Response of Gregory Moore on the awarding of the 2014 Eisen-
bud Prize

I am deeply honored, and not a little surprised, to be the sole recipient of
the 2014 Eisenbud Prize. First and foremost I would like to thank my collab-
orators Frederik Denef, Emanuel Diaconescu, Davide Gaiotto, and Andrew
Neitzke for their essential insights and enthusiasm for what turned out to be
a very fruitful line of enquiry. I was the senior author only in years - not
infrequently it was my collaborators who were leading the charge.

Since the AMS has requested a response to this award I will use the op-
portunity to sketch my viewpoint on how the work mentioned in the citation
fits into a broader context and then to conclude even more broadly with some
thoughts on the place of Physical Mathematics in the contemporary relation
of the Mathematical and Physical sciences.

A central theme of the work in the citation is the behavior of four di-
mensional theories with N=2 supersymmetry. The 1994 breakthrough of
N. Seiberg and E. Witten amply demonstrated that quantum field theories
with extended supersymmetry constitute a Goldilocks class of theories which
are special enough to admit exact nontrivial results on their dynamics, but
general enough to exhibit a host of nontrivial phenomena in quantum field
theory. The promise of the Seiberg-Witten breakthrough is two-fold: First,
one can make exact statements about how the massless particles in the the-
ory interact at low energies. Second, one can make exact statements about
the spectrum of the Hamiltonian for a subsector of the Hilbert space of states
called the “BPS subspace.” One of the key features of these theories is that
the vacuum state is not unique, but rather is parametrized by a manifold
(which carries a special Kéhler metric). Thus, an example of the first kind of
result is an exact description of the strength of Coulomb’s law as a function
of the vacuum parameters.

I would guestimate that there have been well over ten-thousand physicist-
years devoted to the intense investigation of four-dimensional N=2 field the-
ories. Nevertheless, the full promise of the Seiberg-Witten breakthrough has
not yet been fully realized. Regarding the first kind of result, important and
nontrivial insights continue to be uncovered up to the present day in the
works of N. Nekrasov, S. Shatashvili, V. Pestun, E. Witten and a host of
others revealing relations to integrable systems, and many other things. The
papers mentioned in the citation address the second kind of result: Deep-
ening our understanding of how to compute the so-called BPS spectrum for
ever larger classes of N=2 theories. The key theme in these papers is that,



as a function of vacuum parameters, the BPS spectrum can be discontinu-
ous across real codimension one loci in the space of vacuum parameters. An
important point is that there exists a very beautiful formula which expresses
how this spectrum changes. Since a real codimension one locus is a wall, the
formula is known as a “wall-crossing formula.” The history of this formula is
far too complicated to be explained here, but I will note that it began with a
formula of S. Cecotti and C. Vafa for the decays of solitons in two-dimensional
quantum field theories, and, in addition to my work done in collaboration
with Denef, Diaconescu, Gaiotto, and Neitzke, essential insights and break-
throughs were made in the context of pure mathematics - and motivated
by pure mathematics - by M. Kontsevich and Y. Soibelman and separately
by D. Joyce and Y. Song in their work on generalized Donaldson-Thomas
invariants for Calabi-Yau categories. Research into BPS states continues to
be a very active subject.

As indicated in the citation, the investigations into the BPS spectrum has
led to a wide variety of unexpected and rich connections to many branches
of pure mathematics. Like a beautiful flower which continues to unfold and
dazzle, the deeper the probe, the richer the emergent mathematics. In addi-
tion to the relations of four-dimensional N=2 theories to hyperkéahler geom-
etry, cluster algebras, cluster varieties and integrable systems several other
remarkable links to subjects in pure mathematics have been discovered by
many mathematicians and physicists in the past several years. The full list
is too long to mention here but some prominent examples include deep re-
lations to geometric representation theory and nontrivial connections with
modular tensor categories and two-dimensional conformal field theory.

In view of the extraordinary richness of the field one might well wonder if
there is some simplifying and unifying viewpoint on all the above connections.
Indeed, it is widely believed by many mathematicians and physicists that
there is: A striking prediction of string theory from the mid 1990’s (in the
hands of E. Witten, A. Strominger, and N. Seiberg) is that there is a class of
six-dimensional interacting conformal quantum field theories known as the
“(2,0)-theories.” Many of the beautiful connections alluded to above can be
traced to the very existence of these theories. On the other hand, these six-
dimensional theories have not yet been fully formulated in any systematic
way. There is no analog of a statement for nonabelian gauge theory like:
“Make sense of the path integral over connections on a principal bundle
weighted by the Yang-Mills action.” Indeed the very mention of the (2,0)
theories is greeted by some scientists with an indulgent smile. But many



of us take them seriously. An important problem for the future is a deeper
understanding and formulation of these theories.

For reviews giving a more extensive explanation of these matters the
reader could consult my review talk at Strings2011 in Uppsala, my review talk
at the 2012 International Congress on Mathematics and Physics in Aalborg,
or my 2012 Felix Klein lectures delivered in Bonn. They are all available
on my home page. I would like to stress that there are several viewpoints
on this vibrant subject held by several other mathematicians and physicists
which are equally if not more valid. For a good example, see the review by
Yuji Tachikawa, available on his homepage.

Looking further to the future, we should not forget that the very exis-
tence of the (2,0) theory is but a corollary of the existence of string theory.
Work on the fundamental principles underlying string theory has noticeably
waned - it seems the community is currently gathering more “data” - in the
form of examples and solid mathematical truths, but ultimately Physical
Mathematics must return to this grand question.

Finally, I would like to comment on Physical Mathematics more broadly
since the very purpose of the Leonard Eisenbud Prize is to encourage work
“that brings mathematics and physics closer together.” I think the emergent
and very lively field of Physical Mathematics fits this criterion brilliantly. The
use of this term in contrast to the more traditional “Mathematical Physics”
by myself and others is not meant to detract from the magnificent subject of
Mathematical Physics but rather to delineate a smaller subfield characterized
by a very distinctive set of questions, goals, and techniques. The questions
and goals are often motivated, on the physics side, by quantum gravity, string
theory, and supersymmetry, and, on the mathematics side, often involve deep
relations to topology, geometry, and even analytic number theory, in addition
to the more traditional relations of physics to algebra, group theory, and
analysis. This is a subject which has not been without its critics. Perhaps
the most forceful criticism is that of A. Jaffe and F. Quinn. ! While these
criticisms were very ably answered by M. Atiyah, et. al. 2 and W. Thurston,
3 the issues raised by Quinn and Jaffe are not without merit and we would do
well not to forget them. Nevertheless, given the wide spectrum of astonishing
results achieved in Physical Mathematics in the period since this debate
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erupted the overwhelming preponderance of evidence is that the subject has
great depth and validity. It is likely to remain an important beacon for
progress in mathematics for some time to come.



