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We present an elementary derivation of the Atiyah-Singer formula for the index of the Dirac
operator. This index is the space-time integral of the trace of the chiral anomaly. We calculate the
full chiral anomaly using the supersymmetric path integral for a spinning particle moving through
space-time.

1. Introduction

The Atiyah-Singer index theorem [1] equates the index of a partial differential
operator on a manifold to a topological invariant, relating local information about
the solutions of a partial differential equation to global properties of the manifold.
All of the indices of operators which arise in geometry (and physics) are specializa-
tions of the index of the Dirac operator [1].

The index of the Dirac operator plays a role in quantum field theory because it
can be interpreted as the space-time integral of the U(1) anomaly [2] for a fermion
interacting with classical gauge and gravitational fields. The U(1) anomaly is a chiral
anomaly: the anomalous divergence of a classically conserved chiral current in the
presence of gauge and gravitational fields. The Adler-Bardeen anomaly, which can
block the gauging of chiral fermions, is also a chiral anomaly [3].

In this paper we derive the general chiral anomaly, and thus the index formula, for
arbitrary gauge and gravitational fields. The calculation is based on a proper time
representation of the Dirac propagator in terms of the supersymmetric quantum
mechanics of a spinning particle moving through space-time.
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The supersymmetry generator Q of the spinning particle is the Dirac operator D) in
space-time. The wave functions which Q=1 act on are the spinor fields on
space-time. The hamiltonian is H = Q'Q. The particle moves along paths in space-
time which are parametrized by proper time 7 and its anticommuting partner 7. The
quantum-mechanical amplitude for the spinning particle to move between the
space-time points x and y in “euclidean” super-time 7, 7 is

K, +(x, y)=e 7779 (x, y). (1.1)

We will call this amplitude the super heat kernel. The Dirac propagator is the
integral of the super heat kernel over the super proper time:

SF(x,y)=f0°°dT/d$K,j(x,y), (1.2)

exactly as in the proper time representation for the bosonic propagator. The
anomaly will be determined by the standard calculation from the short distance
properties of the Dirac propagator.

The strategy is as follows. In sect. 2 we point out that the Dirac operator D, acting
on the Hilbert space of spinor fields, can be thought of abstractly as the generator Q
of a quantum supersymmetry. The analytic index of I) then becomes the index
Tr(—1)F of Witten [4] for the supersymmetric quantum system with Q = D. In sect.
3 we write down the chiral anomaly, recall the relation between the U(1) anomaly
and the index of the Dirac operator, and express the Adler-Bardeen anomaly in
terms of the chiral anomaly.

In sect. 4 we realize the abstract supersymmetric system Q =) as a spinning
particle in space-time. The super heat kernel K, ;(x, y) is given by a supersymmetric
path integral whose action contains the background gauge and gravitational fields.
In sect. 5, we calculate the short time expansion of K, o(x,x) which gives the
formula for the anomaly and the index.

In sect. 6 we sketch how the general index formula is specialized to give the Euler
number and the Hirzebruch signature [5]. In sect. 7, we consider the situation in
which the global topology of space-time does not allow a consistent definition of
spinors [6], making it impossible to construct the Hilbert space for the spinning
particle. We point out that this obstruction is equivalent to an inconsistency in the
supersymmetric path integral, precisely analogous to Witten’s SU(2) anomaly in
four-dimensional gauge theory [7].

This work was reported by one of us (PW) at the XXIII Cracow School of
Theoretical Physics in June, 19983 [8]. Similar methods have been used indepen-
dently by Alvarez-Gaumé [9] to calculate the index and by Alvarez-Gaumé and
Witten [10] in the calculation of the gravitational anomaly.
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2. Supersymmetry and the index

In this section we will review some general facts about Witten’s index [4] for a
supersymmetric theory and then draw the parallel between it and the analytic index
of the Dirac operator.

Consider a theory with supersymmetry charge Q, hamiltonian H and fermion

parity (— 1)

H= 00,
0'=-0,
o(-1)"+(-1)fo=0. (2.1)

It follows immediately from these defining properties that: (1) the energy is always
zero or positive; (2) the zero energy states are exactly the supersymmetric states, i.e.
the states annihilated by Q; and (3) each energy eigenvalue E; # 0 is associated with
a pair of eigenstates, one |i, B) bosonic and one |i, F') fermionic, which satisfy:

(-1)%i, By =i, B), Qli, By =/E,|i, F),

(-1)i, Fy=—1i,Fy, Qli,Fy=—E,]i, B). (2.2)

Witten pointed out that the number of bosonic zero energy states minus the
number of fermionic zero energy states,

I= HT=rO(—1)F, (2.3)

is topologically invariant. States can only reach or leave zero energy in pairs, one
fermionic state for each bosonic one, making no change in the index, because states
at any nonzero energy, however small, are always paired. There must be at least ||
zero energy states to produce the index, so a nonzero index implies that the
supersymmetry cannot be broken. A useful formula for the index is

I=Tr(=1)fe """, (2.4)

which holds for any 7> 0, since only zero energy states contribute to the trace, the
contribution of nonzero energy states cancelling because of the pairing (2.2).

The analytic index of the Dirac operator is developed in exactly parallel fashion.
Let D be the covariant Dirac operator on some even dimensional, oriented, compact
manifold without boundary. On even dimensional oriented manifolds, the spinor
fields can be divided into spaces of positive and negative chirality, eigenspaces of the




























































