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1. What the course is about

“A man who is tired of group theory is a man who is tired of life.” — Sidney Coleman'

This is a course about groups and their representations, with an emphasis on topics
arising in physical applications. This is a vast topic, with an unbelievably wide spectrum
of applications to physics. I will cover basic definitions and examples, and also illustrate
these with more advanced applications.

2. Boundary Conditions

This course is primarily intended for advanced undergraduate and graduate students in
physics intending to specialize in theory. There will be some bias towards particle theory,
although there is much here that is useful to the nuclear and condensed matter theorist.
It should also contain much of interest to the mathematics student with some interest in
physics.

I will try to keep prerequisites to a minimum. Occasionally I will introduce examples
or even sections based on more advanced material, but the main development will be kept
elementary. Occasionally a knowledge of basic differential geometry and topology is useful,
particularly for the material on Lie groups.

3. Tentative Plan

The following is an approximate plan of the topics we will cover.

In 2008 and 2009 I covered sections 3.1-3.13 below, skipping 3.4 and 3.10 and several
subsections within the other chapters. I have not had a chance to cover the theory of roots
and weights, nor affine Lie algebras and beyond since 2004. In 2013 I only got through
sections 3.1 and 3.2. Still these contain a large amount of material (over 300pp. of lecture
notes).

A persistent complaint in teaching evaluations has been about the fast pace of the
course. Therefore I have tried to slow down. Unfortunately this means I probably will not
get to topics of great importance such as Clifford algebras, spinors, superconformal and
supersymmetry algebras (and their representations) and the theory of roots and weights of
simple Lie algebras, and more advanced topics beyond these. If there is sufficient interest,
I would be happy to teach a two-part course, covering the latter material in Spring 2019.

Warning: I might move material around or add/subtract material from the following
outline as the course proceeds.

3.1 Abstract Group Theory

Basic definitions: Group, homomorphism, isomorphism. Permutation group and shuffles.
Generators and relations. Cosets and conjugacy, Lagrange theorem, Sylow theorem. Exact
sequences. Elementary number theory. Automorphisms. Group extensions. Structure
theorems: Kronecker structure theorem, finite simple groups. Groupoids.

1'With apologies to Dr. Johnson.



3.2 Linear Algebra User’s Manual

Rings and modules, vector spaces and linear transformations, real vs. complex vector
spaces, kernel, image and cokernel, Jordan decomposition, nilpotent orbits, sesquilinear and
hermitian forms, Hilbert space, unitary and hermitian operators, spectral theorem, putting
matrices in canonical form, families of matrices and operators, WKB, determinants and
pfaffians, super-linear algebra, integral quadratic forms and lattice, quadratic refinements,
elementary homological algebra: Ext and Tor. Quivers.

3.3 Groups and Symmetry

Transformation groups and Cayley’s theorem. Orbits. Spaces of orbits, bundles, orbifolds.
Isometry groups of Euclidean space. Symmetries of regular objects in 2 and 3 dimensions.
Platonic solids. Finite subgroups of SU(2) and O(3). Crystals. Rubik’s cube. Simple
singularities in 2 complex dimensions. Symmetric functions.

3.4 Symmetry in Quantum Mechanics

Dirac von Neumann axioms. Wigner’s theorem. Extensions: Linear and anti-linear actions.
Quantum mechanical implementation of symmetry.

3.5 Introduction to representation theory

Basic definitions: Representations and co-representations. Unitary representations. Pro-
jective representations. Regular representation. Reducible and irreducible representations.
Schur’s Lemmas. Decomposition of the regular representation for finite groups: Peter-Weyl
theorem. Fourier analysis. Bloch’s theorem in solid state physics. Characters and char-
acter tables. Decomposing tensor products. Group ring and group algebra. 2D TFT and
Frobenius algebras. Projection operators. Group theory classification of small oscillations,
molecular frequencies. Representations of the symmetric group. Tensors and Schur-Weyl
duality. Application to 2d bosonization. Induced representations and Frobenius reciprocity.

3.6 Survey of matrix groups: GL, SL, SO, SU, Sp etc.

Definition of a Lie group. Components, compactness, universal cover. GL and SL. Groups
preserving sesquilinear forms. Grassmannians. Groups preserving symmetric bilinear
forms. Orthogonal group O(p,q). Components, P and T. Spin. Groups preserving anti-
symmetric bilinear forms: Symplectic groups. Lagrangian subspaces. Spaces of complex
structures. Matrix groups vs. Lie groups - the example of the Heisenberg group. Statement
of the classification of compact connected simple Lie groups.

3.7 The wonderful 2 x 2 matrix groups

SU(2), SL(2,R), and SL(2,C). Relations to geometry of constant curvature metrics. Mo-
bius groups. Relations to low-dimensional rotation and Lorentz groups. Finite dimensional
reps. Massless wave equations. Twistors.

3.8 Quaternions and octonions

Division algebras. Composition algebras. Hurwitz theorem.



3.9 Lie algebras from Lie groups

Lie algebra and invariant vector fields. Expontential map and the Baker-Campbell-Hausdorff
formula. Abstract Lie algebras. Adjoint representation. Lie’s theorem. Survey of Lie al-
gebras for the classical matrix groups. Central extensions and Lie algebra cohomology.
Maurer-Cartan equation. Invariant metrics on Lie groups. Haar measure. Initial remarks
on infinite-dimensional Lie algebras.

3.10 Harmonic oscillators: Symplectic and metaplectic groups.

Oscillator constructions of Lie algebras. Oscillator representations. Bogoliubov transfor-
mations.

3.11 Conformal groups and conformal algebras

Definitions and relations to orthogonal groups. Their relation to deSitter and anti-deSitter
spaces (as used in the AdS/CFT conjecture). Wigner-Inonu contraction. Galilean group
3.12 Clifford algebras and spinors

Real and Complex. All signatures, all dimensions. Mod 8 periodicity. Relation of products
of spinors to antisymmetric tensors. Zo-graded Clifford algebras.

3.13 Superconformal and Superpoincare algebras

Definitions and classification. Supersymmetric quantum mechanics.

3.14 Structure of semisimple Lie algebras.

Root systems and root lattices. Weyl groups. Cartan classification. Serre presentation.

3.15 Kac-Moody and affine Lie algebras, and beyond
3.16 Highest weight representations of semisimple Lie algebras

Verma modules. Weyl character formula.

3.17 Induced representations
3.18 Unitary Representations of the Lorentz and Poincaré groups
3.19 Representations of supersymmetry algebras

3.20 Nonlinear sigma models: Quantum field theories defined by group mani-
folds and homogeneous spaces.

3.21 Geometry and topology of Lie groups

4. Administrative

1. Notes for all the lectures will be handed out. There is a list of useful references and
textbooks at the end of this handout.



2. The grade for those taking the course for credit will be based on a short paper and
possibly a presentation given at the end of the semester. I will hand out topics towards
the middle of the course.

3. I will probably not hand out problem sets to be graded. However, the lecture notes
contain plenty of exercises. You are encouraged to do them in the strongest possible terms.

4. As a courtesy to others, PLEASE DO NOT EAT OR DRINK DURING CLASS.
You may bring a water bottle.

5. Please note: Attendance at the lectures IS NOT OPTIONAL. If you are a true
genius and do not need to hear the lectures to write a brilliant term paper, then you are
excused. Please be aware that I will then judge your term paper by those standards.

5. Some sources

There is no formal textbook. The following is a list of sources I have used. There are many
other texts available. Go to the library and find your favorite. If you find something great
that is not on this list please let me know!

Basic math texts:

1. I.N. Herstein, Topics in Algebra: Chapter 2 has an excellent summary of basic group
theory for the mathematically inclined. Chapters on rings and fields are also excellent.

2. N. Jacobsen, Basic Algebra I, also for the mathematically inclined. Much more
demanding than Herstein.

3. D. Joyner, Adventures in Group Theory, a gentler introduction with lots of fun ap-
plications, some of which I borrowed.

4. J.-E. Humphreys, Introduction to Lie Algebras and Representation Theory, Springer
GTM: A very fine introduction to the structure of semisimple Lie algebras.

5. R. Carter, G. Segal, and I. MacDonald, Lectures on Lie Groups and Lie Algebras,
London Mathematical Society Students Texts, 32. Beautifully concise.

6. F.R. Gantmacher, Applications of the Theory of Matrices, Interscience, 1959
7. P. Lancaster, Theory of matrices, Academic Press, 1969.

8. Bourbaki: The gold standard of ultra-rigorous mathematics.
Books written about group theory by physicists for physicists:

1. Miller, Symmetry groups and applications: Much of the lecture material on crystal-
lography and discrete subgroups of the group of Euclidean isometries was drawn from
this book. The book is now out of print but can be accessed electronically at:

http://www.ima.umn.edu/~ miller /symmetrygroups.html



10.

11.

12.

13.

14.

15.

16.

17.

1.V. Schensted, A Course on the Application of Group Theory to Quantum Mechanics:
very readable.

M. Hamermesh, Group Theory: a good reference but a bit turgid.

Wu-Ki Tung, Group Theory in Physics

. S. Sternberg, Group theory and physics. Sternberg is a matmematician and the book

is written from a mathematicians perspective of applications to physics. It has some
very nice material.

P. Ramond, Group Theory: A Physicist’s Survey, Very recent text with a stress on
applications to particle physics.

H. Georgi, Lie Algebras in Particle Physics: Group representation theory for particle
physicists. Very readable with good exercises, but sometimes it is a bit sloppy.

R.N. Cahn, Semi-Simple Lie Algebras and Their Representations, Frontiers in Physics

J. Fuchs and C. Schweigert, Symmetries, Lie Algebras and Representations: A grad-
uate course for physicists, Cambridge. This is a very good source for material on
semisimple Lie algebras. The authors are very careful.

J. Fuchs, Affine Lie Algebras and Quantum Groups, Cambridge. This continues
where Fuchs and Schweigert left off and discusses in depth affine Lie algebras and
applications to conformal field theory.

DiFrancesco, P. Mathieu, D. Senechal, Conformal Field Theory. This book is about
conformal field theory in two dimensions with an emphasis on the WZW model and
related CFT’s. It has a nice summary of some aspects of Lie algebra and affine Lie
algebra theory.

L. O’ Raifeartaigh, Group Structure of Gauge Theories, Cambridge. Gives applica-
tions to unified field theory model building.

J.D. Talman and E.P. Wigner, Special Functions: This book explains the group
theoretic approach to the theory of special functions.

C.J. Isham, Modern Differential Geometry for Physicists: a gentle introduction to
the differential geometry of Lie groups and their cosets.

D. Mermin, Rev. Mod. Phys. 51 (1979)591. An unusual summary of group theory
which has much interesting information.

L. Michel, ...., Covers crystallography from a precise mathematical viewpoint.

R. Slansky, “Group Theory for Grand Unified Model Building,” Physics Reports, Vol.
79, pp- 1-128. This classic review was a major source of information for a generation
of particle theorists. It has many useful tables for working with representations of
simple Lie algebras.



For some history and culture associated with group theory see

1. H. Weyl, Symmetry
2. E.T. Bell, Men of Mathematics

3. Mario Livio, The Equation That Couldn’t Be Solved: How Mathematical Genius Dis-
covered the Language of Symmetry

There is an online source for working with group theory:
http://www.gap-system.org/

Some of the later topics will touch on quantum field theory and supersymmetry. A
very few references for these topics include:
Quantum mechanics:

1. Dirac

2. L. Takhtadjan, Quantum Mechanics for Mathematicians
Quantum Field Theory:

1. Ramond

2. Peskin and Shroeder

3. Banks

4. S. Weinberg, Quantum Theory of Fields, vols. 1-3

Supersymmetry:

—_

. J. Bagger and J. Wess, Supersymmetry and Supergravity. Princeton

2. P. Freund, Supersymmetry. Cambridge; Nice summary of super-Lie algebras
3. J. Lykken - TASI lectures hepth/9612114

4. P. West, Introduction to supersymmetry and supergravity.

5. M. Sohnius, “Introducing supersymmetry,” Phys. Rep. 128(1985) 39.

6. J. Strathdee, “Extended superpoincare supersymmetry” Int. J. Mod. Phys. A2(1987)
273

7. A. Van Proeyen, “Tools for supersymmetry,” hep-th/9910030
8. A. Bilal, “Introduction to supersymmetry,” hep-th/0101055

9. Freedman and Van Proeyen, Supergravity



