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1. Introduction

Quite generally, when one is confronted with a nonlinear object or phenomenon it is often
useful to reduce the problem to a linear problem, at the cost of restricting the domain of
applicability.

Lie groups are not linear — they are curved manifolds. If one chooses coordinates then
the group multiplication law is, in general, given by a complicated power series in the
coordinates.

Nevertheless, Lie’s theorem reduces many questions about Lie groups to questions
about Lie algebras. Questions about curved manifolds turn out to be equivalent to questions
about linear algebra. This is a profound simplification, and it leads to a very rich theory.

2. Geometrical approach to the Lie algebra associated to a Lie group

2.1 Lie’s approach

A good way to approach the subject is the way Sophus Lie did himself. A Lie group is a
group with continuous (or smooth) parameters. We convert the associativity of the group
law into a differential equation, and study the integrability of that differential equation.



L ..., 2" are coordinates in a neighborhood U of 1g, where n = dimG. We

Suppose x
take £ = 0 to correspond to 15. Thus, we have a smooth parametrization of group elements
g(z). The product of two group elements near the identity will be another group element
near the identity. Thus, there is a neighborhood U’ C U so that if g(z), g(y) € U’ then we

can write the group law as:

g(x)g(y) = g(é(z,y)) (2.1)

for some smooth functions ¢'(x,y), i = 1,...n.
The group laws can be expressed in terms of ¢:
1. Associativity:

(ﬁ(.ﬁC,(ﬁ(jj, Z)) = ¢(¢(x7y)7z) (22)

2. Identity: ¢(0,2) = ¢(z,0) =z
3. Inverse: ¢(x,z9) = ¢(xg,z) = 0 is solvable for a unique x in terms of zo.
Now, let us differentiate the associativity condition (2.2) with respect to the z*:

99" (z, ¢(y, 2)) 0 (y, 2) _ 3¢’
0PI (y, 2) 0zF 0k

where repeated indices are summed.

(¢(,y), 2) (2.3)

Now define an n x n matrix function of one variable:

u'y(z) = ——=—F- 2.4
o= =58 (24)
Then, setting z = 0 in (2.3) gives
AL () = (0,0) (25)
Note that (2.5) is equivalent to the equality of first order differential operators:
; 0 ; 0
J —=u' : 2.6
wi(y) oy " k(qb(x’y))adﬂ (2.6)

Here we are holding x fixed and viewing 3* — ¢'(x,%) as a nonlinear change of coor-
dinates. Nevertheless the equation is true for any x and hence we can write (2.6) as

; 0 ; 0
W) g5 = u'(6) 5

ay
Now, (2.7) is a remarkable equation because the LHS depends only on y and the RHS

(2.7)

depends only on ¢. We will apply this observation in one moment.
A second observation is that if we denote

Ii(y) =) (y) 5~ (2.8)

then we can compute
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. , o
[Ik(y)’ Im(y)] = (ujkajulm - u]majulk) @

= (ujk(?julm - ujmajulk)(utr’fl)lpfp(y) (2.9)
= fom W) p(y)

Now, by (2.7) I;(y) = Ix() so it follows that f* (y) = f* (¢), and since ¢ = ¢(z,y)
with arbitrary x, it follows that ff;k(y) is constant! Let us consider the finite-dimensional
vector space spanned by the first order differential operators) Ix(y) in (2.8). That is,
we consider the linear combinations of the Ij(y) with constant (real) coefficients. Note
that this vector space is closed under commutator. We denote this vector space L(G) or
sometimes g. Note that

dimG = dimL(G) (2.10)

On the LHS we have the dimension of a manifold, and on the RHS the dimension of a
vector space. Moreover, it follows from general properties of differential operators that if
X1, X9, X3 are any three vector fields in L(G) then

[X1, Xo], X5] + [[X3, Xu], Xo] + [[X2, X5], Xa] = 0 (2.11)

This crucial identity is known as the Jacob: identity.

These are the crucial properties which are abstracted into the general definition:

Definition : An abstract Lie algebra g over a field k is a vector space over k together
with a product (vi,v2) — [v1,v2] € g, such that for all vy, vs,v3, €9 a,f € k.

1.) [1)1, 2)2] = —[2)2, 'Uﬂ
2.)  [owr + Bug, vs] = afvy,vs] + Blva, vs]
3.)  |lvr,vo], vs] + [[vs, v1], va] + [[v2, v3], v1] = 0.

2.2 Left-invariant vector fields and the Lie algebra

We will now rephrase Lie’s argument in the language of modern differential geometry.

2.2.1 Review of some definitions from differential geometry

Tangent vectors are directional derivatives along paths. If we imagine M C R then we
literally take a tangent plane. In general if p € M let C''(p) be the functions defined in
some neighborhood of p € M, which are differentiable at p. A directional derivative along
a curve 7(t) such that v(0) = p is a linear functional on this space defined by

3(7) = o f(1(1) (212

Then the space of tangent vectors at p, T, M, is the linear span of these linear functionals
Cl(p) — R. A wvector field is a continuous system of tangent vectors.



Now suppose that ¢ : M; — Ms is a map between manifolds. Let us study how
geometric objects behave with respect to such maps.
First of all, functions are contravariant. That is we define the pullback on functions

¢* : Fun(Msz) — Fun(M) (2.13)

by ¢*(f) = f o ¢. Here Fun(M) is the space of all (say, continuous) functions from M to
(say) the real numbers.
By contrast, vectorfields push forward:

(b* : Tle — T¢(p)MQ (2.14)

the definition is that ¢.(¥) is the directional derivative along the curve ¢(7(¢)).

Two facts we will need below are:

e The commutator of two first-order differential operators is a first order differential
operator. This defines the commutator of two vector fields:

€1, &2 (2.15)

Thus, Vect(M) is a Lie algebra, for any manifold M. It is infinite-dimensional. It is not
difficult to show that

G«[€1, 2] = [94(€1), P«(E2)] (2.16)

[ ]
Vector fields act on functions to produce new functions. From the above definitions it
follows that:

P«(V)(f) = V(¢"(f)) (2.17)

Exercise

In general, functions do not push forward. They only pull back. However, if ¢ is an
invertible map between manifolds show that it makes sense to define ¢, (f) = fo¢~!. This
is used when pushing forward the product of a function and a vector field, fV in the next
section.

2.2.2 The geometrical definition of a Lie algebra

Definition. A left translation, or right translation by an element g € G is the diffeomor-
phism:

Ly:G—G h—g-h

2.18 eq:leftrighttz
Ry:G =G hs hog™! (218) [eq &




Exercise
Show that Ly, R, define injections of groups G — Dif f(G).

Now we introduce the important idea of left and right invariance: A left-invariant
function satisfies:

Ly(f) =7 (2.19)

for all ¢ € G. Of course, this just means that f is constant, because if we evaluate
(2.19) at g = 1 then

LE(f)lher = flmt = fg-1) = £(1) (2.20)

However, the notion of left- or right- invariant tensors still leaves room for very inter-
esting examples.
Definition. A vector field £ € Vect(G) is left (or right) invariant if

(Lgo )* (fg) - §90‘.‘]

(Rgo)*(£g> = fggo_l (2.21)

is satisfied for all g, go € G, respectively.

The picture is: For a general vector field {, is the directional derivative at g to some
curve 7,(t) going through g, while g4 is the directional derivative of some -a priori unre-
lated - curve J4,4(t) going through gog. Then the condition of left-invariance:

(Lg)*<fg) = gog (222)

means g.,4(t) has the same directional derivative at ¢ = 0 as the curve go - v4(t).
We now recognize our first order operators Ij(y) defined in (2.8) as vector fields on the
group G. The equation (2.7) is the statement that these are left-invariant vector fields.
Now, let us return to the general situation. Note that if &1, & are two LIVE’s then

(Lg)«[€1,&2] = [(Lg)«(&1), (Lg)«(§2)] = [§1, 2] (2.23)

This leads to the

Geometric definition of the Lie algebra: We define the Lie algebra L(G) of a Lie
group G to be the Lie algebra of left invariant vector fields on G.

Examples
e G =U(1). The general vector field on U(1) is

d

£=160)55 (224)

eq:1lftinvfun

’ eq:1ftinvfunp




Left invariant (and right-invariant) vector fields satisfy f(0 + 6y) = f(0) for all 6y. That
is, f(#) must be constant.

e G = GL(n,k), k = R,C. We can choose as global coordinates on the manifold
the matrix elements g;; of g € G. Introduce an n x n matrix of vector fields 8% whose
components are:

0 0
(379)” Ay

(2.25)

(%)ge is the directional derivative along the curve go + te;; where e;; is a matrix unit.
Note that if go is invertible then this curve is indeed in GL(n, k) for sufficiently small |¢|.
One computes
(L) (o) =gy - (226)
dg dg
where matrix multiplication on the RHS is understood. To do this, let fx;(g) = gx be the
function which picks out a matrix element. Then

0 0 0
<L90)*(@)<fkl) = @fkl oLy, = e > (90)ksfsr = (90)kidj (2:27)
v 1 iy g
Therefore,
(o) (o) = 0D (2.29)
\5—lg) = 0)kiy— .
go 892']' g - 8gkj gog
Therefore
&ij = (gtrag)ij = ng(g)kj (2.29)
9 - 9
is a matrix of left-invariant vector fields on GL(n). Proof:
T a - T T a
(Lgo)e(9" 5-) = (90 9)" 90 - 5
J 5 g (2.30)
= gtr [ypp—
g

The n? vector fields &i; are linearly independent (simply consider their values at gy = 1)
and form a basis for all LIVF’s on GL(n), by an argument given below. Finally, note that
by direct computation we find

[€ij> Ekt) = 0jn€it — 015 (2.31)

and the structure constants are indeed constant.

Returning to the general case, let us now suppose & is a LIVF. Then &; = (Lg)+«(&1),
so a LIVF is completely determined by its value at g = 1, and hence we can identify L(G)
with the tangent space at g = 1: L(G) = T1(G), at least, as a vector space. Conversely,
given a tangent vector X € T1(G). Then to X € T1(G) we can associate a curve vx(t)
through g = 1 whose tangent vector at g = 1is X. (As we will see below for a matrix group
we can take yx (t) to be the curve exp[tX] where we literally exponentiate the matrix. ) If



G is a Lie group, then the right action of G on itself defines a global system of left-invariant
vector fields on G as follows: If X € T (G) is the directional derivative along a curve yx (t)
passing through g = 1 then then the curves vx 4(t) := gyx(t) through g have directional
derivatives defining a vector field {(X) € TyG. This vector field is left-invariant, and in
this way we define the map from 771G to the left-invariant vector fields on G.

The left-invariant vector fields £(X) are called the fundamental vector fields on G.
Every LIVF of G is of the form £(X) for some unique X (indeed X = £;) so we can define
[X s Y] € TG by

€00, 60)) = €(1X. Y)) (232

This defines T1G as a Lie algebra, and then £ defines a homomorphism of Lie algebras
T1(G) — Vect(G).

To get a better feel for these vector fields consider again the example of G = GL(n,TF).
The Lie algebra is g = Mat,(F). Let e;; be the matrix unit with a 1 in the i** row and j*
column, and zero in all other matrix elements. Then one easily computes the vector field
by considering the curve gexp|te;;]:

~ 9
lei) = D ohig, (2.33)

k=1
where we are regarding the matrix elements g;; as coordinates on the group. Thus the

fundamental vector fields on G are just the vector fields &;; we examined above.
Then, combining (2.31) and (2.32) we have

& ([eij, ewyr]) = [E(eiz), E(erjr)] = 8k (eijr) — dijr€(eirj) (2.34)

and we conclude that [e;;, ey ;7] coincides with matrix commutator, as it should.

If G € GL(n,TF) is a subgroup of a matrix group then the matrix elements gij are not
_9_
Ogi;
a path such at 1 + te;; will not be a path within the matrix subgroup in general. These

all independent, so some vectors will be expressed in terms of others. Put differently,

linear dependences are most easily computed using the dual cotangent space 177G and the
Maurer-Cartan form, as discussed below.

Exercise
Write out the right-invariant vector fields on GL(n,TF).

3. The exponential map

We have discussed in chapter 2 how to exponentiate matrices. We would now like to
generalize this notion to define a map

exp: L(G) - G (3.1)



Since not all Lie groups are matrix groups it will be a little more abstract.
Consider a homomorphism f : R — GL(n,R). Such a map must satisfy

d N
()= lim WY F(t 4+ h) — f(1)]

= lim A~ '[f(h) — 1]f(¢t) (3:2)
h—0
= Af(t)
so f(t) is the unique solution to this differential equation with f(0) = 1. We write
f(t) = e (3.3)
Recall that for A € M, (k) k=R or C, we defined
AJ
expA =) 7 € Ma(k) (3.4)
320

defines the exponential of a matriz. In general any function defined by a power series can
be evaluated for matrix arguments, as above.
In a sufficiently small neighborhood U of 0 the map exp : M,(R) — GL(n,R) is

invertible with
o0

logg =—> (1—g)*/k (3.5)
k=1
as its unique inverse.
As we have said, not all Lie groups are matrix groups. So we define exp more generally
(and more intrinisically) as follows:

Theorem: If GG is a Lie group there is a 1-1 correspondence between the tangent space
TG and group homomorphisms f : R — G (aka “l-parameter subgroups”).

Proof: A homomorphism clearly determines a tangent vector X € T1G. Conversely,
given a tangent vector X € 171G we consider the left-invariant vector field £(X). We study
the tangent curves to £(X): these are curves yx(t) such that

Ix(t) = E(X)x@)- (3.6)

We would like to show that the tangent curve through g = 1 defines a group homo-
morphism of R into G.

We can take the tangent curve to satisfy vx(0) = 1lg. Equation (3.6) is just an
ODE. By the theory of ODE’s we know that we can find vx(¢) on a sufficiently small
neighborhood ¢ € (—¢,€). Now consider a ty in this interval. Similarly, we can study this
differential equation near yx (tg). Now vx (t+to) and yx (to)vx(t) are both solutions, since
&(X) is left-invariant. By the uniqueness of solutions to ODE’s

x (t+to) = vx (to)vx (t) (3.7)

’ eq:tangentcury




for t,tg,t + to in the interval, so vx(t) is a local homomorphism. To extend the definition
of yx(t) to large values of ¢ we take

Vx(t) := (yx (t/n))" (3.8)

for sufficiently large n. (Exercise: Show that it doesn’t matter what n you pick.) &
Evaluation of yx(t) at t = 1 defines the map

exp: TG — G (3.9)

whose derivative at 1 is the identity. In this way we define exp, even if GG is not a matrix
group.

Remarks:

e exp: R — U(1) given by z — €*™ shows that exp is in general not 1-1.

[ ]

A Lie group can be given the structure of a Riemannian manifold in a canonical
way. The geodesics through 15 are precisely the 1-parameter subgroups. For a compact
Lie group, we get a complete Riemannian manifold, and a general theorem of differential
geometry shows that any two points on a complete Riemannian manifold can be joined by
a geodesic. Therefore, for a compact Lie group, exp is onto.

e For a noncompact Lie group exp need not be onto. We will give counterexamples
when we survey the Lie algebras of matrix groups below.

e As we will see, finite dimensional Lie algebras can be exponentiated to form Lie
groups. However, there exist examples of Lie algebras which cannot be “exponentiated”
to form Lie groups.

Exercise
Show that the choice of n does not matter in (3.8).

Exercise Fxponentials and inverses
a.) Show that for the abstract exp map we have:

etem =1 (3.10)

for any A € g.
b.) Define Ad(G) on g ..... ik NEED SOME DETAILS *** Show that

exp[BAB™!| = Bexp(A)B™! (3.11)

~10 -



4. Baker-Campbell-Hausdorff formula

The exponential map is neither one-one nor onto in general. However, for a finite dimen-
sional Lie group, in a sufficiently small neighborhood of the identity 14 € Us C G and
0e€lh Cc ThG, exp : Uy — Uy is 1-1 and onto.

It is therefore natural to ask what the full group law looks like in terms of the linear
space g := T1G. Thus we would like to express

C(A, B) = loge”e? (4.1)

in terms of A, B.
If we imagine A, B are sufficiently small (we will say they are “order one”) then we
can expand in Taylor series

C(A,B)=A+B+ %b(A,B) T (4.2)

where b(A, B) € g are the terms of order 2 and - - - are the terms of order > 3. The factor

of % is for later convenience. !

Since C(A4,0) = A and C(0, B) = B, b(A, B) has no terms of order A? or B? and hence
is a bilinear map:
b:gxg—g (4.3)
Moreover, since exp(—A) = (exp(A4))~! we have C(—B,—A) = —C(A, B) and therefore
b(A, B) = —b(B, A), that is, b is skew-symmetric. Thus, working infinitesimally, we derive
the Lie product on T1G.
Now, the amazing thing about Lie groups is that

the entire Taylor series C'(A, B) can be expressed solely in terms of b. ‘

The formula that does this is known as the BCH formula, and we will now derive it
for the case of matrix groups in the next section.

4.1 Statement and derivation

The BCH formula allows us to understand the Lie group operation in terms of the matrices
in the exponential. It also provides a convenient way to understand the relationship between

Lie groups and Lie algebras. 2

The problem we want to solve in this section is:

et A, B be n x n matrices. Find a matrix C such that e = e4e? where C is expressed as a (possibly infinite) series in A, E

!To be more precise, we can introduce parameters ti,t; which are real and small and consider the
multiplication of exp[ti1 AJexp[t2B]. The “degree” is the total degree of ¢t; and t2 in the Taylor expansion.
2The proof in this section follows Miller, Symmetry Groups and their applications.

- 11 -



The series we will obtain is convergent for “small” matrices. We can make this precise
by, for example defining || A ||= max|a;;| and demanding that || A ||, || B || be sufficiently
small. We comment on the radius of convergence below.

Lemma 1: Let A be a constant matrix in ¢. Then

%em = Aett = €14 (4.4)

Proof: Series expansion. é#
To state the next lemma we introduce some notation:

Definition 4.1: For A € M, (k) we denote by Ad(A) the linear transformation M, (k) —
M, (k) defined by

Ad(A) : B~ [A, B] (4.5)
We also denote: ;

where there are m commutators on the RHS.

Lemma 2:

(Ad4)
) 7! (4.7)
= B+[A B] + 5[A,[A, B + -

e"Be A = AY(B) =%

Proof: Let B(t) = et Be™ 4.
Note B(0) =B
B(t) = AetABe 4 — e Be~t4 A = (AdA)(B(t))
Now, by induction

(2 )iB(t) = (AdAY B() (18)

B(t) is analytic in ¢, so we can write the Taylor series around zero. #

Now we come to the much more nontrivial: Lemma 3: Let

2

e —1 z oz
f(z) = . :14_54_54_... (4.9)
Then i p
—(%eA(t))e_A(t) = eA@)%e—A(t) = —f(Ad(A(1))) - A(t) (4.10)

where A(t) is any differentiable matrix function of ¢.

- 12 —



Proof:
This is nontrivial because A(t) does not commute with A(t) in general!

B(s,t) = eSA(t)ie_SA(t)

dt
OB sAW) & —sawy _ sa@w) 4 s
255 = Alt)e A e o gl Aw)] (4.11)
= Ad(A(t))B(s,t) — A(t)
&'B i i1 4
T (Ad(A(t))) B(s,t) — (AdA(t) T A(2)

B(0,t) = 0 therefore again by Taylor:

g‘l'g}B(s,t) o= —AdA@Y AW G20 (4.12)
So
o -1
esA(t)%(efsA(t)) - _ Z (Ad(;l'(t))) A(t) (4‘13)

Now set s=1. &
Note: you can rewrite this lemma as the statement:

d

1
YA —(1—5)A(t) 4 —sA(t) ..
G = [ At)e A0 gs (4.14)

because:

1
A A _ _ / e~ (1=9A4(0) ()¢ =5AD) g
dt ;

1
Rl A (4.15)
0
Ad(A®) _ ,
_ A (e -1 A(t)
Ad(A(t))

Note that (4.14) is an intuitively appealing formula. For a finite product we have:

% M (£) Mo (t) My(t) - - Mn(t)] = (%Ml (£) Mz (6) Ms(8) - -
d
+ (Ml(t))(dtMQ(t)C)ZMi%(t) e (4.16)
+ (0 (0) (M () (1 (0)
4+ .+ Ml(t)Mg( ) s (%Mn(t))

~13 -



Now regard
N

AW = Tle ] (4.17)

i=1
where As = 1/N. Now take N — oo.

Now we are finally ready to state the main theorem:

Theorem: (Baker-Campbell-Hausdorff formula)

Let:
logz = (1—2z)
== — 4.18
9() =5 Z j+1 (4.18)
7=0
be a power series about 1. Then when A, B are n x n matrices with || A ||, || B || sufficiently

small, the matrix C given by the expansion:

1
C=B+ / g(ethd4eAdBY (A)at (4.19)
0

satisfies C' = log(e?e?).

Explicitly the first few terms are: 3

C—A+B+ %[A,B] + a4, B+ LB, (B, A + i

12 12 [A,[B,[A,B]]] +--- | (4.20)

where the next terms are order € if we scale 4, B by €.
Proof:
Introduce:

€0 = 4B (4.21)

C(0) = B, and C(1) is the matrix we want. We derive a differential equation for C(t).
By Lemma 4 we have:

eC(t)%e_C(t) — FAACE)C®) (4.22)

with
e —1

f(z) = (4.23)

z
On the other hand, plugging in the definition (4.21),

d d
Ct) Z o=C) — tAZ —tA _ _
e oe e e A (4.24)
3Tt is useful to note that [A,[B, [A, B]]] = —[B, [4,[B, A]]] = B*A? — A>B?

4One can find an algorithm for generating the higher order terms in Varadarajan’s book on group theory.

~ 14 -



by using Lemma 2. Therefore:

f(AdC()C(t) = A (4.25)
Now, f is a power series about 1 so it immediately follows that

C(t) = f(Ad(C(1))~'A (426)

Let us make this more explicit.
Introduce the power series about 1

logw = (1 —w)
= = —_— 4-2
gw) =73 Z j+1 (4:27)
J=0
which satisfies the equation:
) = St (428)
J oz e#—1 ’

regarded as an identity of power series in z. Now we can substitute for z any operator O,
and use

9(e%) = £(O), (4.29)

and therefore we can solve for C:

C(t) = f(Ad(C(t) - A

= g(eXp(Ad(C(t))) A (4.30) |eq:first

where we applied (4.29) with O = (Ad(C(t)). This hardly seems useful, since we still
don’t know C(t), but now since we have power series we can say

0O — JAd(C(H) _  Ad(tA) ,Ad(B) (4.31)

Proof of claim:
Note that for all H:

ACO g = COHe—CM) by lemma 2
=B He Be A def.ofC
= Ad(tA) AdB) by lemma 2 (4.32)
o Ad(C(D) _ SAd(tA) LAd(B)

Therefore:

C(t) = g(erdtA)AdB)) . 4 (4.33)
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Now we integrate equation (4.33)

t
C(t) = C(0) + / g (A AdB)) A (4.34)
0
but C(0) = B, so
1
C =C(1) = log(e’e?) = B+ / g(eAdl AAAB 4 g (4.35)
0

which is what we wanted to show. &.

Remarks For suitable operators A, B on Hilbert space the BCH formula continues to
hold.

Exercise
Use the BCH theorem to show that if

g1 = et gy = el A2 (4.36)

the group commutator, g1g29, ! 9y L corresponds to the Lie algebra commutator:

9192917 - g5 " =1+ tito[ Ay, Ao] + O(83, 13) (4.37)
Thus we say a Lie algebra is “abelian” if [A;, Ag] = 0 for all Ay, Ay € g. Otherwise it

is “nonabelian.”
Moreover, if A; = %|Ogi(t) then [Aj, Ao] is the Lie algebra element associated to the
curve

g2(t) = 1 (V1) - 2 (V) - 97 (V) - g3 (V) (4.38)

Exercise
Work out the BCH series to order 5 in A, B.

Exercise
Show that we can also write:

1
C =log(e?eP) = A +/ g(e A Blg=AdAN B g (4.39)
0
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4.2 Two Important Special Cases
4.2.1 The Heisenberg algebra

Suppose [A, B] = z - 1 where z is a scalar. Then all higher commutators vanish and
ApB _ (A+B+521 (4.40)
hence:

etel = e . P . et (4.41)

One very common application of this formua is in quantum mechanics. For example,
if we consider the quantum mechanics of a single particle on a line then A, B can be scalar
multiples of G, p, respectively where

[p, 4] = —ihl (4.42)
The above formula says:
e PPl = ¢=ihaB oPiop (4.43)

More generally,

i

Q1P TP1d 2P tB2q _ =5 (1 fa—azB) (ar+az)p+(Bi1+P2)q (4.44)

Exercise The magnetic translation group
Consider the problem of an electron confined to a two-dimensional plane x1, zo Usually

2

in quantum mechanics translations in z', 22 by a', a® are represented by

Uy = @' U, = e'@’P (4.45)

with U1Uy = UyUq, because [p1, p2] = 0.

Now suppose that there is a constant magnetic field B perpendicular to the z1,x2
space, as in the quantum Hall effect.

The Hamiltonian for a free electron in the presence of the magnetic field is:

H= % (p1 — €A1)? + (p2 — eA2)?) (4.46)

In a uniform magnetic field we can choose a gauge so that this can be put in the form:

1 eBza eBz1
e (L R (1.47)

Now p1,p2 do not commute with H. This is hardly surprising since H is no longer transla-

tion invariant. Moreover the gauge invariant momenta p; := p; — eA; also do not commute
with the Hamiltonian.

17 -
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a.) Show that [p;, H] # 0.
b.) Show that if we define the magnetic translation operators:

B B
mo=p1 + € 2332 Ty 1= pg — € 2$1 (4.48)
then these satisfy [m;, H] = 0. In fact, [m;,p;] = 0.
c.) The price we pay is that:

[71, 2] = iheB (4.49)

The “magnetic translation group” is the obtained from the operators
U1 = eX ia17r 1

pl , ] (4.50)

Us = explia“ms)]

d.) Show that Uy, Us satisfy the relations:

U Uy = exp|—iheBa'a?|UsUy (4.51)

Kkosk sk ok >kok ok sk ok ok sk ko k

Comment on the “noncommutative plane”
ook ok ok ok Kok Kk ok

4.2.2 All orders in B, first order in A

Consider the following problem: Find ee? = e, when A = ¢ is infinitesimal, to all orders
in B but to first order in e.

1
BCH = C=B+ / g(eAdeerdBy ()t
0

_ b aaB 2
—B+/O g(e?*P) (e)dt + O(€?)

AdB 4.52
=B+ x5 (452
— B4ec—L[B.d+—[B,[B.e]
T o el AT b e
1
— —_[B,[B,[B,|B .
720[ 7[ 7[ 7[ 76]“]—’_
Note:
T 11+12 m4+fc6 8 n 10
=1l—=—x+ —a°— — —
e — 1 27 7127 T 720 T 30240 1209600 ' 47900160

691

_ 12 “ ..
1307674368000 (4.53)

o n!
n=0
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1bsec:ssGenDef ‘

is an important expansion in classical function theory -the numbers B,, are known as
the Bernoulli numbers

There are many applications of this formula. One in particle physics is to spontaneous
symmetry breaking where the formula above gives the chiral transformation law of the pion
field. Here B = 7(x) is the pion field and € is the chiral transformation parameter.

Exercise
Show that ¢ = e“e is given to first order in € by

Ad(A)

C:A_ie—Ad(A)_lﬁ

(4.54)

4.3 Region of convergence

The BCH formula has a finite radius of convergence. This is clear from the finite radius
of convergence of the series expansion for logz around z = 1. Therefore it suffices to check
that e!Ad4eAdB hag characteristic values sufficiently close to 1.

In general, if A is diagonalizable with eigenvalues A;, then the eigenvalues of AdA are
Ai — Aj.

Exercise

a.) Let B be an n x n matrix with distinct eigenvalues A1, ..., A,. Show that Ad(B)
acting on the space of all nxn complex matrices has the n? eigenvalues \; — A1 <5 <n.

b.) Show that the Baker-Campbell-Hausdorff series can fail to converge if the eigen-
values of A differ by 27iZ.

5. Abstract Lie Algebras

5.1 Basic Definitions

Our discussion of vector fields on Lie groups led to the general notion of a Lie algebra. We
repeat the definition:

Definition 5.1.1: An abstract Lie algebra g over k is a vector space over k together with
a product (vi,ve) — [v1,v2] € g, such that for all v, ve,v3,€ 9 «a,f € k.

1) [Ul, Ug} = —[Ug, Uﬂ

2.)  |avi + Bog,vs] = afvr, vs] + Blva, vs]

3.0 [lv1,va], vs] + [[vs, v1], v2] + [[v2, v3],v1] = 0.
Remarks
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e You might be tempted to write

)
[U1, v2]=v1 - V2 — v - vy (5.1)

but in the abstract definition (and in some examples) there is no sense in which we
have defined a second product v1-v2 on g. Of course, this is true in some examples as in the
Lie algebra M, (R) of all n x n matrices, but is certainly not true in general. For example,
as we will see, the Lie algebra of U(n) is the real vector space of n x n antihermitian
matrcies. However, the product of antihermitian matrices is not antihermitian. M, (R) has
more structure. Another example is the Lie algebra of vector fields. The product of vector
fields is a second order differential operator, and is certainly not a vector field.

Any set of matrices that is closed under commutator satisfies the Jacobi identity:
[ X1, Xol, X3] + [[X3, X1], Xo] + [[X2, X3], X1] = 0 (5.2)

Simply because the product X7 X5 is defined for matrices. More generally, any associative
algebra has a Lie algebra product by [a1,a2] = ajas — aza;. Note that associativity is
crucial. Moreover, if A is an associative algebra then the matrix commutator defines a Lie
algebra structure on M, (A).

Exercise

Verify the statement of Remark 2.

Exercise
Considering Lie algebras from the viewpoint of algebras in general show that
a.) Lie algebras are nonassociative. Indeed, show that the associator is

(21, 29, 3] = [22, [23, 1]] (5.3)

b.) If a Lie algebra has a unit then it is trivial (over a field of characteristic # 2).

Just as for groups we can define a notion of homomorphism or isomorphism of Lie
algebras, etc.

Definition 1 A homomorphism of two Lie algebras p : g —8,is

1.) alinear transformation (remember the g are vector spaces)
2.) which preserves the Lie bracket:

u([X,Y]) = [p(X), u(Y)] (5.4)
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A one-one onto homomorphism is an isomorphism.
Some of the operations of linear algebra generalize nicely to Lie algebras. For example,
a sub-Lie algebra h C g is a vector subspace such that

[X,Y] € b (5.5)

for all X,Y € h. Furthermore, a direct sum of two Lie algebras g; and go, written g1 & go,
is the direct sum as a vector space, but also has the property that

[X1,X2] =0 (5.6)

for all X; € g1 and Xs € go.

We can also make a semidirect sum of Lie algebras, analogous to the semidirect product
of Lie groups. In the exercise below we introduce the notion of a derivation of an algebra.
If there is a homomorphism of Lie algebras from g to the Lie algebra of derivations of b,
say Y € g — Dy € Der(h), (note that Dy need not be an inner derivation), then we can
define a Lie bracket on h & g by:

(X1, Y1), (X2, Y2)] = ([X1, Xo] + Dy, (X2) — Dy, (X1), [Y1, ¥2]) (5.7)

In the exercises you check that this indeed defines a Lie algebra structure.

In general, if h C g is a sub-Lie algebra it is not true that the vector space quotient
g/b is another Lie algebra. However, if b is an ideal, then g/bh can be given the structure
of a Lie algebra.

Definition 2 An ideal, or, invariant subalgebra in g is a sub Lie algebra h such that for
all X € h,and all Y € g,
X,Y] €b (5.8)

Note that there is no distinction between left- and right-ideals in a Lie algebra.

Some of the operations of linear algebra do not generalize to Lie algebras. For example,
the tensor product of Lie algebras g; ® g2 makes sense as a vector space, but does not have
any natural Lie bracket.

Finally, suppose p : g1 — go is a Lie-algebra homomorphism. Then it is easy to show
that kerp C gp is not only a Lie subalgebra but an ideal and, just as for groups, if u is
surjective then

g1/kerp = go (5.9)

Exercise Ideals
Show that if h C g is an ideal then g/b is a well-defined Lie algebra.

Give a counterexample when b is not an ideal.
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Exercise Tensor products
Is the tensor product of two Lie algebras a Lie algebra?

Exercise Derivations
A derivation of an algebra A over a field k is a k-linear map D : A — A which satisfies

the “Leibniz rule”
D(ab) = D(a)b+ aD(b) (5.10)
a.) Show that if D, Dy are two derivations of A then
[Dy, Do] = Dy Dy — DyDy (5.11)

is a derivation (although DDy is not a derivation). Conclude that the set of derivations
Der(A) itself forms a Lie algebra.
b.) If a € A and A is associative, then the inner deriwation D, defined by

D, (b) :==ab—ba (5.12)
is indeed a derivation, and that
[DU«I?DU«Q] - D[a1,a2] (5'13)

c.) If A is a Lie algebra then show that the inner derivation

Dy(z) := [y, ] (5.14)
is indeed a derivation:
Dy([x1,x2]) = [Dy(21), 22] + [21, Dy(22)] (5.15)
and moreover
[Dy,, Dy,] = Dyy, o] (5.16)
d.) Show that if D is any derivation then
[Da Da] = DD(a) (517)

and conclude that the inner derivations form an ideal in the Lie algebra of derivations.

Exercise Semidirect sums
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a.) Show that (5.7) is a valid Lie bracket: It is antisymmetric and satisfies the Jacobi
relation.

b.) Going back to chapter one, let us consider the semidirect product H x G of Lie
groups where o : G — Aut(H) is a continuous homomorphism. Show that if we write
Q1tey+... = 1+ €Dy + --- then the Lie algebra of H x G is indeed the semidirect sum

hg (5.18)

5.2 Examples: Lie algebras of dimensions 1,2,3

1.) One dimensional real Lie algebras = R. Let € be the a basis vector. Then [e1, 1] = 0.
The corresponding Lie group is (R*, x) = (R, +).

2.) Two dimensional real Lie algebras are g = R?, as vector spaces. Let é},¢& be basis
vectors. We can define:
a.) The abelian Lie algebra:
[€1,82] = 0. (5.19)

The corresponding Lie group is R* x R*.
b.) The nonabelian Lie algebra:

€1, 6] =& (5.20)

Proposition. Any 2-dimensional Lie algebra is isomorphic to (a) or (b), and these
are not isomorphic.
Proof: (We follow Talman and Wigner):

Suppose g = 2-dimensional nonabelian Lie algebra. Let d, be g be linearly independent

-

vectors. Then [a@,b] = €1 # 0. Any two vectors in g can be written

W = 1@+ b (5.21)
Wy = vad@ + Pob (5.22)
[y, W] = (182 — Braz)eél. (5.23)

Choose a new basis €, k where k is linearly independent of €.

@,k =c&i  ¢#0 (5.24)

put k = cé, then [€1,63] =¢1. M

Exercise
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1
Consider the Lie algebra spanned by: {<8 (1]> , (0 )}

00
Show
01
e 5.25
€ — (0 0> (5.25)

o (o) (520

is a Lie algebra isomorphism with the Lie algebra in example 2b above.

Describe the corresponding Lie group.

Example 3 The three-dimensional Lie algebras. By similar arguments one can list the 6
inequivalent 3D real Lie Algebras.

a.) [51,52] = [gl,gg] = [52,63] =0 b) [51,52] = [51,63] =0 [52,53] = 51 C.)

le1,éx] = 0 [e1,63] = é1 [€2,€3) = Aéa d.) [€1,62] = 0 [e1,e3] = €1 [ez, €3] =
€1 + éo e.) [51,52] =0 [51,53] = )\é] — €y [52,53] = €1 + A\éy

f) [€1,€2] =é5 [€r, €3] =¢€1 [€3,€1] =€

Remarks

e The examples c,e exhibit an interesting phenomenon. Note that there is a continuous
parameter A so there are infinitely many inequivalent 3d Lie algebras, parametrized by
A. Parameter spaces labelling inequivalent mathematical objects are often called moduli
spaces.

e (b) is called the Heisenberg algebra

e (f) is the Lie algebra of sl(2), or of su(2) depending on whether we work over C or
over R.

For a proof of the above classification, together with matrix representations, see the
book of Wigner and Talman.

Exercise
Show that the matrices ej3, ea3 and —(e11 + Aega) give a matrix representation of the
Lie algebra of type (c) above.
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5.3 Structure constants

Suppose we choose a basis {¢;} for g as a vector space. Then there exist constants

€7, €] = Z fz‘];'é’k (5.27) ’eq:structureC(
k

Definition Z-’} are called the structure constants of g wrt the basis {€;}.

Remark: It sometimes happens that Lie algebras are defined in terms of a special basis
together with relations (5.27). One must always be sure to check that such a presentation
in fact satisfies the Jacobi identity. There have been cases where someone proposes a new
Lie algebra, but the Jacobi identity fails (and hence no such Lie algebra exists).

Exercise Properties of structure constants
Show that
(a) ]Zk =—f ]ij
(b)
S|t gt ) =0 Vi (5.25)
l
In (a) there is in general no symmetry property relating i to j, k. (b) is equivalent to
the “Jacobi identity.”

Exercise

A symmetric bilinear form h : g X g — k is said to be an invariant form if
h(Ad(X)Y,Z) 4+ h(Y,Ad(X)Z) =0 (5.29)

for all X,Y, Z.
Choosing a basis e; for g let h;j = h(e;, e;) and define

Fisk = hie (5.30)

Show that if h is an invariant form then f;;; is totally antisymmetric on all three
indices.
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5.4 Representations of Lie algebras and Ado’s Theorem

In order to discuss the main theorem of this chapter, Lie’s theorem, we need a few definitions
and an auxiliary result, Ado’s theorem.

The space End(V') of endomorphisms of a vector space V' is a Lie algebra. Thus we
can define:
Definition: A representation of a Lie algebra g with representation space V is a Lie

algebra homomorphism

T:g— End(V) (5.31)

where End(V') is the space of all linear transformations on V. We also say V' is a g-module.
A matrix representation is a homomorphism 7' : g — M, (k) for some n.
Put differently, we have a vector space V together with a multiplication

gxV =V
(5.32)
(X,v) > X v
which is bilinear in X, v and such that
X, Y] vo=X-(Y-v)-Y - (X-v) (5.33)
Upon choosing a basis for V' a g-module provides a matrix representation of g.
Two representations
T; : g — End(V;) (5.34)

are said to be equivalent if there is an isomorphism S : V43 — V5 such that S *1T2(X )S =
T1(X) for all X € g. If the representation defines an isomorphism of g with its image, i.e.
if kerT = {0}, then the representation is said to be faithful.
Remarks
e Given any matrix representation of a Lie group G we automatically get a matrix
representation of the Lie algebra L(G): If X = %g(t)\o € g then
d

T(X) = ST(a)lo (5.35)

Exercise
Show that (5.35) defines a Lie algebra representation T'([X,Y]) = [T(X),T(Y)] by
using the BCH formula.

e Any Lie algebra has a canonical representation: V = g,
Xeg—T(X)=Ad(X) € End(g) (5.36)

where

Ad(X):g—g (5.37)
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is the linear operator:

Ad(X)(Y) = [X,Y] (5.38)

This is called the adjoint representation.

Exercise The adjoint representation
a.) Show that (5.38) is a representation. To do this you must show:

[Ad(X), Ad(Y)] = Ad([X,Y)) (5.39)

b.) Show that the matrix elements of the adjoint representation wrt a basis X; for g
are the given by the structure constants relative to that basis:

(Ad(X:));* = 55 (5.40)

c.) Show that the kernel of the homomorphism X — Ad(X) is the center of the Lie
algebra:
Z(g) ={X]Ad(X)Y =0 VY €g} (5.41)

Thus the adjoint representation is in general not a faithful representation of g.
d.) Suppose g is abelian. Describe the adjoint representation.
e.) Define the symmetric bilinear form

h(X,Y) = TryAd(X)Ad(Y) (5.42)

Show that h(X,Y) is an invariant bilinear form. This is known as the Cartan-Killing

metric, and is very important in determining the structure of semisimple Lie algebras.

Evidently, although every Lie algebra has a canonical representation - the adjoint
representation - this need not be a faithful representation.

Theorem|[Ado’s Theorem]. Every finite dimensional Lie algebra has a faithful matrix
representation.

Proof: The proof is somewhat involved. See Jacobsen, Lie Algebras, p. 202. The main
idea is this: The kernel of the adjoint representation is the center Z(g). Therefore, if one
can find some representation V' of g which is faithful on Z(g) then we can take a direct
sum with the adjoint representation: V & g to produce a faithful representation of g.

One begins by constructing a faithful representation of Z(g). If it is c-dimensional then
in a ¢ + 1-dimensional vector space we choose a nilpotent operator N such that N¢ £ 0.
Then Z(g) is represented by the commutative Lie algebra generated by N, N2 ... N¢.
Indeed, we can choose any basis for Z(g) and map the basis elements to the powers of N.
Such a representation is faithful.
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Thus we have produced a faithful representation, V & g , of Z(g) ® (g/Z(g)). Next,
one needs to upgrade this into a representation of g itself. For the details, see Jacobsen. &
ook should there be a discussion of irreps and schur’s lemma here? HHtsckscksc

6. Lie’s theorem

We have now seen how Lie algebras emerge from Lie groups. What about going the other
way, i.e. from Lie algebras to Lie groups?

Consider the case of matrix Lie algebras. If commutators are closed under some
property then exponentiating matrices will (locally) form a group, by the BCH formula.
For example, if A is anti-hermitian, A = — A%, then U = exp(A) is unitary:

vUt = (eA)(eAT) =ele =1 (6.1)

Conversely, consider the collection of unitary matrices of the form

U(N) = {e?: AT = —A} (6.2)

Claim: U (N) is locally closed under multiplication, i.e., it is closed as long as the BCH
formula converges. The main thing we must check is that if we write

et = ¢ (6.3)

with C given by the BCH formula then C is antihermitian. Suppose A, B antihermitian
At = —A, Bt = —B. Then

is antihermitian. Now, for the same reason, all the terms in the BCH series are antihermi-
tian since the expansion coefficients in the Taylor series expansion are real. Thus, just using
BCH we would be tempted to conclude that U (N) forms a group. However, we should
worry about three problems: The BCH series does not always converge, the exponential
map can fail to be surjective, and the exponential map is generally not 1-1. In fact, it turns
out that the exponential map for U(N) is actually surjective, and hence U(N) above is a
group after all, but we need extra information to reach this conclusion, and our discussion
would also fail for certain noncompact groups.

Thus, for the general case we are going to have to work harder.

The central theorem of the subject, Lie’s theorem, is the following: °

Theorem:

a.) Every finite dimensional Lie algebra g arises from a unique (up to isomorphism)
connected and simply connected Lie group G.

b.) Under this correspondence, Lie group homomorphisms f : G; — G9 are in 1 — 1
correspondence with Lie algebra homomorphisms p : 171Gy — T1Gs.

5We follow closely G. Segal’s elegant exposition in Lectures on Lie Groups and Lie Algebras, by R.
Carter, G. Segal, and I. MacDonald.
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Remarks

e Locally isomorphic groups have the same Lie algebra, so we need to use the simply
connected cover to get a 1-1 correspondence.

e Warning: It follows from the theorem that if b is a sub Lie algebra of g = T1G then
there is a Lie group H such that h = 77 H, and moreover there is a group homomorphism
H — G. However, H need not be homomorphic to any topological subgroup of G. For
example, take G = SU(n), n > 2 and consider a U(1) x U(1) subgroup K of the maximal
torus, say

Diag{\ p, (M)~ 1,...,1}  ApeU() (6.5)

The group K has as Lie algebra the abelian Lie algebra R @ R. The corresponding Lie
algebra homomorphism is

v: (z,y) — Diag{2mix, 2miy, —27i(x + y),0,...,0} (6.6)

Now, for h take the abelian Lie algebra R. Its corresponding connected and simply con-
nected Lie group is (R, +). Choose the homomorphism p to be obtained by embedding R
into R®R via 1 — (1,a) € R® R. Considering R @ R to be a subalgebra of L(SU(n))
using v we have

p: x — Diag{2miz, 2riox, —2wi(1 + a)z,0,...,0} (6.7)

The corresponding Lie group homomorphism (R, +) — SU(n) guaranteed by the theorem
takes
x — Diag{e®™®, e?™or, e 2millta)e 1 1} (6.8)

If o is rational, the image is a topological subgroup of SU(n). Now consider the case where
a is irrational. The image is a copy of the Lie group R embedded in SU(n), but this image
is not a topological subgroup of SU(n) since it is not a submanifold. Indeed, it densely
fills the U(1) x U(1) subgroup K.

e Lie’s theorem has an elegant and concise statement in the mathematical language
of categories. There is a category C; whose objects are finite dimensional connected and
simply connected Lie groups, and whose morphisms are group homomorphisms. There is a
category Cy whose objects are finite dimensional Lie algebras, and whose morphisms are Lie
algebra homomorphisms. In categorical language, Lie’s theorem is simply the statement
that the functor G — L(G) is an equivalence of the categories C; and Cy. Indeed, the point
of the theorem is to construct the functor L(G) — G such that the composition of the two
functors is the identity. 6

Proof: Let us now sketch the proof of Lie’s theorem.
The hard part is showing that you can always exponentiate a finite dimensional Lie
algebra to form a Lie group.

5Tn general to prove an equivalence of categories one only needs a natural transformation of FG and GF
to the identity.
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We use Ado’s theorem to assume that g C M, (R) is a sub Lie-algebra of M, (R) for
7
some n.

Our Lie group will be built by thinking about the (infinite dimensional!) space of
smooth paths

v:10,1] = ¢ (6.9)

with (0) = v(1) = 0. To such a path we can associate a group element g, € GL(n,R) by
the “holonomy”

1
Gy = Pexp/ y(t)dt (6.10)
0

This can be defined using the path ordered product or as the solution g,(1) to the first
order ODE:

d

(1) = ()95 (1) (6.11)

For bounded paths the path ordered exponential always converges, so g,(1) is well-
defined.

Figure 1: A closed loop in the Lie algebra maps to an open path in GL(n,R). fig:looplie

We would like the set of elements g, to form a subgroup. To do this we can add the
technical condition that all derivatives (;lt—l'y, n > 1, vanish at ¢t =0, 1.
Define concatenation of paths:

272(21), 0<t<3 (6.12)
Y1 *Y2 = . eq:compone
2n(2t—1), L<t<1
The solution of (4.33) for this concatenation is
2t), 0<t<i
Greye (1) = {9’72( ) 1 — (6.13)
9y (2t - 1)9%(1)7 ;3<t<1

and hence:

Gyixv2 = 971972 (6'14)

"This can be dispensed with, but the proof is harder. See below.
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Thus, group elements of the form g, are closed under multiplication. Define G’ C
GL(n,R) to be the set of matrices g, corresponding to paths of the above type. From
(6.14) we see that G’ is closed under group multiplication. Moreover, running v backwards
gives the inverse element, so G’ is indeed a subgroup of GL(n,R). Unfortunately, G’ is not
quite the group we are after, because it might not be a topological subgroup of GL(n,R),
as the above example with irrational « shows. Therefore, we cannot conclude it is a Lie
group.

To take care of this we define P to be the space of all closed paths v : [0,1] — g with
all derivatives vanishing at ¢ = 0, 1:

d n
P={y:00,1] — g <dt> Y|t=0,1 = 0,n > 0} (6.15)

This is an infinite-dimensional manifold. To compute the tangent space consider a
path of elements in P going through some ~,(t). That is, a path of paths 7(s,t) with
v(0,t) = ~4(t). Differentiating a path of such paths gives

T’y*(t)P =P (6.16)

Moreover P has a multiplication 1 * 9. But it is not quite an infinite-dimensional
Lie group - there is no identity or inverse. The natural identity would be the zero path
Y0 (t) = 0, but v *+y is only homotopic to . (P is in fact an infinite-dimensional homotopy-
Lie group.)

Now, equation (6.14) shows that P has a map to G’ preserving multiplication. The
group we are after is obtained from P by imposing an equivalence relation:

Y1~ 2 < 9vi = Gvye (617)

We claim that G := P/ ~ is a finite dimensional manifold, locally modeled on g, and
moreover it is a Lie group. We will compute its tangent space and Lie algebra in a moment.
Note that the quotient relation allows us to show that G really is a group. Moreover, it is
clearly connected and simply-connected, because we can shrink paths.

Thus, G will be a nice smooth Lie group, although its image G’ C GL(n,R) might be
very bad.

Now we would like to compute the tangent space to G, that is, the Lie algebra of G.
We work in the neighborhood of the zero path vo(¢) =0 in P.

Recall that there is a neighborhood U of the identity in GL(n,R) so that log is well-
defined. By definition of the topology of P, there is an open neighborhood I of the zero
path in P obtained by considering those paths so that g, () lies in ¢ for all ¢t and hence
logg, (t) is well-defined. Define 7., (t) for such a path by

gy(t) = M. (6.18)

At this point we only know that n, : [0,1] — M, (R). Note that although v(t) are
closed paths in g, ny(t) in general will be an open path. We can take 7,(0) = 0, but in
general g, # 1 and in this case 7,(1) cannot vanish.
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Now we show that 7,(t) is in fact valued in g, not just M, (R). To do this, note that

eAd(ny (1)) _
10 = G010 =

Now suppose (t) is scaled by e. Then there a solution to (6.19) given by a power series in
€ Ney(t) = €M (t) + €2na(t) + - - where we solve

(1,(2)) (6.19)

n = (1)
) 1 )
72 + 5[771,771] =0
' , : (6.20)
73 + 5[77177'72] + 5[772#'71] + g[’?b [m,m]] =0
=0

By induction we see that 7, (t) € g for all t.
Now we remark that by (6.18) and the fact that exp is 1 — 1 in our neighborhood,
the equivalence relation (6.17) is the same as 7, (1) = 7,(1). The local neighborhood

K = m(U) of the identity in G is precisely

K={n:[0,1] — g|n(0) =0}/ ~ (6.21)
where
m ~ 12 & m(1) = mn2(1) (6.22)

But this means that an equivalence class is uniquely parametrized by the element of g
given by the endpoint of the path. Moreover, the space P is trivially a Lie algebra: The
Lie bracket is just

(11, m2](t) == [m1(2), ma2(?)] (6.23)

and this Lie bracket descends to the equivalence relation. Thus, the space (6.21) is
isomorphic to g as a Lie algebra.

This establishes part (a) of the theorem.

To show part (b), first note that a homomorphism of Lie groups easily determines a
homomorphism of Lie algebras by considering one-parameter subgroups through 1. Now for
the converse, suppose we are given p : g — go. Using part (a) we can identify g; = 171G
and go =2 T1G9 where G, G2 are connected and simply connected.

We would like to define f(g) by writing g = eX and taking

f(eX) = erX) (6.24)

Certainly, by BCH, if (6.24) makes sense then given that p is a homomorphism of Lie
algebras, f is a homomorphism of Lie groups. The problem is that X need not exist, and
even if it does, it need not be unique. So, if eX = X’ then it might not be true that
pu(X) = pu(X’) and hence the attempt to define f by (6.24) in fact fails.
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Instead we define f(g) as follows. To begin, we choose a path g(t), now in G1, not g1,
with g(0) =1 and ¢g(1) = g. We get a corresponding path in g;:

(1) = g(t)g~ (). (6.25)
Let 7(t) := p(y(t)) be the corresponding path in go. We can solve

() =313 (1) (6.26)

with boundary condition §(0) = 1¢,, and attempt to define

flg) == g(1). (6.27)

Note that if we have two group elements g1, go then, as we have seen gj - go corresponds
to 1 * 2, hence to A1 * 42 hence to §1go, so we do get a homomorphism.

The problem is, we need to show that f(g) in (6.27) is well-defined since we made a
choice of path g(t) to define it. It is exactly at this point we make use of the fact that G;
is simply connected. Suppose that go(t), g1(t) are two paths with go(1) = ¢g1(1). Since G;
is simply connected we can write a homotopy ¢(s,t) between these two paths.

That is, there is a smooth map g¢(s,¢) mapping I x I — G such that g(0,t) = go(t),

g(l,t) = gl(t)v g(s,O) =1 and g(S, 1) =g

Then we define:

9 1
s,t) = —g(s,t)g(s,1
v(s:t) (%g( )g(s,1) (6.25)

9 1
1) = B)g(s,t)”
n(s,t) = 5-9(s,)9(s, 1)
Note that these satisfy the Maurer-Cartan equation

0 0
—n= 2

An important point is that the converse also holds. Namely, (6.29) is the integrability
condition for the existence of a solution g(s,t) to (6.28) for a given ~,n.
Therefore, we apply the Lie algebra homomorphism p to (6.29) to get

27— 501 = [1.7] (6.30)
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and, using the converse result, this is the integrability condition for the existence of a
solution g(s,t) to

2 3(s.1) 1= 7(5,03(s.1)

2g(s,1) = (5,135,

(6.31)

Now, g(s,1) = ¢ is independent of s. Therefore 7n(s,1) = 0. Therefore 7(s,1) = 0.
Therefore %g(s, 1) =0, so (6.27) is well-defined. &

Remarks

e As we mentioned, it is possible to avoid Ado’s theorem, and proceed directly from
g to the definition of the simply connected Lie group. To do this, we return to P, but
now we introduce a more subtle equivalence relation. Now we say that vg ~ 1 if there
exists a homotopy (s, t) of paths in P such that there is a partner 7(s,t) satisfying the
Maurer-Cartan equation:

0 0

—Y = =n= 6.32
5:7 7" = 1 (6.32)
for some 7(s,t) € g. Then we claim that P/ ~:= G is the desired Lie group. The hard
part is to show that the Lie algebra of G is indeed g. To do this we solve

f(Adn, ()0 (t) = ~(t) (6.33)

and show that v ~ 2 iff n,, (1) = 7,,(1). Then
L(G) ={n:[0,1] = g}/ ~ (6.34)

is isomorphic to g.

e We are really using here the theory of flat connections. The Maurer-Cartan equation
is the statement that the gauge field A = vdt +nds is a flat gauge field: F = dA + A% = 0.

e One of the advantages of the above presentation is that it can be generalized to
infinite-dimensional Lie groups. See

J. Milnor, “Remarks On Infinite Dimensional Lie Groups,” In *Les Houches 1983,
Proceedings, Relativity, Groups and Topology, Ii*, 1007-1057

7. Lie Algebras for the Classical Groups

Now we can review the Lie algebras of some matrix groups, including the classical groups.
As we have seen, if G is a matrix group, that is, a Lie subgroup of GL(n, k) then the Lie
algebra associated to the Lie group G is:

L(G)={A= % Og(t) 1 g(t) = any curve g(t) with ¢(0) =1} (7.1)

One way to think about Lie algebras related to the classical groups is as “infinitesimal
group elements.” Since Lie groups are manifolds we can consider a neighborhood of the
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identity element 1g. In this neighborhood the manifold looks like a linear space, namely,

the tangent space T1G. We now want to get a better understanding of how the structure

of the group translates into an algebraic structure on 771G in the classical matrix groups.
For example, if G is a matrix group then matrices g € GG close to the identity can be

written as
g=1+¢€A (7.2)

where € is small. Thus infinitesimal group elements defines a matrix A in the Lie algebra.
Thus, for example, if A is anti-hermitian then 1 + €A is unitary to order €:

(14 €eA)(1+eAd) =1+ 0O(?) (7.3)

We will now list the relevant properties for the classical matrix groups. Our discussion
will parallel the survey we did of the matrix groups:

1. Definition and dimension.

2. Properties of the exponential map.

3. A natural choice of a Cartan subalgebra t C g. By definition, a Cartan subalgebra is
a maximal abelian subalgebra of g. It is of supreme importance in the theory of roots and
weights and representations. A Cartan subalgebra is the Lie algebra of a corresponding
Cartan torus.

7.1 A useful identity

The following identity is extremely useful: Given any n x n matrix A € M,(k), the
determinant and the trace may be related as follows:

|det(exp(A)) = exp(TrA) | (7.4)

This is sometimes written
logdetC' = TrlogC (7.5)

but the latter identity only makes sense when the log is well-defined.
We have already proven (7.4) above as an application of Jordan canonical form.

7.2 GL(n,k) and SL(n,k)
The Lie algebra of GL(n, k) is just the Lie algebra of all n x n matrices:

gl(n, k) = L(GL(n, k)) = My(k) | (7.6)

Let us check this by producing a one-parameter family. Let A € M, (k) and consider
g(t) :== exp(tA). These matrices are all invertible, and

lag(t) = A (7.7

Thus we get the full Lie algebra of n x n matrices.
Again by dete?t = exp(Tr(A)) we get

(sl(n, k) = L(SL(n, k) = {A € My(k) | tr A = 0} (7.8)
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We have a direct sum of Lie algebras:
gl(n, k) =k @ sl(n, k) (7.9)
A natural choice of Cartan subalgebra is the subalgebra of diagonal matrices.

Remarks

e The exponential map is not onto for SL(n,R). Let us consider SL(2,R). If g = e
then g lies on some one-parameter subgroup g(t) = e*4. Any such can be conjugated into
a maximal abelian subgroup. From our classification of the conjugacy classes of SL(2,R)

it follows from hgh~! = " that A can be conjugated to one of three possible forms:

10

A==z (O _1> (7.10)
0 -1

A=z (1 0 > (7.11)
01

A=z <0 O) (7.12)

It is easy to check that the trace of e4 for A conjugate to (7.10)(7.11)(7.12) is > —2,
and the trace is = —2 only for g = —1 = exp[iwo?]. In particular The parabolic conjugacy
classes with Tr(g) = —2 and the hyperbolic conjugacy classes with Tr(g) < —2 are not in

the image of the exponential map.

Exercise Structure constants for GL(n, k).

The Lie algebra has a natural basis given by the matrix units: e;; = The matrix with
zero entries except = 1 at (k7)" matrix element.

Calculate the structure constants

leij, er] = Ojnei — duek; (7.13)

Exercise Structure constants for sl(2,C) and sl(2,R)
Show that we may choose a basis

eq:hyperbol

eq:elliptic

eq:parabol

10 01 00
H= ET = E = 14 :
(0 —1) (o 0) (1 0) (7.14) [eqispe]

with structure constants
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[EYE]=H

7.15) |eq:sltwo
- (7.15)

We will see a lot more of this later.

Exercise The exponential map is onto for GL(n,C)
Show that

exp : gl(n,C) - GL(n,C) (7.16)

is surjective.

Answer: Tt suffices to check this statement for Jordan form. Therefore, try to write
A+ N, where N = e19 + eo3 + -+ - is a d x d Jordan block in the image of the exponential
map. Recall N = 0 but N4~! £ 0. Note that

explrl + a;N + agN? + -+ ag N1 = (7.17)
. L o2 of ' i
=e 1+a1N+(a2+§a1)N + (g1 + -+ (d—l)'N (7.18)
and note that we can set ¢ = X\ and then solve the upper-triangular system of equations
for the «;.
Exercise

a.) Show that matrices of the form

—x 0
(o0) -

for > 0 are in SL(2,R), are in the image of the exponential map for SL(2,C), but not
in the image of the exponential map for SL(2,R).

b.) Show that
-1 1
2
(0 _1> (720)

is in SL(2,C), is in the image of the exponential map for GL(2,C), but not for SL(2,C).
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7.3 O(n,k)

t4 is a family of orthogonal matrices. Then

(050" =1 (rn)

since they are orthogonal for each ¢. Differentiate (7.21) wrt t to get:

Suppose g(t) = e

d

Zicoe et = A4 At = 0 (7.22)

and we can conclude from (7.22) that the Lie algebra of O(n, k) is the Lie algebra of
n X n skew matrices:

o(n,k) = L(O(n,k)) = {A € M,(k)| A" = —A} (7.23)

Note that o(n, k) = so(n, k) because the groups O(n, k) and SO(n, k) have the same
neighborhood of the identity. In general locally isomorphic Lie groups have the same Lie
algebra.

Note that the exponential map is not one to one. For example:

expl2r (_01 é)] 1 (7.24)

Let us give a basis for the Lie algebra. Introduce the matrices:
T’ij = 61']' — eji (725)

so that T;; = —T};. Then Tj; for 1 <i < j < n form a basis for o(n, k). We compute the
structure constants:

(Tij, Tha) = 06T — 81Ty — 0irTjr + 01 Thi (7.26)

N.B. T;; are elements of a Lie algebra - they are NOT matrix elements!

For o(2r, k), or o(2r + 1, k), a natural basis for a Cartan subalgebra is
T2, T34, s Tor—12:- (7.27)

7.4 More general orthogonal groups

Recall that for any symmetric bilinear form D we can define an orthogonal group O(D).
If we choose a basis and represent D as a symmetric matrix D;; then O(D) becomes the
set of matrices with

gDg"" = D (7.28)

Following the procedure above we find the Lie algebra is the set of matrices A such that

AD + DA™ = 0. (7.29)
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In particular, specializing to D = n = ((+1)P, (—1)?) we can rewrite this condition as:
(nA)" = —(nA) (7.30)

Thus, the matrices are skew-symmetric after multiplication by 7. Thus we could choose
a basis Tj; = nT;;, for o(p, q) where T;; are a basis for o(p + ¢). Thus a basis for the Lie
algebra is:

Tij = nii€ij — Mjj€jis I<i<j<n (7.31)
We can read off immediately the structure constants for o(p, q):
[T Tra) = njeTin — miTj — nieTin + i Th (7.32)

Again, we caution that the subcripts do not label matrix elements but elements in a
basis for the Lie algebra. In particular it is always true that:

Tij = —Tji. (7.33)
However, note that if n;; = n;; then Tij is an antisymmetric matrix, but if 7;; = —7;; then

A

T;; is a symmetric matrix.

Exercise
Compute the structure constants for the Lorentz group

7.4.1 Lie algebra of SO*(2n)

There is one other “real form” of SO(2n,C) given by matrices of the type:

eavriigeny ran
where A4, By are real n X n matrices with
(Ap)m = —Ay (B)" = +B. (7.35)
For more discussion about this consult Gilmore, p.343.
7.5 U(n)
Proceeding to unitary matrices g(t) = ' is unitary if:
etAletd = 1 (7.36)
Differentiating at ¢ = 0 we conclude that:
Al =—A (7.37)
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So:

22
Il
—~—
8N
m
&=
p=
S
-+
]
BN
Il
@)
—

(7.38)

A Cartan subalgebra is generated by matrices ieqq, @ = 1,...n for u(n), but for su(n)
we need to have traceless matrices. One choice of basis is i(€4q — €g41,0+1), 1 <a <n—1.

Remarks

e Physicists usually separate out a factor of i = /—1 and write

U=e¢l (7.39)
where H is hermitian.
[
Note that the condition AT = —A is only preserved by multiplication of A by real

numbers so we must consider these as Lie algebras over R.

Exercise

Let us consider SU(2) in particular. Show that the Lie algebra can be thought of as
the real span of three anti-hermitian matrices (iJy), k = 1,2,3, with J; Hermitian, such
that

[JZ‘, Jj] = iéiijk (740)

where ¢€;;; is the antisymmetric tensor on three indices. Take J; = —I—%ai.
Note that the structure constants —e;j;, of this Lie algebra are real if we use the real
basis %ai.

Exercise Relating o(4) and su(2)
We saw in the previous lecture that at the level of groups:
SU(2) x SU(2)

SO(4) = 7 (7.41)

This must be reflected in the structure of the Lie algebras.
The Lie algebra version of (7.41) is that

o(4) = su(2) & su(2) (7.42)
Do this by defining
~ 1
ij = iew/)\pA)\p (743)
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for any antisymmetric tensor A,, = —A,,. In particular, for the generators of so(4) we
can define:

1
T;w = §€,u1//\pT)\p (744)
Now form the “self-dual” and “anti-self-dual” combinations of generators:

1
Aiy = i[TuV + T;w] (745)

a.) Show that
A+ +
AL, = TA, (7.46)

b.) Show that [AT, A~] = 0 and that

Ji— Jf = AL = Al = (ng + Th4)

Jo — J2 = Ag_l = A24 = 2(T31 + T24) (7.47)
1
Js = Jf = Af, = —-Af, = §(T12 + T34)

defines an isomorphism of the Lie subalgebra of the AJr and su(2). Show that the corre-
sponding statement for the A, is

_ 1
Jl — ‘]1 1:§(T23 - T14)
_ 1
Jo — J2 ::i(Tgl — T24) (748)

1
Jy — Jy :zi(Tm — T34)

Exercise The 't Hooft symbols
When working in Fuclidean 4-dimensional physics the 't Hooft symbol is often of great
use. This is defined by

i 1
O‘i} = 5(:&(2#5,,4 + 51‘1/(5;14 + Ei;w) (749)

where 1 < p,v < 4,1 <17 < 3 and it is understood that €;,, is zero unless 1 < p, v < 3.
a.) Show that in the previous exercise we can take:

(7.50)
b.) Show that if we regard o' as 4 x 4 matrices with matrix elements af,}i then

(o, aFd] = —ikgEk (7.51)
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ot oI =0 7.52
[

. . 1 ..
{a®,a®7) = 247 (7.53)

See Belitsky, VanDoren, VanNieuwenhuizen, hep-th /0004186, for many more identities
of this nature. A closely related tensor are the so-called “’t Hooft symbols” . Definitions
differ, but roughly n = 2.

Exercise Spinor indices and 't Hooft symbols

7.5.1 U(p,q)

The discussion here parallels that for O(p, ¢). Introduce 7 as before. Now a one-parameter
subgroup through 1 in U(p, q) satisfies

A neld = (7.54)
for A € u(p, q). Thus,
(nA)t = —(nA) (7.55)

and nA is antihermitian.
Etec.

7.5.2 Lie algebra of SU*(2n)
7.6 Sp(2n)

Following the same procedure as before we take a family of symplectic matrices g(t) = et4.

They must satisfy:
AT Jeth = (7.56)

Differentiating at ¢t = 0 gives:
ATJ+JA=0 (7.57)
Conversely, (7.57) and J? = —1 imply:
—JeM J=e A = = AT J=Jed = ete Sp(2n, k) (7.58)

by pulling J to left and using (7.57) successively. so:

sp(2n, k) = L(Sp(2n, k)) = {A € Mo, (k) | (JA)" = +(JA)} (7.59)

Now we can easily count the dimension of Sp(2n,R). We need only take a real sym-
metric 2n x 2n matrix and identify it with JA. Thus the dimension is:
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1
dimgpSp(2n,R) = §2n(2n +1) (7.60)

in accord with a direct analysis at the group level.
Recall that the Cartan torus of USp(2n) is given by diagonal matrices of the form

(;} A(L) (7.61)

where A is a diagonal matrix of phases. The corresponding Cartan subalgebra is spanned
by
i(eaa — €a+n,atn) a=1,....n (7.62)

Exercise
Define a basis mg for the Lie algebra from

Imag = —(eas + €8a) (7.63)
ie.
Map = J(eag + 6,811) (764)
Show that
[Mag, mw;] = JgyMas + Jaympgs + Jgsmay + Jasmpgy (7.65)

One way to remember this is that the result must be symmetric on (o, 3) as well as (7, d)
and antisymmetric on («, 5) <> (7, 0).

Exercise
It is also worthwhile to examine the condition (7.57) in terms of the block decomposi-
tion. Represent the matrix A in block form:

A Axz
A= 7.66
<A21 A22> (7.66)
Show that (7.57) implies:
ATy = —Ag (7.67)
Aln— A, AL — Ay (7.68)

Recall that if g € Sp(2n) then ¢g'" € Sp(2n). Prove this using the Lie algebra.
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Exercise su(1,1) 2 sl(2,R) = sp(2,R)
a.) Show that a basis for the real Lie algebra su(1,1) can be taken to be

1
E* = 5(01 Fio®) (7.69)

H =02 (7.70)

and these satisfy the above standard commutation relations of s/(2,R).
b.) Note that sl(2,R) = sp(2,R) trivially from the above characterization of block
diagonal form.

Exercise su(2) = usp(2,R)

Exercise Solving the general quadratic Hamiltonian in quantum mechanics
Show that symplectic transformations allow us to solve the general quadratic Hamil-
tonian in quantum mechanics for a finite number of degrees of freedom:

Consider the general quadratic Hamiltonian for IV degrees of freedom r =1,... N.
H =M, P.Ps+ AP Xs + Ar X P + Grs X, X5 (7.71)
where, after quantization [P, Q;] = —id;jh, [P, Pj] = [X,, Xs] = 0. We restrict to

Hermitian Hamiltonians so that M,; and G,s; are real symmetric. A,s; is an arbitrary
complex matrix.

a.) By adding a c-number we can assume that A, is real.

b.) Write the Hamiltonian as

_Ars _M’rs Xs A N
i (xen)a (G () 2

and observe that it is of the form

i = (X, P) Jh (ﬁ) (7.73)

where h € sp(2N,R).
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Conclude that by a complex symplectic transformation

(ﬁ) —g (ig) (7.74)

we can bring h — g~ 'hg into the Lie algebra of the Cartan torus. That is, we can bring it

w 0
<0 —iw) (7.75)

where w is diagonal and real. In this basis the Hamiltonian takes the form

to the form

N
H=>Y wi{Al A} (7.76)
=1

c.) Finding the relevant transformation explicitly can be hard. The Hamiltonian can
be simplified and the problem can be reduced to the diagonalization of an N x N Hermitian
matrix as follows:

By a symplectic transformation X — TX, P — T "1 P we can bring M,, to the form
drs. Then, by conjugating with exp[i%SnanXm] we can make A, antisymmetric. Thus
we can bring H to the form

H=PP+ Aps(Po Xy + X,P) + Grs X, Xy = (Pr 4+ Aps X)? + (G + AMA), X, X, (7.77)

with A, real antisymmetric. (This may be interpreted as charged particles in a con-
stant magnetic field in a quadratic potential.)
The Heisenberg equations of motion

0

—zha(?(t) = [H, O] (7.78)
become:
. X
a(5)-x(2) -
where
A1
K=-2 <—G A> (7.80)

1. K isin the symplectic Lie algebra sp(2/N) and hence by a symplectic transformation
can be brought to the Cartan subalgebra:

U'KU = <‘5 _Ow> (7.81)
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where w is N x N diagonal. This is the transformation to creation/annihilation oper-
ators.
To find U note that eigenvectors of K are of the form

(Zl> (7.82)
E2

LBy = —v v =—(A- %E)vl (7.83)

where L(E) = G + A? —iFEA. This is an Hermitian matrix and can be diagonalized with
eigenvalues f;(F). We then solve the quadratic equations f;(F) = E?/4.

with

8. Central extensions of Lie algebras and Lie algebra cohomology

The ideas here parallel those for central extensions of groups:
A central extension of a Lie algebra g by an abelian Lie algebra z is a Lie algebra g
such that we have an exact sequence of Lie algebras:

0—-z—g—g—0 (8.1)

with z mapping into the center of g. As a vector space (but not necessarily as a Lie algebra)
g =2z® g so we can denote elements by (z, X) and the Lie bracket has the form

[(21, X1), (22, X2)] = (c(X1, X2), [X1, Xo]) (8.2)

where ¢ : A%g — z is known as a two-cocycle on the Lie algebra. That is ¢(X,Y) is bilinear,
it satisfies

o(X,Y) = —c(Y, X) (8.3)

and the Jacobi relation requires

C([Xl,XQ], Xg) + C([Xg, Xl],XQ) + C([XQ,X3],X1) =0. (84)

Two different cocycles can define isomorphic Lie algebras. If there is a linear function
f g — z such that

o(X,Y) = by (X,Y) = f([X,Y]) (8.5)

then the cocycle is said to be trivial, and the central extension is isomorphic to z @ g
as a Lie algebra. Indeed,
X = (f(X),X) (8.6)

is an explicit Lie algebra homomorphism splitting the sequence. (Check!)
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More generally, if two cocycles differ by a cocycle of the form by then they define
isomorphic Lie algebras. Thus, again, classifying isomorphism classes of central extensions
is a cohomology problem, in this case, Lie algebra cohomology.

Remark: Suppose that G is a Lie group central extension of a Lie group G. Then
a 2-cochain ¢(X,Y’) defines a left-invariant 2-form on G, and a 2-cocycle defines a closed
left-invariant two-form w on G. A central extension of the Lie group, defined by the group
cocycle f(g1,92), also defines a corresponding 2-cocycle on the Lie algebra by

f(et1X1,6t2X2):|

1 d d 1
—‘0 og f(et2X2, ethl)

X X)) = — &
o(X1, X2) 2m‘dt1‘0dt2

(8.7)

8.1 Example: The Heisenberg Lie algebra and the Lie group associated to a
symplectic vector space

In general, given any real vector space V and a skew bilinear form w: V x V — R we can
view V as an abelian Lie algebra and use w to define a central extension

0 — R — heis(V,w) =V =0 (8.8)

We simply use the cocycle c¢(vy,v2) = w(vy, v2).

When w is a symplectic form, i.e. w is nondegenerate, then the corresponding Lie
algebra is called a Heisenberg Lie algebra.

The corresponding Lie group Heis(V,w) is U(1) x V as a set with multiplication

(/\1, ’01)()\2, 1)2) = ()\1/\26iw(v1’v2),’1)1 + Ug) (89)

Let us return to the corollary (4.44) of the BCH formula:

e1b+B1d gaoptB2d _ =5 (01 fa—02p) S(ar+az)p+(Bi+P2)d (8.10)

We can take V = R? = {(a, )} and we recognize

(@, Bu), (a2, B2)) = —3 (@016 — 21) (8.11)

as the symplectic form in this case.
(Of course, we could take V = C? and consider it as a 4-dimensional real vector space.

If we take o, 8 pure imaginary then the operators are unitary in the usual representation
on L?(R).)

Exercise

Check that e(¥1:%2) js a 2-cocycle on the abelian group V.
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Exercise

*¥E% on the magnetic translation group

Referring to the exercise in section
Show that the magnetic translation group generated by the U; for all ¢’ € R is a
Heisenberg group, extending the abelian group of translations in the plane. Show that the

skew bilinear form is

-, -,

w(d,b) = —eB(d x b) (8.12)

8.2 Lie algebra cohomology

The notion of a two-cocycle above fits into a more general theory of Lie algebra cohomology.
So to put it into proper context let us briefly consider the topic more generally.

We consider the simplest case of central extensions by a one-dimensional abelian Lie
algebra k, z = k.

We define a complex

d: AFg* — AFTlg* (8.13)
by taking as differential:
dw (X1, .. Xpyr) = > _(=D)Mw((X3, X,],... X5, X ) (8.14)
1<j

The resulting differential (8.13) may also be expressed by identifying A*g* = A*[6“]
where 0% are of degree 1 and a runs over a basis for the Lie algebra. We then define the
differential to be:

1
do* = —2 fp.20%6¢ (8.15)

Exercise
Check that this is a differential, that is, that d? = 0.

The cohomology of the complex (A*g*,d) is known as Lie algebra cohomology and
denoted H*(g). Note that it can be formulated purely algebraically. The differential defined
by (8.14) or, equivalently, (8.15) is sometimes called the Chevalley-FEilenberg differential.

It is useful to translate this into the physicist’s language:

Suppose we have a Lie algebra g with basis T}, a is an index running over the generators.
Let us introduce the Clifford algebra:

{c® ¥} =0
{basbar} =0 (8.16)
{c* by} = 0%,
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where ¢%, b, are referred to as ghosts and antighosts, respectively.
We can quantize the Clifford algebra by choosing a Clifford vacuum

be'|0) =0 (8.17)

and the resulting Hilbert space is spanned by |0), ¢?|0), ....
The Hilbert space is graded by the “ghost number operator” N = > c¢%b,, and we
have an isomorphism of the vector space of states of ghost number k with A¥g*:

1
w Hwal...akcal -+ ¢ |0) (8.18)

Under the isomorphism (8.18) the Chevalley-Eilenberg differential becomes what is
known as the BRST operator:

1
Q= —3 apasC 2 C"bay (8.19)
The BRST cohomology is the cohomology of @, and is graded by ghost number.
BRST cohomology enters physics in the quantization of theories with local gauge sym-
metry. For the moment let us note a very natural generalization. Suppose we have a
representation p of the Lie algebra g. We can then consider the complex

NgroV (8.20)

and introduce a differential
_a 1 al ag a3b 21
Q =", — §fa2a36 c®bg, (8.21)

where t, = p(T,) are the representation matrices of the rep. V.
Geometrically, the cohomology Ha(A*g* ® V) can be identified, for G compact and

connected, with the cohomology H},(G; V) of a homogeneous vector bundle over the group
G.

Exercise
Check that Q% =0

Exercise

Compute the degree 2 Lie algebra cohomology of su(2) and show that it is trivial.
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9. Left-invariant differential forms

We introduced the Lie algebra of a Lie group by thinking about the left-invariant vector
fields on the group. It is quite useful to think about the dual picture of left-invariant
differential forms:

Definition: A differential form w € Q*(G) is left invariant if
(Lg)*(w) = w (9-1)

for all g € G.
Suppose first that G = GL(n,F). Then we can construct an explicit basis of left-
invariant 1-forms as follows. The basis of one-forms dual to {(e;;) is

Oujr = (g~ )irdgrj (9.2)

One can check explicitly that ©;; is a dual basis to £(e;;) by computing the contrac-
tion:

L(&(ei))(Oirjr) = (Oirjr, E(€ij)) = biwrdjjr (9.3)
It is convenient to assemble the 1-forms ©;; into a matrix of one-forms
O = @Z-jeij = g_ldg. (9.4)
Let us check the left-invariance directly in matrix notation:
(Lgo)* (g dg) = (909) "d(909) = 995 ' godg = g~ 'dg (9.5)

The matrix of 1-forms (9.4) is known as the Maurer-Cartan form. Note that, if X €
gl(n,F) then we have

UEx))e) = x| (9.6)

Suppose now that G C GL(n,F) is a Lie subgroup. Under restriction to G the matrix
elements g;; are not all independent, but satisfy polynomial relations. Nevertheless, we
can pull back the expression © = g~ 'dg to G. Formally, we should introduce the inclusion
map j : G — GL(n,F) and speak of O = j*(0). But to avoid cluttered notation we drop
this.

Now, for g € G, the matrix of 1-forms will be valued in the lie algebra g of G considered
as a subalgebra of Mat, (F). Indeed, if

yx (1) = goe'™ (9.7)
is a curve through gp whose directional derivative is £(X) then

i (g7 dg) = e " gy ' d(goe™*) = Xat. (9.8)
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This shows that
(€(X),0)=Xe€g (9.9)

In this way © = ¢~ 'dg defines the Maurer-Cartan forms on any Lie subgroup of a matrix

group.
Example G = SO(2) If

cosf sind
= 9.10
g (—sin@ cos&) ( )
SO
01
“ldg = do 9.11
gdg=1|_,, (9.11)
SO

Jd 01

- = 12

(5g:9 d9) (_1 0) (9.12)
10. The Maurer-Cartan equation

A very important property of the left-invariant 1-forms is the Maurer-Cartan equation.
Differentiating, using d?> = 0 and the Leibniz rule gives:

dO = —g ldgngtdg=-ON0O (10.1)

We thus have the Maurer-Cartan equation:

dO+OA0=0 (10.2)

Since in general the matrix product of two Lie algebra elements is not in the Lie
algebra, it might not be immediately obvious to the reader that © A © is valued in g. To
make this obvious we proceed as follows:

It is often useful to choose a basis T, for g. Then we can define structure constants:

[Ta, Ty) = fopTe (10.3)
Now, since g~ 'dg is valued in the Lie algebra g we can expand:
g tdg = €T, (10.4)

and this defines a system of 1-forms e on G which span 7,/(G) at any point g. Then we
compute

0 = de®T,, + T, A €T},

1 (10.5)
= de"T, + 56“ A €Ty, Th)
In terms of the structure constants we have:
a 1 a b c
de +§be e’ Nec =0 (10.6)
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If follows from the above that the dual basis of vectorfields e, is precisely the system of
fundamental vector fields described above

€a = f(Ta) (107)

Remarks:

e Although we have taken a rather concrete approach. The equations (10.6) and (10.7)
hold for all Lie groups. (Not all finite dimensional Lie groups are matrix groups. Heisenberg
groups give a counterexample. However, by the Peter-Weyl theorem, all compact Lie groups
are subgroups of some unitary group, and hence are matrix groups.)

e Later on, we will interpret this as a zero-fieldstrength condition for a pure gauge
field.

e Note that we can write: .

ONO = 5[@, O] (10.8)

where it is useful to introduce the notation

[, Bl :=a N — (DY A (10.9)

when « is a matrix-valued p-form and § is a matrix-valued g-form. Thus, the ordinary
commutator would read ©© —O0 = 0, but since we are discussing matrices whose elements
are in a graded algebra the natural notion of commutator is the “graded commutative”
(10.9).

e For future use in our discussion of connections on principal bundles, note that (10.2)
implies

Lex)© = (du(X) + 1(X)d)® = —1(X)0% = —Ad(X)(O) (10.10)

where in the last equality we consider © to be a Lie-algebra valued one-form, valued
in the adjoint representation.

Exercise
One way of defining the exterior derivative of a differential k-form field is via the
formula:

k+1
dw(X1,. .. Xeg1) =D (-1 X (w(..., Xi,..0))
- = A (10.11)
) (D)X, Xy, Xy, X )

1<J

where X means that entry is deleted.
a.) Using this formula, show that the Maurer-Cartan equation is equivalent to the fact
that the left-invariant vector fields form a closed Lie algebra.
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b.) In particular, show that (10.6) is compatible with
[ea, eb] = +fapec (10.12)

c.) Since left invariant forms are determined by their value at ¢ = 1 we can identify
Q]Z(G) = AFg*. as vector spaces. This gives us a new perspective on Lie algebra cohomology
defined above.

(Hint: If w is left-invariant and X; are left-invariant then w(X7, . .., Xj) is left-invariant,
and hence constant.)

Exercise Right-invariance
a.) Show that

0 =dgg™* (10.13)
is a matrix of right-invariant 1-forms.
b.) Show that
d®—-OA0=0 (10.14)
c.) Show that if we expand
0 =wiT, (10.15)
0 = w7, (10.16)
then
wi, = (Ad(9)) "k (10.17)

so the bases of left- and right-invariant forms are related by the adjoint representation.

11. Examples

11.1 SU(2)

Introduce angular coordinates:

g= e%a3¢e%0296%03¢

_ ilgos cos0/2 sinf/2\ ;1,,, 11.1 -1 1
€’ <—sin6/2 cos /2 ©r (LD [easeng
0<f<m ¢~¢+2m Yy +idn

Then .
0=gldg= %a“e“ (11.2)
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el = cos 1 sin Odé — sin db

e? = sin 1 sin Od¢ + cos Ydf (11.3)

e3 = dyp + cos Bd¢

which is conveniently written as

1 1 , 1 .
g tdg = —o3(dyp + cos 0dep) + (8 0) e~ (df + isinfdo) — 3 <(1) 8) €™ (df — isin Ode)
(11.4)
With the basis T¢ = 1 o® the structure constants are f ; = —€qpc, and one easily verifies

the Maurer-Cartan equatlons directly:

de® = e! N é? + cyclic (11.5)

The dual basis of vector fields is

L0
3= o0
B siny 0
€2 = coswae + 50000 Slnwcow% (11.6)
. cosvy O
el = —SlHTﬁ% — 8¢ — cos wcow%

and one checks with an explicit computation that

[ea, €b] = —€abcee (11.7)
Remark: Note that di is not a globally well-defined form on SU(2), nor is cosfdg.

However, the e® are globally well-defined. Similarly, the e, are globally well-defined vector
fields.

Exercise
It is often useful to introduce coordinates on C2:

2t = retWt9)/2 cos0/2

11.8
22 = ret@=9)/25ing/2 (1L8)

which satisfy [2%|? + |22|? = r2. Setting r = 1 gives a coordinate system the covers SU(2)
(but degenerates at the poles).
Write out the forms in terms of these variables.
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Exercise

1

Show that under g — g~ we have

et (9) = —ek(g™) (11.9)

and that in coordinates this is ¢ < —¢,0 — —0
Deduce that

e}g = — cos ¢ sin Ady + sin ¢db
e% = sin ¢ sin Odsp + cos pdf (11.10) ’ eq:rightforms
e?j{ = d¢ + cos 0dy
with dual basis of vector fields

0

€3R = %

off = cosg g+ S0~ singeott s (11.11)

. .0 cos¢ O 0
e{% = —sin qb% ~ s % + cos ¢cot9%

11.1.1 The Heisenberg group

An interesting example which is not a compact Lie group are the Heisenberg groups.

The three-dimensional Heisenberg group is the group of matrices

1z 2
g=101y (11.12)
001
with x,y, z € R. The multiplication law is
(z,y,2) - (2,2 ) = (@ + 2",y + v, 2+ 2" + zy)) (11.13)
(note it is not abelian.)
An easy computation shows that
0 dxr dz — xdy
g tdg=10 0 dy (11.14)
00 0
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12. Metrics on Lie groups

A very natural class of metrics on Lie groups are those which are left or right invariant.
As with forms and vector fields (and indeed all tensors), invariant metrics are uniquely

determined by their value at ¢ = 1, where they are bilinear forms on the Lie algebra. A

natural way to make such a metric is to choose a representation p of the Lie group and

define:

ds® = Tr,(g~'dg) ® (g~ 'dg)

3 3 (12.1)
= Tr,(dgg™") @ (dgg™")
Using equation (4.4)(??) above we see that this corresponds to the metric
(X1, Xa) = Try(p(X1)p(X2)) (12.2)

on the Lie algebra.

Warning: While it is natural, the left-right invariant metric (12.1) might be zero. For
example, consider the group of upper triangular matrices with 1 on the diagonal. Similarly,
consider the Heisenberg group above. Also, for infinite-dimensional groups, the cyclicity of
the trace used in (12.1) might be invalid.

Metrics which are simultaneously left- and right- invariant correspond to Ad-invariant
metrics on the Lie algebra. Every Lie algebra has a canonical representation, namely, the
Adjoint representation. This defines the Ad-invariant Cartan-Killing metric:

9ok (X1, Xa) := Trg(Ad(X1)Ad(X2)) (12.3)
Example 1: O(n) has a basis for the Lie algebra T;; = e;; — €j;, 1 <i,j < n. Then
9ok (Tij, Trr) = —2(n — 2)0; k65, (12.4)

Example 2: For SU(2), if we regard SU(2) = S? as the unit sphere in Euclidean R*
then the metric is expressed in terms of the left-invariant forms is 1/2 of the metric in the
2-dimensional representation:

1 3
A0 = 1 Z e’ @ et
a=1
- % [(dqp + cos 0d¢)? + (df)? + sin® H(dqﬁ)ﬂ (12.5)

_ i [(du))? + (d6)? + (dg)? + 2 cos 9d¢d¢]
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Exercise

Using the round metric of SU(2) compute the inner products of the left and right

invariant vector fields and show that

gleg i) = gled,er’) = O
glel,ef) = Rap(t,0,9)

where Ry, is the SO(3) rotation matrix associated with the Euler angles.

126)

Exercise
Show that if we write the metric on a Lie algebra as

(Tm Tb) = dgp

then Ad-invariance is equivalent to:

d d
fac Iay = adfcb

(12.7)

(12.8)

Exercise

Show that if we choose a basis Ty for g then the metric components of gox are given

by

(QCK)ab = facdfbdc

129)

Exercise
Compute the CK form for U(n), SU(n), USp(2n).

Exercise
Show that the volume of SU(N) in the metric

ds® = =Try[(g~"dg) ® (g~ 'dg)]
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is

_ @(QW)%N(N‘H) 1

vol (SU(N)) = - R (V=T (12.11)

Hint:
Consider SU(N)/SU(N — 1) = S?N=1 and relate the local coordinates of S?N~! and
SU(N) via

g=1+iy"Diag{e,...,e,1} + > (z'ein — Zeni) + -+ (12.12)

7

at g = 1. (Here e = —1/(N —1). ). Here we are thinking of S?V~! as the solutions to
SN 122 =1 and 2V = 2N +iy"N. In these coordinates, the group metric (12.10) becomes

N-1

ds? =2 " [(da’)® + (dy')?] +

i=1

m(dy)2 (12.13)

Volumes of G and G/K for compact symmetric spaces (in the Killing metric) were
computed in A. Kojun and Y. Ichiro, “Volumes of compact symmetric spaces,” Tokyo J.
Math. 20 1997)p.87.

12.1 Simple Lie groups and the index of a representation

If we define a simple Lie algebra as one which has no nontrivial invariant subalgebras then
we have the following key result:

Exercise Uniqueness of the Cartan-Killing form

a.) Show that the Ad-invariant bilinear forms on a finite-dimensional simple Lie algebra
are unique up to a constant.

b.) Show that if T}, is an ON basis in the CK form, then the most general invariant
metric on a simple Lie group is

dimG
ds’ = ) " @e" (12.14)

a=1

where Q2 is a constant.

Given the uniqueness of the CK form up to scale, for any representation p of g set

9p(X1, X2) = Trp(p(X1)p(X2)) = U(p)gok (X1, X2) (12.15)

where ¢(p) is a constant called the index of the representation. This is often useful to
have handy when working with instanton effects in gauge theory.
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Example 1: For SU(2) we can easily compute the index of the irreducible represen-
tations by simply computing the norm-squared of J3. For the adjoint representation (spin
=1) we have

gox(J3, J3) =12 +0% + (-1)> =2 (12.16)

and for spin j we have

+ 2
. 1., .
6(Js, Js) = Y m?* =) (=i+0*=2j(+ 12 +1) (12.17)
/=0

m=—j
and therefore,
. 1., )
FG) = i +1)(27 +1) (12.18)

Example 2 For SU(N), g = su(N) is the algebra of N x N traceless antihermitian

matrices.

Traq; = 2NTry (12.19)

Remarks
e Tables of in the indexes of representations are given in books by Patera.

Exercise

Show that .
l(p1)  dimp; - Ca(p1)

Up2)  dimps - Ca(p2)

where Cs(p) is the value of the Casimir in the representation p.

(12.20)

Exercise
Suppose that the decomposition of a tensor product of representations is given by

pL®p2=> N*py (12.21)
A
Show that
(p1)D(p2) + L(p2)D(p1) = ZNkf(pA) (12.22) ’eq:relateindx
A

where D(p) is the dimension of p.
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Exercise
Show that for a semisimple Lie algebra the degree two Lie algebra cohomology vanishes:
There are no nontrivial central extensions.

12.2 Metrics on abelian groups

In contrast to the simple groups, where the invariant metrics are unique up to an overall
constant, the metrics on abelian groups are far from unique. Indeed, the torus U(1)™ has
a moduli space of invariant metrics GL(n,R)/O(n).

12.3 Geodesics

Geodesics through the origin are of the form ~(t) = exp[tX] for X € g.
sokkkkok XPLAIN WHY *ktkk skt

12.4 Compact and noncompact real forms: The signature of the CK metric

For a good discussion on this topic see Gilmore’s book.

By the KAN decomposition (Gram-Schmidt decomposition) we see that every con-
nected Lie group is (topologically) a product of its maximal compact subgroup and a
Euclidean space.

A general result identifies the compact subalgebra with the negative definite generators
and the noncompact generators with the positive definite subspace.

Key example: Compact generator

X:(_Olé>®0@0@--- (12.23)

This is compact in the sense that its 1-parameter subgroup forms a compact orbit:

exp[tX] = ( cost Smt) PLlO1D--- (12.24)
—sint cost
Note that:
Tr(X)? = -2 (12.25)
while a noncompact generator
01
X = 10 000D --- (12.26)
has
cosht sinht
tX] = 1el1d--- 12.27
expltX] (sinht cosh t) ©leLe ( )
and

Tr(X)? = +2 (12.28)
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12.5 Example: SL(2, R)

The Lie algebra sl(2,R) is the Lie algebra of traces 2 x 2 real matrices.
One natural basis of the Lie algebra has commutation relations:

(Ko, Ki] = Ky,  [Ky,K_] = —2K,. (12.29)

In the 2-dimensional representation we could take, for example:

woy(ph) mo()) w00 cam

Maurer-Cartan forms:

U = oC+ K+ oCoKo ,C-K-_

AUU! = e @ dC_K_ 4 (dCy — 20 C1dC_) Ky + (dC + e~ C2dC_ — CdCy) K
U= tdU = dCre K, + (dCy — 2C_e~“0dC ) Ko + (dC— — C_dCy + C? e~ dC ) K _
(12.31)

The Killing metric is:
(aKo +bK, +cK_,aKy+bKy + cK_) = 2(a* — 4bc) (12.32)

Note that this is a Lorentzian signature metric.
Casimir:
4K —2(K K+ K_K.) (12.33)

The compact generator is K, + K_ and the KAN decomposition is:

SO(2) (A ,\1> ((1) f) (12.34)

Exercise

a.) Compute the Maurer-Cartan forms in the global coordinates of the KAN decom-
position.

b.) Suppose we write the Gauss decomposition:

{10\ [e? 0\ [1®
(96

(warning: These are not globally valid coordinates on SL(2,R).) Show that

Tr(g~tdg)® = 2e*%dg A dip A dx (12.36)
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References:

1. A comprehensive reference on the geometry (but not the topology) of Lie groups
is Helgason, Differential Geometry, Lie Groups, and Symmetric Spaces, Academic Press,
1978.

2. A less systematic, but more readable account for physicists is R. Gilmore, Lie
Groups, Lie Algebras, and Some of Their Applications, John Wiley, 1974.

13. Some Remarks on Infinite Dimensional Lie Algebras

13.1 Generalities

The study of infinite dimensional Lie algebras and their representations is an active subject
in modern mathematical physics. Infinite dimensional Lie algebras arise in conformal
field theory, string theory, gauge theory of elementary particles, and gravitational theory
classical and quantum mechanical. They have also play a role in some field theoretical
applications of condensed matter physics such as the quantum Hall effect, and the Kondo
problem.

k3R sk skoskoskoskoskoskoskoskoskoskosk sk

Banach Lie groups. Comments from Milnor.
Skookoskeoskoskook sk sk skokokokoskokok

13.2 Groups of operators on Hilbert space

A very important infinite-dimensional group is the group U(H) of unitary operators on
Hilbert space. The topology of this group depends strongly on how we define the group
precisely. The inductive limit lim,_,~ U(n) has lots of topology (it is a classifying space
for K1).

On the other hand, there is a very deep and remarkable theorem, known as Kuiper’s
theorem U(H) which states that in the norm topology U(H) is contractible!

13.3 Gauge Groups

For another set of examples, consider a Lie group G, and a manifold M. The space of all
smooth maps M — G forms an infinite-dimensional group with Lie algebra the space of
all maps M — g. Except for the case where M is one-dimensional, very little is known
about these groups. The one-dimensional case is of central importance in string theory
and low-dimensional field theory.

13.3.1 Loop algebras

Suppose g is a finite dimensional simple Lie algebra. We can associate to it an infinite
dimensional Lie algebra whose elements are maps

f:S8'>g (13.1)

We will be vague about the precise class of maps - it should be some completion of the
space of Laurent polynomials in z = €. The set of all such maps is itself a Lie algebra for
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we can define
Lf1, 2] (2) := [f1(2), f2(2)] (13.2)

This infinite dimensional Lie algebra is known as the loop algebra Lg.
It is often useful to choose a basis T for g, for this induces an obvious basis for Lg:

9 :=T2" (13.3)
with commutation relations
[T Th) = £ T (13.4)
Loop algebras admit a very interesting central extension: ®
0>3R—Lg— Lg—0 (13.5)

Elements of Eﬁ are pairs (f,&) where f is a map, and £ € C. The bracket of the central
extension is

[(f1,€1), (f2, &2)] == ([f1, fo], w(f1, f2)) (13.6)
where
wlfis f2) = 5 PULED Sole))edz (13.7

where in the integral we use an ad-invariant bilinear form (-, -)4, such as the Cartan-Killing
form on g. (Recall that for G simple all such forms are the same up to scale, consistent
with the uniqueness of the central extension.)
Again, it is useful to write this out in terms of a basis. Using the bilinear form on g
we define
(T T")g = g (13.8)

and we define K := (0,1) € Lg. Then

[Tg, Trl))q] = fngrcLer + ngab5n+m,0K

K79 = 0 (13.9)

This is the way the algebras are often written in the physics literature.

13.4 Diffeomorphism Groups

A nice example is given by the space of vector fields on a manifold and the related group
of diffeomorphisms of a manifold.

Already, the simplest special case is highly nontrivial. Consider the group diffeomor-
phisms of the circle.

A natural basis of vector fields on the circle is given by Fourier decomposition:

- d
0, =ie™ — 13.10
ie 7 ( )

8Tt is an easy result that, up to isomorphism, this is the unique nontrivial central extension when g is
simple.
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They satisfy the Lie algebra:
Wy lm]) = (n —m)lpim (13.11)

One can show that there is a one-dimensional cohomology space and a representative
cocycle is
Wl bin) = Snpmon® (13.12)

Note this is cohomologous to

w(£’m£m) = n+m,0(n3 - TL) (1313)

The unique central extension of the Lie algebra of vector fields on S is known as the
Virasoro algebra.

The Virasoro algebra can be defined in terms of a basis L,,, n € Z and a central element
¢, with structure constants:

[c,c] =0
[¢,Ln] =0 (13.14)
[Lm Lm] = (n - m)Lner + i(ng - n)6n+m,0

12

The normalization of the central element c is convenient in physical applications. The
choice of cocycle is made so that the Lie algebra generated by L1, Lo forms a copy of sl(2)
and is not extended.

Exercise

a.) Check the Jacobi relations of the Virasoro algebra.

b.) Show that w(fy, ¢m) = Ndptm,o is a coboundary.

c.) Show that the Lie algebra cohomology of the conformal group is one-dimensional
and hence show that the above is the most general central extension.

13.4.1 Gravity in 141 dimensions

Consider quantum gravity in 1+ 1 dimensions. If space is compact and connected it must
be S!, we are therefore interested in invariant states under G = Diff¥(S!). A natural
basis for the corresponding (complexified) Lie algebra is given by ¢, = em@d%, n € 7.
Actually, because this is an infinite-dimensional group we should allow for anomalies and
work with a central extension. The corresponding Lie algebra is the Virasoro algebra given

above. Let us see how the central extension comes about physically.

eq:repcocycl

’ eq:repcocycla

eq:virasoro

Let us consider the BRST operator. We introduce (diffeomorphism) ghosts and antighosts

Cnybn, n € Z with {cn, bm} = Ontm,o-
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Because we are working with an infinite-dimensional Clifford algebra there are many
inequivalent quantizations. The one relevant to radial quantization in the complex plane
of string theory is ?

cn]0) =0 n>1

(13.15)
b,|0) =0 n>—2

The idea here is that the “Dirac sea” is filled by ca A c3 A ¢y A ---. For this reason,
elements of the ghost Hilbert space are referred to as “semi-infinite differential forms” in
the math literature.

Following the formula (8.19) above we have in this case:

1
Qghost = —3 Z (m—mn):come_nbmin : (13.16)

mne”

The normal ordering is necessary so that @ has a well-defined action on the ghost
Hilbert space.

Now one finds a big surprise: Q? # 0 due to the need to regularize the infinite sums!
Using (-function regularization one computes

m — 13m?
Qéhost = Z (12)5m+n,00m0n (13.17)

m,n

If we consider the Lie algebra cohomology in a nontrivial Virasoro module with central
charge p(c) then the BRST operator is:

Q= chp(Ln) — % Z (m—mn) : come_pbmin : —acy (13.18)

mne”

where we have allowed for a normal-ordering shift p(Lg) — p(Lg) — a. Then

(14 12a)m — 13m3)
6

¢=-1y [[p@n),p(Lm)]—(n—m)p(Ln+m>+

5m+n,0:| CmCn
m,nez

(13.19)

so we get Q% =0 for a = 1 and p(c) = 26.

In the worldsheet approach to string theory we work with 1+ 1 dimensional quantum
gravity coupled to matter and this is one way of understanding the restriction to matter
with ¢ = 26. Only in this case is there a well-defined spectrum of string states from BRST
cohomology.

°In general, a primary field of dimension A has an expansion ® = > @,z " * and hence ®,[0) =0
for n > —A, so that lim._,o ®(2)|0) is well-defined. The ghost field ¢(z) has A = —1 and the antighost b(z)
has dimension A = +2.
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13.4.2 The exponential map for Dif f(S!)

e For Dif f(S') the Exp map is neither 1-1 nor onto, even in an arbitrarily small neigh-
borhood of the origin!

e For Virc there is no corresponding Lie group.

For a discussion of (1) above see Pressley+Segal, Loop Groups, Sections 3.3.1 and the
article by Milnor. Briefly, to show exp is not 1 — 1 consider rotation Ry./,. Consider the
centralizer Z(Ryy/,). This consists of diffeomorhisms which are periodic in the sense that
(0 + 27 /n) = ¢() + 27 /nmod2w. Now for any ¢ in the centralizer, $SO(2)¢~! is a one
parameter subgroup of Dif f(S') consisting of elements {¢pRyp~ 1|0 € R}. However, Ry, /n
lies on all these one-parameter subgroups! Thus, the exponential map is not 1-1. Note
that we can make n arbitrarily large, so this failure of injectivity holds arbitrarily close to
the identity.

Regarding (2) consider the following diffeomorphism

f(0) = 6+ 7 /n + esin®(nb) (13.20)

where 0 < € < 1/n. One can prove that this diffecomorphism has precisely one periodic
orbit of length 2n: 0 — 7/n — 27/n — --- — 27(n —1)/n — 0. Indeed, if 0 < 6y < 7/n
then defining 6,1 = f(6;) one can check with a little calculus that

p<bh—7m/n<by—2m/n<---<m/n (13.21)

so no 6; is ever equal to 0y modulo 27. Thus, our diffeomorphism has precisely one periodic
orbit, and it is of length 2n. It is remarkable that it has only one orbit with an even number
of elements in the orbit. Why?

Consider a diffeomorphism F' of any manifold. It is useful to compare the periodic
orbits of F' with those of F o F'. If F' has an odd periodic orbit then, F' o F' has the same
odd periodic orbit, essentially because the order of the orbit and 2 are relatively prime.
(Draw the case of n = 3,5.) On the other hand, if F' has an even periodic orbit of order
n = 2m, then the periodic orbits of F o F split up into two distinct periodic orbits of length
m. (Check the cases n =4,6.)

Now, we apply this remark to note that f(#) above cannot be of the form F o F for any
diffeomorphism F', since the number of periodic orbits of even period must be even, but
f(0) has a single periodic orbit of even period. But this in turn means that f(6) cannot
be on any one-parameter subgroup F;(6) since if we had Fy, (0) = f(0) then we would have
had f = F o F with F = F%t*.

For a discussion of point (2) above see section 3.3.2 of Pressley-Segal.
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