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I. MOTIVATION
mm

RA ) - much discussed
CAT

Categorization #-) Chain cplx
←

X

Done correctly : Captures more physical info
.

Exple_ : Gaidto
, Moore

,
Witten &015 ) :

1+1 diml Massive QFT w / UCI ) ,z Changes
,

"finite # of vacua iyjk .
.

. in general"position
a algebraic structure on BPS states

- An
Category of branes ( related to

Fukaya - Seidel for LG case )
- Aa 2 -

category of interfaces +

Categonfied 11
. transport of cplx flat

connections on Riemann surfaces



Questions Generalize to 4d theory ?

Attempted by Dinette - Gaiolto .

Moore but

set aside
.

Revisiting question w/ AHSAN KHAN :

2d LG models wf Twisted masses :

this incorporates many
novel

math features of the 4d problem .

( Special case of 2d4d systems
discussed by P

. Longhi yesterday. )

Work is in
progress. .

- If successful
it should have numerous applications.



I LG WITH TWISTED MASSES
mm

( X
,

W ) Kahler manifold

e- { aertcxl,
5*0

, }isolated zeroes : non degenerate D&|
¢ ;

inutble

L oli

This

Data =) HI dime QFT LG ( Xp )
Fields of : M

" 1

-2 X + Fermi

Action = f<d$*d¢ > -11×114 Fermi

Math viewpoint : Morse theory on

I  
= { ¢ : Rl - X }

with Morse hfom ask :



Rx Xm
¥

a
= - p*@*@) - Refer , )rd× ]

= - §*@•@idfEo¢hRe(%ohH7d×]

5 : phase ( as
innefwhhes ) Could be absorbed

into x but will be crucial when

we replace R → [0 ,
a )

Zeroes #: Fest =
Ham Flow (REFLD

Local halo aodi dads
= 5 g±Jst

"

fsoliton equation
"

BE 's ¢ cx ) #: di
,

d
;

e Zeon )



Physics is
very

different depending

on whether x is exact on not
.

KIEH
"
FX ) If bdxtto G tohai

[ x ] to ⇐ )
" twisted mass

"

@ a=dW exact : Very well .

kno5FD

#j i=j ⇒ old = ¢ : const
.

×
>

( grad flow FMFWD
itj : Sola

only exists for 5=5 .j=Yw÷g
,

projects to W - plane

:y•wj
• Wi

Important for usual story
• Finite # vaeua

• Wi in "
general position

"
: Ndflinear



@ & NOT EXACT
.

Pass to

Abdu
cover } work

eqvinaiautly

F cover it : % →X

I = ttkn ) = dhf exact

Deck
group

= P = free Abelian
^

and : § → J . ¢ free action

P acts freely on setofvacua N :={§a}
write a → a+y

a

=) is # Vacua
.

Moreover foam - Na = Zr=§x
⇒ • • ?y.

many racua

948 )

• generically collinear critical values



tramp : Minor of free

chinalwlhnastssd

A= ¢ th , ×=e* te

§ - ¢=e&

I=d(mf .e$)<- × - ff - I )d¢
*v

& = logmtztik ¢=m ,i=l
Kez or

F - .F=µp={ old
•

: the = mlogm +2#ikm

@ ALI
Periodic soliton ⇐

¢÷o ; winding ±l times



In general : £=d^W on
^X

←. T&i
SIIZYint

#:i
TREEinX&#ytI

Has nontrivial ftavofwinding charge

§¢K) wrt Jn=E~d±¢)duF



Mswcomptex ( Morse . Smale .

Witten )

€dW
#

.

Rijkid
) =

ftp.p.fi#ij
grading =Femi#F  

= y ( trig.EtFfE
.

)CZ )

diffl ¥
dnsw :

"

di 1/1/1 ok count

-
Sij - instating

#'s
'

( wl signs )
S - inst

. eq

÷ tide

)d±=Jo±=Sg±FgT¢
,

Index
µj(X,x)=X( Rij ) Ira ,;ei←F

=L :(5;jEi€)°Lj(5i;d€) so



AI
L

;
(5) : = Left Lefshetz thimble

= { $1 & Ehl : offered
Remarks :

.

1
.

W.C. µj( X
,

a ) piecewise constant inx

Powijn := { W / Wi wj we collinear }

owi •

Wi

W
*

•

my a

• P a

WK

Wj wj

µ ; re
- ) µk ± µjµjr

CategorisationQ:-Rij Cat 's µij
what is cat

. of WCF ? How do Ri ; change?

For { W ; } in
gen. position

GMW ( 2015 ) had an answer

:
we

will explain a littemoe later
.



#
.

PICARD - LEFSHETZ §

SPECTRUM

GENERATOR
mm

mum
Now consider Yz planet branes preserving
Qf ) = 0++5 Q

-

( Rmk : Euclidean boost equiv .
to rotation of 5 )

Lagronian
4 |% 4~ ( Ln ,

E→L )⇐
) Chea

- Paton

Fund
. branes for x=dW are L :(9)

,
define

hands , classes L ;µ=[ Lis ) ]eHk( X ,Re$w)→a )
Change as function of 9

+it
ng5< ang

%-) X# '

Wi

args > argsij

PL formula
ftp.Y

,
) ordered by Imtw )



L @:;ei£ ) = Sign
.

Kgjeit ) '

Sij  =

It
Cij

Can
interpret as special kind of framed

wall
crossing :

"

S - wall . crossing .

"

When x not exact must pass
to A :

:

iahaya ✓
- , T Wahr

^ ✓ To
.hi

r
.

W

: a-

ranges<
org Zy args > angzy

Now

#
, ( £

,
Re ( 5 'T ) - a) is T

- module2
~

.

For each T orbit choose representative do
andb¥{ Laps ) }aot

"

v

:=Pkl<
a

ao= 1

a±Z[
M - module

. Define Decktmn

As := Ea.Ma.sa.tr@a.a
.

ky÷t
-¥51



Lcseie ) =

IIKNFW

L(get
't

)

&primitive ) :

prove by carefully intersecting
Lefthnhles

2¥ Fa
..s.cstfgkXn↳§gi€HeZMn

SH ) 't

a.b÷µqb§
) Cabo EGL ( v

,
ZCM )

Following PL turns systematically rotating
tab to 5 shows that SY ) factorizes •

is )= : E 's !YtgAr .

.

°

Product over ( a ,b ) : Zab = Ta -

Tv
,

e Ll (5)

ns
V :

Zy ELKS )

1¥ Salas:= (i
- Treas

.
)µ%isowYl:

CF : SN =

"

sputum generator
"

inut



Except : Minor of Clp
'

with twisted mass

£= ¢ E) X=¢* t=<T>±z
I

§ - ¢=e§ a generator of

deck
group

£=dA In ⇐(tFtFo+t)d¢
in =m§+t(efteot )

# " S=toT)t
, ;)

IT : Itn;ll''

tat ,
. DIIE' it

"

)
These are equal and we're going to

Categories that statement
.



II. FIRST CATEGORIFICATION
in -

we

When x=dW only have S - factors and

tiij  

=µij+µiiiµ;gt . . - -

Corresponding Central charges are phase -
ordered

s+⇐÷; µ ; → ri ; so

Consider

|⇐÷t Riiiopiiiio - - - • Ring

V€
Interpret as be

.

-

changing operators

"

e
"*fa%§*ofHe÷ '



⇒ Category THCX
, as ) with objects 4 ;D

^

Hop ( Kia
, kjcs ) ) : - Rij

Composition of mophisns : R^ij@R^jh=Phie
When phase - ordered

Not : piij inherits Ly diffl from dµswouRij
⇒ Th ( X ,d ,

5 ) is adg category

|F€d!A
Wrong categorisation ,

even though the

indices
are right.

jump
Reason H*CRij , dusw ) jump ⇒H*Rij,dnsw)
⇒ Th ( * ,a , ,s , ) #Th( X

, .xi )
when X

, ,Lz Sep . by Wijk .

Solution ( GMW reinterpreted ) : If

XOUModify d by 5 - instauton effects

dusw → dcx ) then :

TKX ,a ,s ,)=M(X , his )



Pirie : Th ( ×
,

a
,

] ) is an An category
and this is an As equivalence -

But all multiplications are computable
in terms of 8 - iinstautons

Pittdifferently % Consider mattes of complexes

Cij#,£) = 2111 + Rijeij

Eyes ,( Xx ) =#Gj ( xx )
Zj ELKS )

As will
argue later : This is inutonp

as long as no occupied rays enteyleaue Y )

Above uses dcx ) and UONZ is defined

by considering pictures like

ftp.t.ft?Fi:::etFiinm"

( and with twisted

masses we need to

generalize the web formalism )



I
.

I - INSTANTONS } ↳ - ALGEBRAS

• A Sij soliton ¢
; gives a = - independent

Solution of the 5
.

- instant equation .

• A rotation ( =

"

Euclidean boost
' '

) in the ( x.ee )

plane rotates
lot = S gttg

• A Sij saliton can be rotated to give a

solution of the Einstanton equation "
9 - boosted

←o#Eg?sepe " 52

.Ie9getEeI#
• Use this to define

"

fan
boundary conditions @a

"

iny

,Pini¥¢iiz
:

tin :@ . iodine R¥RiiQ→Rini,



Path integral with these b.e.'s w/ action

LGK , d) defines a # -

: path integral
defines a vector in ( Dirty

pint := ¥ RF
cyclic

Systematic discussion in GMW ⇒ this
is an La - algebra,

and the vector

defined by the path integral is a

Maurer . Cartan element
.

The argument
Uses the "

web formalism "

- once again :

That is what I'm
generalizing with A

.
K

.



VI. INTERFACES §
"

SECOND CAIFGORIFICAPON
"

Now let to ,x ) also depend on spatial position x

xe R

"0#×R
) ie

. x=%(¢× ) doe

€a=o
The Morse t tom 8h on 3£still makes sense

PhysicalIg :

Suppose

Dx has opt support

F⇐'×#au⇐n*
s

-
Interface Domain Wall / Janus

8h=o : Forced 5- solitoneq :

dd9T=sg⇒ at¢×T

I Note s arb
.

Now

has solutions
,

in general .



p : × - I.
,

× ) path in P

Form a

matrix of MSW cplx
Complexes : -

E [ p ] = §g,

R[ ffij ' eij '

Case x=dW and P crosses S - wall :

gen
: - Hwang.tt?YlxkYo }( As in spectral networks ! )

Categoified S - wall
crossing ( categories PL )

Pscx ) = { Ph xes

Pcs ) xzs

E(§ 's 't

) ¥.

Xp's 't

)@E;j[K
. ,xi ;D

⇐%µ, Eifxktt Risk
]eijP(±

→ First categ .
of CVWCF

by a standard argument :



Wiju

Six¥%.f÷o
Sjk

d "~p "
in P ⇒ Else' " ] ~ EH'T

he
.

of .

i

¥ij Ein Ejn )
"

§.

(EjuEin Eij §

Taking X ⇒ CVWCF

X ( Eij ) = @+eij )µij
But we can do much better :

Using the web formalism we construct

an Aa category of interfaces :

Tk ,a ;x,a )



Together with An bifuntw :

XL
,

/
Xzdz

/
' X

, 23

94,2

)×9(
2,3 )→J( 1,3 )

Given a path p : x
,

→xz get an

object I[p ] in I ( 1,2 ) such that :

1
. Homotpy class of ILP ] only depends

a÷k¥:$II.:b
,

Yet:&
3

. F S - wall interfaces Fj± st
.

#p's 't '

) pe
.

Igo 're

)×Dq.±
( 2nd ) categorified CVWCF :

Hakan 'y←#.BE#q..T3



Generalization To Twisted Masses :

Requires construction of
"

K . wall interface "

What we do understand so far : Matrices of Complexes

in Some examples - such as ( minor to ) Ep
'

Strong

Caplinil :
"

EYYK, :)
D= dmsw

Weak
Coupling

ease Elko:) . 1*92
' ' '" °

- n§faa§gy°sea ,}

D= dmsw t Nontrivial instant corrections
.



With a suitable different 'd these are qi .

Note the
appearance of

extent
,

symmetricalgebras : It is clear from this

,
and other

examples ,
that the K - wall interface will

be closely related to Eck spaces
and

Koszul duality.


