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Introduction - 1
This work grew out of thinking about the Eg formalism for
the C-field of M-theory. But I have written the talk so that
you don’t need to know that formalism.

The motivating question today is the following:

M-theory has a 3-form potential C', with 4-form fieldstrength
G. There is a well-known quantization law (witten, 96)

[G] :a—%x ac HY(X,Z)

( Torsion will not play a role in this talk)

This rule follows from the existence of fundamental M 2-

branes:
exp(27m' / C)
>

However, there are electromagnetically dual M 5-branes. Thus
there must be some kind of dual fieldstrength G~ of the po-
tential which couples to the M5 brane.

What is the electromagnetic dual quantization law on [Gr|?




Introduction - I1

Answer: The dual quantization condition must be under-
stood in terms of the quantum mechanics of the C-field.

Using Gauss’ law for C-field gauge transformations we will
define a flux G7 with [G7] conserved.

The cohomology class [G7] is often called the Page charge.
We will find that, in the presence of [G4] # 0 it is noncom-
mutative.

Lattice of fluxes in H"(X,Z) — a nonabelian group.

Most of the talk is development of formalism - but there are
some applications perhaps of broader interest:

e Flux compactifications of M-theory on 7-folds. (Clarifica-
tion of G5 superpotentials.)

e 5-brane partition functions. (We can derive Witten’s theta
function directly from M-theory. This leads to some techni-
cal clarifications.)



A Useful Analogy - 3D abelian CS & Landau Problem

A closely related theory is 3d massive abelian CS:

1
S = ——2F>|<F—|—27rk/ AdA
SxR = 2€ Y xR

On ¥ x IR the dynamics of the topological (flat) modes of A
is that of an electron on a torus H*(3;U(1)) in a constant
magnetic field.

Recall:
Q:/5H/\5A
»
1 o = 1
H = — eH*H—I——QF*F
2 ) (&
II=1II—2rkA

In this case, the long distance limit is e? — oo.

Low energy physics is governed by the harmonic modes of A
= same mathematics as the Landau problem.

For simplicity, take ¥ = T2.

The quantum mechanics of these modes is identical to the
Landau problem of an electron on the torus with B = 27k,



Landau Problem -1

Begin with the Landau problem on the z, y-plane:

H = (II")* + (IIY)* = (—7;8% -~ g )+ (i + =)

2,y < harmonic modes of C
B~ G

Electron wavefunction < C-field wavefunction.

Note that neither IT¢ nor II* are conserved...

In the Landau problem on the plane we can define magnetic
translation operators:

0 B 0 B
pr=— L 42 PY=—j——=
Zax+2y Z(‘9y 2"

These commute with H, and hence are conserved.

However, they do not commute with themselves:

[P*, PY] = iB

P*, PY « Page charges



Landau Problem - II

Now consider the Landau problem on the torus. So we iden-
tityz ~x+ 1,y ~y + 1:

x ~x+ 1 < Large C-field gauge transformations.

In the Landau problem the wavefunction is a section of a line
bundle with connection over T2 with ¢; = k, where B = 27k,
k € Z, and 'H is the Laplacian.

The magnetic translation operators P*, PY are not well de-

fined on the torus: Lattice translations are generated by
et e’ and the quantum wavefunction satisfies:

e =y e =y

Translation by 7 is generated by U(7i) = ei?=t"+iny ¥,

U(7)P*U ()~ = P* + 2rkn,



Landau problem - III
The operators
T(a@) := exp(ia, P* + ia, PY)

are lattice-invariant iff (a,,a,) is a k-torsion point. More-
over, these operators form an Heisenberg group

—. —.

T(@)T(b) = e~ 2™k 75\ 7 (7)
This is the kind of nonabelian group which will replace the
naive lattice of flux quantization.
The lowest Landau level is of dimension = k, and provides
a representation of the Heisenberg group - this is analogous

to the 5-brane partition function.

In the lowest Landau level 611 = 0 = a topological theory
with

0 = / STISA 4 27 / E6ASA — 27 / k6 ASA
b >

T(a) ~ Wilson, 't Hooft, or Verlinde operators, depending
on context

Wavefunction ~ conformal blocks.



Why Page charge has not really been defined, yet
The usual discussion goes like this:
(3dx G = %cﬂ — Iy
So, if G = dC then
d(—073 % G + %CG —I;):=dP =0

Now consider ¥ = X X IR so
P = Px + Fydt

dxPx = 0 = define [Px] € H;p(X),

Py =dx Py = [Px] is conserved.

This conserved cohomology class is the Page charge.
Criticism:

e [G] # 0 = C does not exist.

e [Px] is not quantized because we can shift C' by any real
harmonic form §. ¢ — C + 0 =

Px] — [Px] + 516 A €

eg. X =R3x S3x 8% G =wgs, 0 =z2wgs, 0 <z <1.



Introducing a basepoint
The first difficulty is minor.
Topological sectors are labelled by a € H*(Y, Z).
For each topological sector choose a basepoint C,

C =0C,+c, G =G, +dc
ce Q3(Y), BUT! C, ¢ Q3(Y).

1

1 1 1
+27r/ {c(—G.2 —Is(g)) + zcdeGo + —c(dc)Q} + o,
192 2 6

In this way we treat the CS term as a function.

But when 9Y = X it is really a section of a line bundle with
connection.

Ignoring this fact can lead to problems.



Digression: The Fg formalism

You do not need to know the Eg model for the C-field to
follow this talk.

However, for those who know, recall the main elements:

1. The gauge invariant information in ' is encoded in the
membrane coupling, which defines an element of H*(Y, U(1)).

2. A “C field” is defined to be

v

C = (A,c) A€ A(P(a))

such that the membrane coupling is

~ exp 27Ti/E[CS(A) — %C’S(w) + ¢

The gauge-invariant fieldstrength is:

1
GztrF2—§trR2+dc:G.—|—dc

In this framework, a choice of basepoint can be simply a
choice of connection A, together with a choice of metric.

N.B. The space of C-fields is fibered over the space of met-
rics! G depends on a metric.



Hamiltonian Formalism for the (C-field
We have now solved the first difficulty with the standard
discussion of Page charge. Let us turn to the second: The
quantization of [Px]|.

We will discuss it in the Hamiltonian formalism.

Y =X xR

The Hamiltonian formalism is straightforward:

Phase space: (c,II) € Q3(X) x Q7(X)

Q:/5H/\5c

X

H—1/ ggﬁ*ﬁ%—zﬂG A xG
T2 )¢ |27 3 X

~

1 1
II:=1I — 27 <§CG.,X + §cdc)

Neither II nor II is conserved....



Page charge in Hamiltonian formalism

What is conserved is:

1 -~ 1
Px = %H + (G.,Xc—l— §cdc) + Ee

where Z, is any “trivialization”

1
dEo — §G0,X2 — 18

Spatial components of EOM:
~ 1 9
g=dxPx = dH+27T(§GX —Ig) =0

This is the classical Gauss law for C-field Gauge invariance:

L=IIN¢—H+ coG

[ Px] is the conserved Page charge - expressed in Hamiltonian
formalism.

We still need to understand why it is quantized.



Gauss Law, and a Paradox

The quantization of [Px] should be understood by thinking
about the quantum wavefunction of the C-field.

0
M~ —ie
7/(f)?c

Page charge quantization follows from the Quantum Gauss
law for large C-field gauge transformations.

“Gauge invariance”

c— c+dA A € O3(X) small
c—ctw w € Q5 (X) all

(Actually, the gauge group is slightly bigger...)

Gauge invariant wavefunctions satisfy:

e+ w) = (phase)y(c)



How the quantum Gauss law quantizes [Py]

As in ordinary gauge theory, the Gauss law is the generator
of gauge transformations, so

e—27TifAdXPX¢ — ) VA € QQ(X)

So:
ezm'deA/\wa — ) VA € 92(X)

Generalize to laTge gauge tranSfOTmat'l:OnS:
627T'L.IW/\PX¢;¢ \v/w c Q%(X)

Note 1

e' S “Tp(c) = (e + w)

Morally, the operator equation

o2mi JwPx Yw € Q3 (X)

means the eigenvalues of Py satisfy [Px| € H'(X,Z), as in
the naive discussion.

However, there is a problem...



Page charges don’t commute

It is convenient to define

P(¢):/X¢/\PX

for ¢ € H3(X).

Easy computation:

P01, P = 5 [ 617621 G

= Page charges don’t commute!

This leads to an anomaly in the Gauss law:
U(w) _ 627m'P(w) _ 627TifwPX

Now

U(w1)U(w2) = e ™S 91580 (w0 + ws)

If the prefactor is a nontrivial phase we cannot consistently
impose U(w)y = ¢ for all w!



Anomaly in the Gauss law

(Nontrivial) fact: If X is a spin 10-manifold then
/ wiwaG € Z Ywi,we € QSZ
X

(Proof: Wu classes and Steenrod algebra....)

= we only have a Z, anomaly.

Still - if present it would mean we would have “1/2-membranes”

Also - when we come to the b-brane - failure to account for
this factor of 2 leads to the wrong (fourth power) of the
5-brane partition function.



Gauss law - Resolution

The anomaly arose because we failed to take into account
the fact that the action of M-theory is really a section of a
line bundle with connection.

To illustrate the point consider again the Landau problem

b@+m) Ll )
We can say:
" Prgfy — 4 AN Y(x+n"y) = 6_ifA¢(SU,3/>
Py = e Yy +nY) = e Ay y)
But then

6i(nchx+nyPy)¢ _ e_i fA Fw _ e—iwknwnyw



Gauss law - Resolution I1

Similarly, in M-theory
(1
exp 27m/ ECGG — Clg

is a section of a line bundle over the space of C-fields.

This bundle has connection and curvature

1
A~ 27r/50(§G2 — Iy)
]:Nﬂ/GcSCéC

A (long) technical analysis leads to a consistent form of the
Gauss law:

exp(QWi/wPX)w = fo(w)y

Upshot:

1. fo(w) = %1, is a function explicitly constructed from C.
It satisfies the Zo cocycle law, and is not linear in w!

2. The Gauss law makes a specific choice of =,

1 - 1 _
Px = %H + (G.,Xc+ §cdc) + =o



A word about the proof

Need to evaluate holonomies around cycles defined by ¢ ~
C+ w.

Using the connection find
Y(e+w) = ey(e)y
ew(c) = SO(O. + C,w)*e_Qm fx(%G_%dC)Cw

~

The subtle piece is p(Cq+c,w) defined as follows (a construction

first appearing in Witten’s paper on 5-branes)

Given C and w on X we construct a w-twisted C-field on
X x St

( The Es model helps a lot here: We glue (A, c) to (AY,c)
where ¢ is a nontrivial Fg gauge transformation constructed
from w.

p(Co + c,w) ~ expimn(Pa) + - )



The Page Charge Group

Now that we have a consistent Gauss law we can discuss the
quantization of the Page charges.

Recall P(¢) = f¢PX and [P<¢1),P(¢2)] = # f¢1¢2G

U(w)P(@)U " (w) = P(¢) - / e

Thus, P(¢) isn’t even gauge invariant! (In the presence of
G-flux.)
Since we wish to work with gauge invariant objects we define:

T(qb) — e27riP(q§)

SO

U(w)P(¢)U " (w) = ™ ] %6 1(g)

so T'(¢) is gauge invariant if

/¢wG cZ Vw e H*(X,Z)

= we can have a nontrivial Heisenberg group

T(61)T(d2) = e ™ 91926 1(¢) 16) = 27 ] 919267 (9,)T (1)



When is the Heisenberg extension nontrivial?

We study the bilinear form on H3 (X, Z):

B(wi,ws) := /wlng

e /-valued

e antisymmetric

= we can choose a basis of integral forms
B 0 kK 0 ko 0 k.
B_(—kl O)@(—kg O) @<_kr 0)@01)3—27“

Case I: k; =0, s0 B=0 = P(¢) are all gauge invariant and
simultaneously diagonalizable.

[Px] e H' (X, Z)

Case II: k; # 0.

For simplicity assume B is nondegenerate and k; = k.
Then we can split:
H*(X,Z) =\, @ Ay

So that



Nontrivial Page charge group
Choose a symplectic basis o, 81 so

The page charge group is generated by

UI:T(%OzI) VIZT(%&)

Relations:

271

Ur=vFE=1 UV,U 'Vt =e& 017

The gauge tnvariant operators form a representation of a
finite Heisenberg group

0— Z/kZ — H — H3(X,Z/kZ) — 0



The long distance limit in M-theory

In the M-theory case the long distance limit / — 0 is gov-
erned by the harmonic modes of C.

These modes are again goverend by an effective Landau
problem and behave analogously to the topological field the-
ory above with an effective symplectic form:

Q=/5ﬁ5c+7r/ G(SC(SCHW/ Gococ
> >

Thus, in the analogy to 3d abelian Chern-Simons

k—>%[G]




Application: The 5-brane partition function
The 5-brane partition function is interesting because
1. 6D (2,0) superconformal field theory

2. 5-brane instantons are important for moduli stabilization,
and decay of deSitter vacua in string theory.

We will show how our Gauss law together with the quantum
mechanics of the harmonic modes of the c-field can be used
to derive the 5-brane partition function discussed by Witten.



Use AdS/CFT

1
ds® = (E*/30%) | dr? + e2rds%6 + st%q

X = Dg x S*
G—>GOO:]€(US4+G

So we expect (k> 1)

Z(M/Y) = Z,



Singleton sector

We can say something about the “singleton sector”

SU(k) x U(1)
Zy,

U(k) =

U(l) ~ C.O.M. for k 5-branes - couples to the harmonic
modes Coo -

To write the general form of the partition function we use
the symplectic form

<w1,w2>:/ w1 N\ w2
Dg

H?* (D¢, Z) = Ay @ A,

Then

Ziy = 2. "slcwon)
BEAL/kAy

e (P is the contribution of the SU(k)/Z; (0,2) theory. 3
labels “’t Hooft sectors.”

Note that dimensional reduction on S!, Dg = D5 x S!, yields
SU(k)/Z}. gauge theory and we have a natural symplectic
splitting with

A = H*(Ds,Z/kZ)

so 3 is literally an 't Hooft sector label. (witten).



Page charge is dual to 't Hooft sector

e We'll derive a formula for Wz below in terms of theta func-
tions. It shows that the Heisenberg group of Page charges
acts via,

T(¢1)¥p = Ypie, ¢1 € A /kAy
T(pg)W g = > F02.0) g bo € Ao /KAy

So the AdS dual interpretation of the 't Hooft sector
label is the “Page charge.”

e Note the sense in which the AdS partition function is a
“vector in a Hilbert space” is that - as a function of c 5, it
is in the linear span of Wg.



Sketch of proof

1. As in the holographic RG, evolution in » = Euclidean
time evolution.

_fro dr' 27/ \IJ(

so r — +o0o projects to the groundstate of

7’0)

H—E/ gsH*H—i—Q—G A G
~ 9 o 3 X

C—Coo=cp+d +" €H(X)DImdx ®Imdx

¢ — 0 = use a BO approximation (“integrated out massive
modes”) to isolate ¢, dependence:

U = \IJO(C/, C//)\Ifh(ch)



Sketch proof - 11

. : b
4. Choose an integral basis: ¢, = ) {° cow?,

h = /wa * WP B :/ Guww® = k/ ww®
X Ds

aa’ . 0 ’
— 7B ca/) (—’La—Cb — B%? cb/)

0
Oc,,

Hy = hap(—i

5. This is literally the Landau problem = overcomplete basis

of states:
¢ ~ e—%Bzi—l—vz

Translating to the geometrical language:

R R

6. These states are not gauge invariant. The average over
large gauge transformations gives a projection to gauge in-
variant states:

v, = Z (€w(€) Wy(c+ w)

wEHQ’Z(X)



Sketch proof - I1I

v, = Z (€w(€) Wy(c+ w)

wEHe’Z(X)

7. Written out explicitly this is

O, = Z exp{—%k/%(c+w)*(c—i—w)—i7rk/

cAw}
Dg

of “.,w>exp{/DGm (et |

where:

e ©(C,w) is computed for X = Dg x S*, and depends on the
the metric.

e H3(Dg,IR) has complex structure Jw = — * w. Thus w
couples to ¢(19) and v(©1),

e The span of the functions ©, is finite dimensional, of di-
mension k: To see that we need the chiral splitting.



The chiral splitting

We want to interpret this as a sum over flux sectors in the
(2,0) theory.

But fluxes in the (2,0) theory should be self-dual!
8. Choose a Lagrangian decomposition
H?> = A, & Ay

Then Poission summation: =

\IIU — Z Cﬁ (U>\I]5(C>

BeEAL /KA,

_zk (1,0) (1,0)
5 fD6 cxc+c ImTtec

Oprsa(c™’+0+70,7)

The characteristics are defined by the cocycle:

©(Cy,w) = exp|2mi(0'n; + dprm!) + iwanImI]



Comments on the result

1. Only derived for large k but we expect it is true for all k&,
including k = 1.

2. Recall G = trF? — 1trR? + dc, the space of C-fields is
fibered over metrics. If we change the metric, g1 — gs:

Qp(élaw)

= exp 27T7Lk/ wCS(g1,9
o(Co) [ . (91, 92)]

Slogan: Characteristic = C'S(g).

= characteristics are smooth functions of the metric = po-
tential suppression of 5-brane amplitudes:

@Nq92/2_|_...

3. If we did not twist the © function by ¢ then the chi-
ral splitting leads to the wrong theta functions. ©g o ~

CravI

4. There can be a further shift of v — v+ k due to quantum
effects.



Conclusions

1. We identified the quantization of |G7] with the quantum
mechanical Gauss law for large C-field gauge transforma-
tions.

2. When [G] # 0 the CS term is a section of a line bundle
with curvature

F=m / GoCoC
3. There is a strong analogy with the Landau problem:
Page charge < magnetic translation operator

4. The Page charge group in general is not the naive H" (X, Z)+
shift, but rather a Heisenberg group determined by

B(wl,wg) :/Gwlwg

5. These remarks have applications to 5-brane partition
functions.

6. We expect analogous phenomena in the typell string.
This should have important implications for the relation to
K theory for nontorsion H-flux.



