2)d" 47" g
~- % ) )%‘J ‘g ‘J
'f:'>o

WE COULD HAVE F0RMULATED THIS
IN THE RAMOND OR NS SECTOR,

BUT THE DEF SEEMS BEST
MoTIVHTED IN THE NSE-SECTUR.



T HIS DEFIN/TioN (MPLLES THAT
AN N=2 ECFT MUST HAVE

ELLIPTIC GENUS

%Exg C, z) = X! )M Z SE; X, + NONPULAL
E¢ 2+,

= lc—w“{ g™ T 4™ 0-40)
" U
—+—Qg—”\3")—&— NOWPOLAR }

o | S THIS CoMPATIRLE W TH
MODUL AR INVARIANCE ¢
¢« DOES THERE EXI§T SUCH A

Y

/xr;'x'r < tYc,wx ?



L CouNTING PoLAR POLYNoMIALS

AS T EXPLAINED LAST TIME

THE ELLIPTIC GENUS |S COMPLETELT

DETERMINED BY 173 FOURIER-
CoEFFICIENTS N THE POLAR

REGIN F

A"




.:DE']CT Ip <{> — Zg(n,ﬂ_) %’\3,{ [.S
ANY FOURIER SERIES 7R POLAR.
PoLYNOMIAL (S

/\ g
'POQC?Q):: Z qS(vl,Q)g a»q
(on)e
| ET US CouNT THE DIMENSION oF

4
D . — VECToR SfucE OF PoLhR POLTS

D(m) = dim F, = é [%;7

THIS TS THE NUMBER OF LATTICE
PowTS (N THE SHADED REGION e

TT IS NOT ENTIRELY TRIVIAL
T0 EVALUATE, AND WE EXPLAIN (N
THE NOTES THAT



12 g
T A\
AREA LATT |CE CorRRECTION
Aln) = #F — THERLETIC EXPRESION

INVOLVING CLASS NUMBE ZS/

MAIN TPOINT Fof US 1S THAT
CUR LARGE wvwm T GROWS goww/q

[k E @(m”?—)




Prt (Hime pemiiing)
IV\'\'*‘DGQUC& Sauw kit "R/v\cHn\
«X)) = X-— —7’_<L><J+l—><_l>: %

: 74/,7 )

O xe2

K X=N+d
O <xX< |

W rite
TE]- 24 - Z0E) +%Z(H-Lﬂ)
7_ @D ® ©
+ 5 2—'4

@ -
@ — + Ceovre b Correchion wWhon ;_-E\-‘éz L\Affeu(?(m’/'j
)Jj L=\a7u-l— ;A-ea;—r Sl PN

Q % o vondonn wedk betureen—Ih

arh +lh  So 63@”1) Can exPNSJ
exac:ﬁjj in Tems o class numbers.

pl? pl3 §|§



5 COUNTING WEAK JACHRI FoRMS

NOow THE ELLIPTIC GENS MUST

RE 4 WEAKk TACOB! FORIT o
WEICHT Z2EL0 AND INDEX ™.

.

W

2

WHAT 1S THE DIMENSON oF

THM [EICHER - zwrf_g THE

BIGRADED RINE tr“‘ o WEAK
TALOD| TORMS 1S A PoLYNOMIAL
RING:

T?fﬁl‘ =C [ E"hEG) sﬁo’“ 75—2.1]

NOTE THE S¢MILARITY TO THE
THEoREM WE PROVED ARBoOUT My

IN LECTURE L. THE& PRooF
'S NoT HARD - BUT SKIPIT,
WE THEREFORE HAVE A BASIS

7
FoR To,m



N
I
) .

(£.) () ESES

" o+l = mMm
—2a.+L{c_-|—€o{=O O\JIO,C)GLC—I-Z._J_

J@) 1= dim Jom 1S THE = OF
SoLvTions To C)

A STRAIGHTEORWARD CoMPUTATION
SHoOWS THAT

2 ~
jomy = Tz T T AM
KCW\) — (35"0"‘;-"—,'5—;) ) m=39 wod €

OLS<5
EUT T2 (m'} = _E_Z_ + bgv\z\ n G_OMI/?_) [

'P@M;>JQM) TR wm=5H
Pl — j@) = 5+ O{m")



RECALL THAT WHEN WE

DISCUSSED THE RECoN STRY CTION
ZORMULA (N [ EcTvR € I

4:(1:7 = 51_' Z (j({,t)—w DCCX'C) -T-ZEG->

TaN\T

T SAID THAT IN GENECA. YU

CANNGST THE AN ARBITRARY £
AND GET A MODULAK FoRM.

THE ORASTRUCTION 5§ MEASURED

BY A SPACE ofF CUusP FOAMS
~  Pol

O"ﬁjo,m—_??m BS<P/M>

s'/z_
AS DESCR(BED (N PAPER W ITH MANSCHET

RECENTLY T. MANSCHOT  COMPUTED

THE DIMENSION OF THE OBSTRUCTION
SPACE AND REPRSDUCES THE FoRN UBA

For Pm) =j ). [ To APPEAR. ]



6. SEARCH For THE EXTREMAL
=(LIPTIC GENUS

NOW RETURN TD OUR. HYPOTHETICAL
= XTREMAL N=-2 CET WITH

/)(EM_ - ST—,;L V—I—S_E/ZXV+/V77,

THERE IS NO GUARANTEE THAT
m NS
P:w’:?oﬁ<%5xr> S IM<TO,M>
BuoT MAVEE THERE IS MAGIC..

CiooSeE A BASIS ¢>z FoR  Jom -
T THE EXTREMALW=2 CET
EX(S7S THEN

J (m)

TIx: S %Pl =P . R

1= ]



EVEN | F WE F/IND Sol vT70NS
THERE |S A FORTHER TEST SINCE

Z X; B, = ) CQ\,Z)C&"az

7

MUST HAvE Chi)e XL

OF COWRSE, THESE ARE NECCESSHEY,

NoT— SUEEICIENT CoNDITIONS FK
T TEX/STENCE ofF THE EXTAEMAL

THEORT

X

70O ANALYZE EQUATION B
TNTRODUCE A PolALITY— ORIZRED

BASIS FoR K.,

n(e)) (o)
% ‘3 Ov..=l>....)’R'm)



e
o= |
o
PoLarRITY 70 AS o 7
FOR o= \QM HAS ?‘—'—IMZ)
DEFANE !
Rim)
) €(=)
o= |

4 ;(m) n(a (8
Pexr = > 0/a g JyQt)

a=

CQUATION @ 'S




RECALL Plm)> Jn M>25

SGIN'S X: EXIST FOR: |€mé5, 78,1113

ﬁ X, ForR m= & 9, 16,12 |H€me3(

MOREOVER ; TN THE CASES

LOHERE SOLUTIONS EXIST THE
c (neg) SEEM T8 BE INTEGRAL. .

(TI—HS 'S NONTRIVIAL., E.G. Mm=2
G 2
f cbOJl + -—'65:- Cb__z” EL‘. ) >



RECENTLY, WE. FOUND AN ANALYTIC
A-RGOMENT :

—oR wm SUFFE LARGE SOLUTIINS
X: Do NoT EXIST

1 |
THUS, EXTREMAL N =2 THEORIES

AT BEST EXIST 70l A FINIE
/,
'SPogaDIc ! SET oF M.




"7 NEAR EXTREMAL W=Z CFT

PERHAPS OUR DEFINITION WAS
100 RESTRICTIVE...

MAVYBE THERE ARE QUANTUM

CoRRECTIONS T THE CosMicC
C ENSORSHIP BOUNDL.,

/| ET US DEFINE A

ﬁ_ EXTREMAL WN=2 cFT

T F WE ONLY DEMALND AGREEMEIT

WITH THE VACUWWM CHARACT ER
UP T0 PolARITY —ﬁ



ONLY TDESCENDENTS oF THE VACOUM

NoW WE oaLY TRY To MATCH
THE PolLAR DEGENELACIES IN FF,



SO WE INCREASE B UNTT L
WE ARE SoLVIN ¢
)
2—. X'z- /\/—;ag 20(3_ a=l---- /J‘(W\)

-

THIS HAPPENS Fo&  B= ’—;”_-4- O-(m")

CoMPUTER !

. SOLUTIONS X; DO EXIST.

| < m<3(E



ExcEPT For m=17 .

AUl (N TTALA IL  DICIASSETTE
PoORTA SEIGA |

DR M=17, WE MUST LowER THE
DOIARITY CUTOFF STILL FURTHER ..



ON THE OTHER HAND,

THERE IS SoME  fy(m) So T
WE canN MATCH Aype FOR AL
STATES 6F PolARITY LESS
THAN —ﬁ,e(m)

THE CoMPUTER EVIDENCE SUGGESTS

By(m) > B+ (w™)

FoR ALL M.

TF TRUE, THEN FoR ANY
N 22) CET™ THERE MUST BE

AN W=2 PRIMARY WITH

Gk §,) — &7 > =l



THIS WE FORMULATE THE CoNTECTURE:

| ANY w=@,2) CFT W ITH (NTEGRAL
UU)CHALGES MUST HAVE A STATE

L o BRs WHERE G Is AN
N=2 PRIMARY W ITH:

AR L‘T . (j?“)z_gw_ +<9(/v7’/2) ’

ON THE OTHER HAND - USING
A DIFFERENT METHOD — [T IS
TOSSI1RLE T SHOW HOW To CowsSTRUCT
A X WITH ONLY CoNTRIBUTIONS

=RoM DESCENIENTS WITH
'L.\N.S< 5vn

e




Now — L7 1S ABouT TIME L

REVEAL MT REAL MoTIVATION
=4 pueSuiNg THS PRIBLEM:

TN RECENT YEARS THERE HAS

BEEN MuH ACTIVITY IN FLUX

COMPACTIFICATON AND MODULI
STARILI 24TIoN . ( C4. L. MeAlister

TALKS) SHAMIT +<ACHRUY

LAS BEEN A PRIVING FORCE (N
TH S DEVELIPMENT.

WLITH MANY CHolceES R FLUX

THERE ARE, FAMOUSLY, M ANY
TOoSS\BLE COMPACT FI cATFONS

WE EXPECT THERE ARE SeME W1 TH



. AdS, xR

= T HOLOGRAPHIC DUAL CF T,

\ 2
v 0OK A - + <Q,Hp1> << |

ME S
. Kk [ EneTdscae 0F RIS
ORDER ¢ (N ADS ONITS

/ /
— /Mo ST ’ PRIMAR|ES HAVE A
/| ARCE GAP TROM THE VACUUM.

THE SPECTRUM RESEMBLES

AN ExTREMAL =T |



. CoNCLUSION

L WiLL LEAVE You W ITH
OO ORBVIGUS OoFEN PROBRLEMS

o PROVE THE R6OND GN h'-

e DOES THIS RoUND PUT ANY

INTERESTIN G CONSTRAINTS oN
AclS Y C/UX CoMPACTIF/ cmmf&?



