
Relativity
Notes



From experiment : speed of light is the some

in every inertial frame
.

follows : events simultaneous in one frame

may not be simultaneous in others
.

Science is study of cause and effect
.

ISTHistlteewdof.sc#?



Event : ( Ct
,

×
, if ,

⇒ ← depends an a choice of frame

Interval between two events :

a 52 = dot
'

- 0×2 - ay
'

- oZ2

Suppose Event L : light emitted at ( Cts
,

xi
, y , ,z , )

Event 2 : light arrived at ( ctz
,

Xz
, yz ,

Zz )

o5=c2 ( tz - TD
'

- ( xz - xD
'

-

Cyz -

y ,
)2 - ( zz - z

, )2=

= c- of- ol
2

= c2ot2 - ( cot )2 = O

Same events in another frame : Cepti,
x

,

'

,y ,

'

,z ,

' )
,Cgati,×i,yi,zi)

-

speed of light,
is universal

.

is "= dot ' '

- oe
'

'

= dot '
'

- ( cot
' 5=0

T T if 05=0 in one inertial frame

may be different
from ot

,
se it is Zero in eve# inertial frame



what about non . zero intervals ?

Take infinitesimal interval ds
'

in frame K

^Y@ ^Y
'

@ K
,

K
'

→  inertial frames

FK
'

moves  with velocity
7 F w .

nt
.

K
x x

'

>  7

Suppose In frame K
' the same interval is ds '

'

How can they be

related
?

ds '
= f. ds → as ds → o so must ds '

f is some function

F can not depend en x. y ,z
→ momentum conserves !

can not depend en t → energy conserves !

can not depend en direction of P → angular momentum

f can only depend on 151
conserves !



So
,

ds '
= f ( Irl ) ds

,

fco ) =L
.

Now take 3 frames : K
,

K
'

,
K

"

K
'

speed in K is 0
,

K
"

speed in K is 02

k
"

speed in K
'

is 0,2

For an interval ds :

ds
'

= f ( o
, ) . ds

} ,
flriz ) . flo

, ) .ds= finds

ds "
= f ( oz ) . ds f ( v. 2) =

£101
tcr . )ds "

= fads
'

Bathon depends on
the

angle between V
,

and vz I
→ f has to be constant

.
 ⇒ f =L

.



Thus :

ds2= ¢At )
'

- dx2
- dy

'

. dz2

is the same in
every frame !*

.

Compare to 3 - D space and Newton mechanics :

coordinates of both ends of a ruler

may be different in different Frames ,

but its length is the same
.

Hypothesis : we live not in 3 - D with absolute
-

time and metrics dl2=dx2+dy2+dz2 ,
but

in 4- D Miukowski space with metrics

ds2= ( eat )
"

. dx
'

. dy
'

- dt2



Time and length may
be relative

,
but the

interval is absolute !
.

Frames K and K
'

Event I : let, ,x , ,y , ,z , ) ( cti
,

xi
, y ! ,z ,

'

)

Event 2 : ( Ctz
, x<,y . ,zz ) ( cti

,
Xi

, yi ,
Zi )

Iubwal

os2=e2ot2
- oe2 = dot '2

- ae
'2

= as
' '

Suppose al =D ( two events happened at the same point )
then as

'

> o in every system

Suppose ot=o ( two events happened at the same time )
then os2< 0 in every system

if 052<0 the events can not be causally related

if os
'

> o
,

they can be
. Causalityissafe=



o s2 > o : time - like interval ← more interesting ,

052<0 : space - like interval
since cause - effect

relationships are

time
.

like
.

Nett we defined interval as

os2= clot '
- oe2

Your textbook defined it as

05,23am
= ol2 -

c2ot2=
- as

"

→ both are fine
,

but for the latter

time like intervals are imaginary numbers
.

→ many concepts & derivations are Muut easier it

a time . like interval is a real number



Future and past are absolute

x= - et
net x=et

FUTURE
=•> os

'
> o : time . like

CAN Find A FRAME where
The events happen at the

now
same point , separated

•

← / > by the e= is×

\os2<o : space - like

PAST
CAN FIND a Frame where

-

the events happen at the

same time
, separated by

distance l= - ions
,

and therefore
cannot be eausaly related

.



Proper Time ! 1

J ^
• K and K

'
are inertial frames

.

← @ got
• origin of K

'

has speed F in K
.

@
. • a clock is placed at the origin

>

x
'

of * •

>

x

in frame K
,

after time It the clock moves

by vdt  
= Fade

Interval between two positions :

ds2=@dtjtdxtdytdz
'

= idt
'

( 1 - E)
Same interval in K

'

As '2= ds2 =

:

czdf
' 2 ←

the clock is at rest in K
'

Thus : dt '= dt.pe
• Moving clocks run slow

• Time iw Rest FRAME of A BODY

is CALLED PROPER TIME



World lines : trajectories in Winkowski space
BODY At rest : uniform motion with r=e uniform motion

,
o< C

net ×=et
net x=et net x=et

•

•
•of

>

••
> • >

× ×
×

ret x=et

)
non - uniform motion :

body moves away from the origin
•

×

' and then back

Would line can be looked at as

infinite him of ifrtesrmal uniform
motions

.



net net If the

bodies
traveling along

Aag
green and magenta World lives

$×

,

aredocks:

• •dt
'

= at FI r=oH )
c

2

T

moving clock
Flock at rest

Integrate along the World line to get true elapsed
TRAVELING TWIWth - to

'

= §"jdtFE÷ < tit - to
is younger .

.Thi-t§at=§d÷
← their::Tee.IS

Thus "

Sds is largest along a straight line

( verydifferent from Eudediaisd : distance is shortest along a tyrant,



Min Kowski space

:
ct

,
X

, Y ,
Z

Interval SE c2t2 - x2 - y2 - z2 ← analog of distance
.

Coordinate transformation in different frames :

• shifts along ct
,

x
, y ,z  → et  + cot

,
xtox

, ytoy ,
ztoz

→ interval is constant
.

• notations In xy , yz ,
or xz planes :

i. e. in Xy : ct  
= at

'

X = X
'

cos 0 + y
' ni no|YzIxzinnotjaso

→ ihtunrafiss
.

• rotations in xt
, yt ,

and zt

→ need to keep Interval constant

→ linear combinations of coordinates



cash x = 'z[ exte
"

]

mink x = { [ e×
. e-

×

]
cash

'

× -
ninth = 1

Rotation in xt plane :

et  
= ct

' cosh 4 + x
' n'

nh4@z.Iyzaglnnhttx
'

why → iutuugdmtis

→ coordinate transformation between moving
frames is a rotation in Miukawski space



what is the meaning of rotation angle y ?

→ track origin of frame K
1

in K :

X '=y'=z' = o ⇒
et  

= ct
'

corky

=>
set

/
× = at 'nnhy

coshy
= tanh4= It = HE =padf.tk#=&y..=pwh4=p.t

Third
d- =p ( A'+ px

'

)

|×=r,(pet
,

+ ×
,

)

← brents transom

rotations do not

y = y
'

commute ".
Z  = Z



× =
×#

x=8( x 'tf. et
'

) My

y= y
'

I:b .

.pe/.=.iz=zlt=t'tT#

her units of time are
He

wrong / obsolete !

" Natural
" units will have e =L

( et -=t
, fer )



Propevlengfh_ of an object is its length in a system where
-

it  is at rest

@n•
in K :

lot
Xz - ×l

Xi XZ
in K

'
:EE

,

* ×je÷ ;x=×i¥÷.

Xz - ×i=

lot
Yt¥f%j ¥ry

,

l= lo.FI

→ length is largest in the rest system



Propertied ( again ! )
two events ( i.e. particle decay )

0k¥ ta - t
,

= To

joy
to tiIEy÷rititled

titre .
= THE.= ftp.

re = FYE *#• ← time dilation

moving clocks run slower



cgaddraytormatra- dx= dx'trdt= dy=dg '

to 1£
' ¥2

dz=dt '

[§×↳gj .

dt.at#d.x'wx=dftwxtFuIw*=dxz..dx'trdt'_wx'todt'+%adx'

=

i. Ex '

CZwyidft without
urging ..mg#FaEg=wiFI

Wa .

At Wedd 1+001
It at ' c2

w→zdd wz= WIFI
at , +

Ix '

CZ

→ if c → p : w×= Wx 't r

Wy = Wy
'

Wz  = Wz
'



it ok a 1

tawil- nee
'

+
...

a = ( with ( 1 - REE
'

)=w×' + o - Lens
"

- duck
wy = Wy

' ( 1- 's E) ( l - meh) =

wy
'

- rzwfiry
'

Wz = Wz
'

- Iczwxlwz
'

Or ,
in a coordinate - free form

W→
= we

'

- et .

El ( F. at ' ) ←
note axsmaty

in P and F
'

Lorentz transformations are not commutative 4



4=tW
Ai vector

,
if  it transforms according to

xo = at

x '= :# Lorentz Jvanfavmetrous .

× " Y Ai : ( A°
,

A
'

,
A2

,

A3 ) → contravaniant

" it

Ai  
= ( A°

,
- A

'

,

-1+2
,

. A 3) → covariant

can indicate 4- vector by underscore : A-

sedan product :

AIA
"

= (AT - CA 't - ( AT - IAF
T omit the Swan over colcautva indices

AiAi÷EoAiAi
His ( Ao

,

# )
,

Ai  = (Ao
,

- E)
1^3

- d vector

✓  ,  
. -

-



Another way
to write Loruh traayforuefhn : rotation Matrix

÷± Existed! ::#ftp. . ⇐* ±
0 0 0 1

Performing sequential boosts : multiply corresponding A 's

Boost from K to K
'

and back ( should get unit matrix )

Kerri ::tE:b ;:ff¥¥¥¥tt;:D .

reiterate =L :O
.

°

;:S
.

:D



4- tensor 16 values Aik that transform as products
b-

of components at two 4- vectors : Aik = Bick

Aik → eoutvavanimt Aik - eorariwt Aik
,
Aik → mixed

.

A
"

= An Ao ,
= - A

"

A *= A #As
'

= - A
"

position of indices is important
_

Aik = Aik ← even if true in  one system ,
will not

be true in ahotee
.

Unit tensor :

→ Ai = AT for all vectors

↳ distilled www.#ndsI



vioellowev indices in SF

gik=gik=|
!I::| → metric tensor

,

° ° -1 0
scene in all coordinate

0 0 0 - \ jyffeuo .

AiBi= Gik Ai Bk ← scalar product .

↳ another Way
to 4µW •

padres rule :
°

index lowering trashy rules
. it cncalar

www.ix.ie?iIiaii*iiitcifIEH
a vector

→ pseudareetor = ( ct
,

R )
Pseudarealar ,

etc.
,

} same
,

as in 3- D
.

#



Example of speed addrtra I quotient rule use :

w= Y.it#n,

lit who )

c * o

it w'=e : w=

In
= clique

→ so
,

what
, nothing happens to lift ?

E = Eo . cos ( R . F
- wt ) k is wave vector

w is trepang
wt - k?i⇒es* ( E. I ) . ( et

,
i ) yke

,

= e - speed of karts
'

since ( et
,

P ) is a 4 - vector

( we
,

Nik ) is also a . vector



@ He
So

, assuming ↳ To ,@Tr
→

1

I

'=
(

tee, K
)Fee⇒KahleLorente transform doing Ik°

= 8 ( k
"

+

pk
' '

)
=p

HE + 8.

please¥=

§
p. ( I # Enso ) red shift

w =

wo ( l *Eason) ifvii.* ,
eso = -

If¥2 w=w .

'÷h÷=woF÷€,blue shift
its " "

.fi?w.tiEE.EmF#



Kinematic to is proper
true

4- position : ± = ( ct
,

F) ds=cdto= cat Foyer

4 - speed : I = de X. = ¥q
.

¥ ( ct
,

F) = 8.( c ,v→ )

mini  = 82 ( c
'

. v 2) = c2 ←
4 - speed has

Constant " length
"

4- acceleration : £ = ¥
.Uusefulederivatives :

dftlr)=dft÷µ= - 'z83t2Efdfu= 83 E. dog = My

Fame that here.='
etrdfttrhfihft

]=tr3do[ i.e. + E
. ]

dq(qH= 'zPdFt



Uiui  = e2 ⇒da ( Uiu :) = 0 ⇒ Zuidi  =o

T
4- acceleration is 1- to 4 - speed

mohreu along 1 - d ( x ) :

in=P ( c
,

o
,

o
,

o )

L '=L3 =D

L°= Eye
.

data = rcdatohre . PE E- r
"

pdft

d
'

= Eye
.

ft⇐%= ftp.re.EPE.r
" ¥

d- = 84M£ ( p , 40,0 )



Constant acceleration in 1 - d :

a = count in co - moving system : inertial system in which speed
-

of the object is momentarily zero .

^
n moves  with the

L
, Genoa
K K '

1=8 ( e
,

%
0,0 ) 1=(9%0,0)

- 2

D= j
"

dog ( E
,

1,0 , ) 1=19990 ) p=r

Li Li is invariant " -88µA) (l . E) = . az
-

°

( name in all inertial

systems ) 83mg = a → quatrain
on v( E)



de73/2
= Adt 0/+0=0

SHE "z= TI ' const

* µ
= at

,

o2=a2t2 . ae¥o2
,

oyi.in#)=a2t '

at
forts °

,o<< c : r= at → classical

F-

T.pe sorts • Fte : aflh :÷t
aCZ

5
n

acetate;;;÷÷±t..=#i÷
← out

>

t



Nithedyuamres
domical g =

Pldt
← minimize Si

no scalar The only Lorentz -

rdwvimeng.t@gld.s.qriinwwaoigufF9rat0boay.f
Tuman

etmetricsotmaee¥dj*S= - Lt§.aeat tbsads .

.
time interval

, p

↳

L=
- de F.

longest ton " shortest "

path
CZ

for rare
,

L = - Lc ( 1- E) = - Le + E. E <→ ME

Therefore
,

L= me
,

so L = - moi FE



#
F= ;÷

$*=S÷=
- molten

.

.fr
,

Coxtoito# = TIME
.

Similarly ,

py = Its = Yo÷r%
. ,

FETE = YET*
* = m . I = mV ( c

, F) ← 4- vector
.

what is P°= m8c ?

↳ i. e
.

what is the physics meaning at it?-



E + the
A. zp:p-L=m÷a

.

.i+miFE=mi=yn=
@ =

mc2_ = BE = C. m.no

¥2
= m8c2 = c. P°

For mall grads
E= Fa =

muchE.)
:

I = MQ = ( ÷
,

p )

=

melt
{ moz

Energy -
momentum 4- vector

/ T classical riuetre energy !
in classical

,

constant does not

matter



Egf er= de
dt

it FHF ( ini ) HE -
.

m ¥ ¥%
.

= m 83¥ =

maq
acceleration in

co . moving
if En ±*J⇒ r= const system !

dpft.
m F- The .= FE#ft=¥

of.im ind (F) =o

v=
cast



Rdabvisne

oodotramp; p , dµp== pad = Pw =P
'

Fi
, do

of P
if p=

Mr

-

f  =
MI

12
dp 12←

Ftdp
"# P Fmg = of

. v. 13

g- ix.B =PFI
,

R = ¥
Period of rotation :

T= LEI , p= rmr ⇒ T.hr EYEto
T= Loges . r



L= - miff → →p= TIE
.

* =p .ir - L = m÷pj
.

}I=m1= ( EB )

M → is a scalare

Force becomes not a straightforward thing .

it uniform acceleration
,

a. . 83¥
F  = My = m83Nµ= = Ma

but if

"

¥ 'tF ¥,
my de |

F
"

and Ft look very

dt
different !

lvtanut



Be = m . y = mr ( c
, F)

II= mini=* * → solar
.

in the vast frame
, I = ( me

,
I ) = (Ern ,

8 )

East
= mc2
#a

For mall speeds

E = Y.co#c=mc2 ( It off: me
'

+
'

zur
'

Ts in relativity ,

this

constant has meaning !

that's what keeps (E
, f) 4- vector

.



In relativity it's possible to have m=o !

in m→o

IF one

Iz ( £
,

F) P.to= F. - p
'

⇒ e =p .e

recall 4 - d wave vector :

I = ( we ,k→) # I

ki = ¥2 -
k2= 0

in fact , HE= tk
,

p→=tI ,

E= to




