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the uncompactified moduli space. Finally, r; = ri(y,{2.}) are the locations of the zeros in

7 of the function,!®

292

1(e) = [[o1)(G - 33+ 2 7 —24) (4.6)
& a=1

Here § runs over all the spin siructures, # = | m._ &, where Py is some arbitrary base vo?ﬁ.

w; are the holomorphic abelian differentials, and A is the vector of riemann constants[30].
If we compute the correlator (4.3), then as m..?u—nﬂou of z it has two sets of spurious poles
{r:} and {r}}, besides the poles dictated by the operator product axcvnm_wo? | are given
by the zeros of (4.6) with z; replaced by Z;. These two sets of poles may be interpreted as
due to the £ zero mode being absorbed by {(#1) and £(z;) respectively. Thus, for example,
if we replace £(%;) by 8¢(Z1) in (4.3), the set of poles {r;} disappears from the correlator,
whereas replacing £(z1) by #£(z1) removes the set of poles {r{}.

We will need to know how the r; behave at the boundary of moduli space. From (4.6}
one learns that on a genus g surface there are g22~2 such poles(7]. From the same formula
one also learns that on a boundary A,,, ¢12%91~2 of them lie on the surface of genus g1,
each repeated 227 times for 2292 different spin structures on the surface of genus g;, and
vice versa.

The total derivative terms might have uons.ﬁ.o integrals on the boundaries of the
moduli space where the genus g surface breaks up into two lower genus surfaces (A;) or &
genus g — 1 surface with an infinitely long handle attached to it (Ao). Following analysis
similar to the one given at the end of sec. 3 (see also ref. [4]), it can be shown that there

is no contribution from Ag. Thus we need only consider the boundary A; for ¢ > 0.

16 Ar we have pointed out before, in order for the gauge slice to be transverse, the

expression [[,9(8](3_, 2% — u\wv is never zero on M — 2. This only guarantees that the
spurious poles r; never caincide with y. However there is no way to avoid the existence of
those poles. The origin of the r;’s can be understood as due to the occurence of accidental
zero modes in the (8,~) system [7].
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Introducing the usual variables, the relevant term near the boundary Ag, is M*, and

is given by,

2511

Mt IM”'\&NM\.*. dz aaqmmoluﬁmmubz Oq E C\Aupu + 8ié(2a) Dy + By, £(2a) Dy, )
1 " q

a=2
2g, -8

(1905 0) (15, 8) T] (1,50} (n5,5)@(p1))s,

1=t
22—t

a?@%ﬁ%&mp_.mEi+9m§p+§m§u&
qf a=1

3g2—3

Adun‘& Twmu ’ 3 : A:w.&:dw. Svmu
=1

(4.7)

In writing down (4.7) we have used the independence of the correlator of 7; to choose 3
on a surface opposite to the one where 2, lies. The set of operators {0, $} contains Jalz)
and V*(y). There are thue four possibilities,

I) z,y € 5y;

Mz € 83,y € 8y

i) z € 81,y € Sq;

V) z,y € S5,

We will list the possible operators ¥t that can appear in (4.7), remembering that we
need M* ~ 1 in order to get a non-vanishing boundary contribution, and hence ¥ must
have dimension (0,0}. Since we also would like to check finiteness we will also check if any
operator with dim < (0,0} could propagate. This is an important consistency check, since
such operators would lead to divergent boundary contributions. The analysis proceeds as
in the previous section using the ghost charge conservation given in {3.14), which needs
to be modified slightly when z and y lie on different surfaces. Another difference from
the previous treatment is that since we are using the reducible representation of the £,n

algebra, all factors of £, including the ones that absorb the ¢ zero mode, must be present
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Finally we would like to add that using the same method, the leading contribution to
the partition function near the boundary Ay may be shown to be of the form
_ 1 1
~ .\ dtdf ——— — (3.32)
(njt 1)
where the extra factor of t~! compared to Nt comes from n;. The integral over ¢t is finite

showing that there is no divergent contribution at Ag for d > 2.

4. The cosmological constant at arbitrary genus in heterotic string theory in

mwpo

In the previous section it was shown that the ambiguities of the heterotic string
vacuum amplitude are proportional to physical tadpoles on strictly lower genus surfaces.
In particular, when these tadpoles vanish we can define an unambiguous amplitude at
genus g, and it makes sense to try to prove things about it. It was also shown that for
heterotic strings in B'%-the case to which we restrict ourselves in this section—only one
tadpole can arise; the dilaton tadpole in the zero picture. As has been shown in refs.[7]/4],
this tadpole is itself proportional to the cosmological constant. This observation suggests
the possibility of proving that the cosmological constant vanishes in R1° using an inductive
argument. The vacuum amplitude is known to be zero at g = 1 by explicit computation.
We assume that the amplitude is zero order by order up o genus ¢ — 1 and hence is
well-defined at genus g. In this section we provide the inductive step showing that the
amplitude at genus ¢ is then indeed zero. Before we are able to complete this inductive
programme we also have to make sure that the expression for the cosmological constant is
well defined, in the sense that it receives no divergent contributions. We shall check this
as we carry out the argument for the vanishing of the cosmological constant.

By standard manipulation[1][7][4], dropping terms which vanish by ghost charge con-
servation, the partition function may be expressed as

-

8g—6

IT dm*> " o;m7 (4.1)

=1
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where,

MT =0, (4.2)
E&“

=3 [ v f e @)

271
re
2g-—2 3g-38 Tm.wu
D, [T (v(z) + 8:8(20)D.) I (., 8) (s, B))
a=2 =1
where,
Jo=e58, (4.4)
are the space-time supersymmetry currents in the — 1 picture[8] and,
- N 1
Ve(y) = IX*(1*)*P{eF 9X¥ (1), 57 + e nbSp) (4.5)

2

is the dilatino vertex operator in the w picture. 2, #3,_2 are the points where the picture
changing operators were originally introduced in the partition function. 5In writing down
eq.(4.3) we have used the reducible representation of the £, n algebra, s.e. all factors
of {, including those which soak up the { zero mode, are now displayed explicitly in the
correlator. In carrying out the integration over ¥, we cut out small holes of radius ¢ around
the points z,, restrict the region of integration over y to be outside the hotes, and take
the € —s 0 limit at the end of the calculation|4]. #; is an arbitrary point on the surface

Z {24}, the expression for M? may be shown to be independent of 3; point by point in

15 Note that in writing down (4.3) we have isolated a point z; from the rest. Since

in general a modular transformation permutes the points z,, we loose manifest modular
invariance. As a result, M7 may not be a globally defined vector density in the moduli
space, although 8, M7 is still a globally defined scalar density. We may rectify this state
of affairs by symmetrizing the right hand side of eq.(4.3) with respect to all the z,’s. OQur
analysis below then may be applied to each term in M7 separately.
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The third step involves taking the 1 — p2 limit. In this limit 8¢2; = 0. Using {3.5)

we can then write the term in the curly bracket in (3.28) as,

mrlnmv [e=#P2)V (p,)Y (21) — c{pa)e *PIV (p2)(8p, 21)8¢(51))

= {Qp,e DV (p2)E(p2)} — (@B, * BV (p2)€(p2) — clp2)e™ PV (p2)3é(p2)

= {Qp,e PV (p)€(p2)} — Blcée™?V)(p2)
(3.29)

which is precisely the vertex operator in the zero picture[8]. Therefore, by induction the
physical tadpole A@U in the (—1) picture at genus ¢ is a sum of tadpoles of physical fields
in the zero picture at genus g1 < g. (Note that the zero picture is distinguished since it is
in this picture that the dilaton tadpole is proportional to the cosmological constant|7)[4]
in a given genus).

Finally we briefly consider the contribution from the boundary Ao where the genus
g surface degenerates into a genus g — 1 gurface with a long handle of length of order
In |t|~! attached to it. Here ¢ is the complex coordinate traneverse to the boundary (for a
more complete description of the coordinate system near Ao see, for example, ref.[4]). The
relevant contribution is the wmln?q t term, and in order to give a non-vanishing contribution
Nt must be at least as singular as w near the boundary. The part of N* that involves
the conformal and the superconformal ghosts may be analyzed explicitly from the known
behavior of the d-functions near the vomamwnwz. Let —e®™%1 denote the periodicity of
the fermionic component of the stress tensor along the cycle that is being pinched, and let
e2™1 denote the periodicity associated with the corresponding By cycle, the cycle that
intersects the pinched cycle once. {In our analysis it does not matter how we choose the

B; cycle). Then for a; = 0 (Neveu-Schwarz sector) and a3 = w {Ramond sector) the

14 Throughout this paper we call the expectation value of the operator AXHAXH the
dilaton tadpole at zero momentum. There are subtleties in relating this matrix element to
the tadpole of a physical dilaton field at zero momentum (they are proportional to each
other, the constant of proportionality being dependent on the genus). We never need to
know the precise relation between the two in our analysis.
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leading behavior of the ghost correlator can be seen to be t—2§~2 and t— $~2 respectively,
following the analysis of ref.[4]. (These leading behaviors may be interpreted due to the
propagation of the operators c¢ge—¢ and cte % respectively, an extra factor of 1 comes
from 57z). On the other hand, the behavior of the correlator that involves the matter fields

may be analyzed using the factorization hypothesis, inserting a complete set of states at

the two ends of the long cylinder C. The net result may be expressed as,

1
_— phighe
(o [t M\E £ (3.30)
L

where d is the dimension of the uncompactified space-time, and {h;, ;) may be interpreted
as the conformal dimension of the operator inserted at the two ends of the cylinder €. The

(In [¢|=)~# factor comes from integration over the d dimensional momenta. In the Ramond
sector the lowest lying state has h; = .m due to the relation Lo = GZ + m. Combining ihis
with the ghost contribution, and keeping only those terms that survive after integration
over the phase of ¢, we see that the leading ¢ behavior of Nt ig gq This is softer
than 3} 3 and hence does not give any boundary contribution at any genus. The total
contribution from the Neveu Schwarz sector, on the other hand, may be written as,
Nt~ Y _L Mu> ghi—dghi=2 (3.31)
Thus we see that potentially divergent boundary contribution may come from operators
V; of dimension (h,h + wv, for0< h < w So far the spin structure &, has never entered
our calculation, but now we shall sum over the spin structure b;. The two contributions
are equal in magnitude, the relative phase between them is +{—) if the operator e~ ¢V} is
even {odd) under G-parity. Thus only operators that are even under G-parity can lead
to a divergent contribution. However, as has already been pointed out, such operators
correspond to the existence of a physical tachyon in the Neveu-Schwarz sector. Thus in
physically sensible theories, which do not have a physical tackyon in the tree level spectrum,

there is no boundary contribution from Ag.
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the slice given in sec. 2, we know that this configuration may be continuously deformed to
one where 2gz — 2 of the points are independent of ps, and coincide with the set of points
describing the choice of gauge slice on an unpunctured genus g; surface, while the other
can be taken to depend on p;. The first step of our analysis is to show that the relevant
matrix element on S does not change under this continucus deformation. Thus we study

the ambiguity in the one-peint function

ig2—1
(Whpa) [] (¥(2a) + 856(5a) Ds + Bp, €(2a) Dy, )
s=t - (3.26)
ﬁduu.v:dn»,mv E Ad.w_&:aw.muvhn
=1

under a change . — % + AZ.. Since, being a physical vertex operator, Gw is BRST
invariant, we may conclude in the usual way that the ambiguity is

2g2—1
~ 8 Tﬁ?u:m@ ~ &2+ 82))D0 [] (¥ (30) + 8:6(2a) Di + 85, £(20) Dy, )
a#e

3ps -3
(1mr8)(150, ) 11 §,s§,si
j=1

+ 3, Tegsxmﬁu — £(3 + 82%)) [ (¥(2a) + 8¢£(2a) Dt + By, £(20) Dp,)
a#e

3g3—3
(528 11 ?égéi
= (3.27)

The total derivative with respect to p; may be dropped since there is no way to generate
a pole ~ (fz — wmoJlu in the correlator.'3The first total derivative may itself be analyzed

exactly as we analyzed the original ambiguity. Notice that if 2; and p2 lie on different

13 As explained below the factor of £(p2) in GH is removed after carrying out the z
integral in (np,,b). The only dependence on p; in Gw is then through matter fields which
do not develop any singularities in §; near Tx{2,)—the only other source of matter fields
in (3.27).
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surfaces at the boundary where 7 degenerates into two surfaces, then, by criteria a) given
in sec, 2, Z; at the boundary is already independent of ps, and hence Az, vanishes at the
boundary. On the other hand, if 5. and p; lie on the same surface when S degenerates
we can study the correlator on the surface not containing 2, and for this correlator the
previous considerations apply. Hence, when Z; changes the correlator (3.26) changes by
terms proportional to tadpoles of Em and em at genus ¢ < g2. In particular we generate
tadpoles of massless physical fields, again in the {—1) picture, but at lower genus. In the
absence of such tadpoles, (3.26) is independent of the location of 5,. Thus we may take
2g2 — 2 of the points (say 2a,... 235, _2) to be independent of py, and take the 3, — p,
limit, which we shall do shortly.

The second step is a rearrangement of the terms in (3.26) which facilitates taking the
£ — po limit. The 8, mummﬁmlﬂ% term in (3.26) removes the factor of (,,,b) from
the correlator. On the other hand, the factor of (n,,,b) may be removed from the term
involving ¥ (21} + 8:€(21).D; as follows. Let us note that 5, may be expressed as — 8,12,
where v* is a vector field which is taken to be unity at ps and may be taken to vanish at
all the points 2,. Then [ d%2n, 5., = — [ d22(83v*)b., receives contribution only from
the locations where b has poles, and v* is non-zero, i.e. py. The residue at this pole is
—8e~?V (pz). The factor of (ng,,b) and #(ps) may similarly be removed by carrying out
the z integral in H &un:wuwwun. Thus the final expression for the correlator on S may be

written as,

{e™®)V (p3) (Y (21) + 3c(21) D) — c(p2)e* P2V (p3) (8, 21) 8¢ (31))
292—1 3,2

@ (¥ (2} + 86€(2:)De) ] (n3,8){n3.5)) (3.28)

where we have dropped the terms proportional to 8y, 3, for a > 2, since 3, has been taken

to be independent of p; for ¢ > 2.
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