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3. Vectors

Goals:

e To define vector components and add vectors.

e [0 introduce and manipulate unit vectors.
e [0 define and understand scalar product.

e To define and understand vector product.



Vectors and scalars.

e VVectors: quantities which indicate both
magnitude and direction.

Examples: displacemement, velocity, acceleration

e Scalars: quantities which indicate only magnitude.

Examples: time, speed, mass



e VVectors are represented by arrows:

A shift preserving both direction and magnitude
does not change the vector. (Translation.)

[ ome pege ]
(¢) The length of the arrow signifies magnitude.
. . . . . _
(¢¢) The head of the arrow signifies direction.
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Al on a straight path [ Page sor |
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Displacement vector for a

particle travelling on a curved
path. L« | [» ]

Note: independent of the path ~E B
‘A from A to B.

e Notation:
a,b,c,... or a,b,c,...

The magnitude of a vector a:

a or |d|



Adding vectors geometrically

e \What is the sum of two vectors?

e Step 1. Draw the vectors head to tail
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a b



e Step 2. The vector sum of a and b is thﬁe vector
¢ pointing from the tail of @ to the head of b.

Mathematical formula:
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e Commutativity: a +
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e Associativity: (a+



o Inverse: @+ (—a) =0

[_rome Page |
— Note: —a has the same mag- [ ite page |

a a nitude as a, but it points in op-
posite direction I
Lo ]

e VVector subtraction: a — — b
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Multiplying vectors by scalars

[_tome page |
e If @ vector, s #0 number then
. 4 . . . . (e page |
sa = vector with magnitude |sd| = s|d|
[ ][> ]
same as a if s >0 ]
and direction
opposite to a if s <0 [0
Example
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I-Clicker

Which of the following statements is false for the

three vectors below? .
A)a+b+c=0

= 'Y B) é+b=-a
C) |2l < |a| + |b]
= D) |e] = |al + |b]

E) None of the above.




Answer

Which of the following statements is false for the
three vectors below?

—~ D) |e] = |a] + ||
E) None of the above.

Triangle inequality: |&] < |@| + |b| since &, b, & not
colinear.



Components of vectors
[ tome Page_|
e AXiIS = line equipped with a preferred direction, [ rierese |

also called orientation.
L« » ]

Example: one dimensional motion

positive direction =
—

® >
O = origin: =0



e Projection: suppose a a and a given axis are in

[ tome page |
the same plane
[Tt page |
Note:
— \\ o C_l:proj |S d VeCtOF - -
d \ o) ) .
along the given axis. L]

® dproj IS NOL the component [

90° /"5

of @ along the given axis. T e |

proj

rojection of @ ' .
proj . a (as stated in the textbook.) s |
along given axis



e The component of @ along given axis is a number

|@proj| i @proj points in the positive direction
| =

—|@proj| if @proj points in the negative direction




e Right triangle rule

a| = a cos 6

6 — angle between the
axis axis and the vector (coun-
terclockwise)




& — angle between the
axis and the vector
(counterclockwise)



Summary:
e T he projection of a is the vector ap;.

e [ he component of a is the number

a| = a cos 0



¢ Right handed coordinate system:
three mutually orthogonal axes meeting at a
point O called origin.

A
y
The x and y axes are in
the page.
90=m/2
90=m/2 ™ The z-axis sticks out of
~ X’ the page.
90=m/2
x,y, z. coordinates
‘ O = origin




e T he components of a along the three axes

61, 52, 6_1531 the

projections of a

on the x, y, z axes.
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X (vectors)

az, ay,a,. the components of a along the z,y, 2
axes (numbers)




e Planar vectors in x,y plane

— This is the y component ——
of the vector.

The components and the
vector form a right triangle.

(a) (b)

This is the x component
of the vector.




e [ he right triangle rules for planar vectors

This is the x component

[Crameree |
of the vector. 4z = acost ]

m/b_7n] a, = asin 6
o [ ][]

a = a}%+aj§ --

b:,:—5m

This is the y component

Qg
of the vector. (if Ay 7é 0)'



)O O Vector Addition 2.02
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I-Clicker

[ ome pege ]
A vector a is contained in the (y,z) plane such that
the angle between a and the y axis is ¢. What are the [ e |

components of a? KEliEa
ty
A) a; = acos ¢, a, = asin®, a, =0 L]
e B) a; = acos ¢, a, =0, a, = asin ¢ |
: % C) a; =0, ay = asin ¢, a. = acos ¢ |EEam
- D) a; =0, ay = acos ¢, a, = asin ¢ s |
Z. E) a; = asin¢, ay, =0, a, = acos ¢
[ ou |



Answer

[_tome page |
A vector a is contained in the (y,z) plane such that
the angle between a and the y axis is ¢. What are the [ e |
components of a? KEliEa
A
y
1 A) a; = acos ¢, a, = asin®, a, =0 L]
a .’ B) a; = acos ¢, ay =0, a, = asin¢ |
¢l ay C) az =0, ay = asin ¢, a, = acos ¢ T
D) a;, =0, a, = acos ¢, a, = asin ¢
: > | Y [_rursereen|
Z: a, E) a; = asin¢, ay, =0, a, = acos ¢
[ ow |



Unit vectors

e Unit vector = vector of magnitude 1 pointing in
the positive direction along an axis

axis




e Unit vectors for a right handed coordinate system

[ tome page ]

The unit vectors point If @ has components ay,ay, a., prEE
along axes. its projections are

[ ][> ]

a1 = azt KNI

a = ayt + ayj + ak




e Two vectors are equal if and only if their

components are equal.

Q)
I
S
Q
8
|

bz, ay = by, a, =0b,.




I-Clicker

Which of the following expressions is correct for the

vector a shown below?

ty

) @ = acosgi + asingj

) a= asingi + acosdj
C) a= —asingi + acosgj

)

)

= a,cosgb/i\— asingb/j\

Z Sl

one of the above.




Which of the following expressions is correct for the

vector a shown below?

ty

Answer

) @ = acosgi + asingj

) a= asingi + acosdj
C) a= —asingi + acosgj

)

)

= a,cosgb/i\— asin¢/j\

Z Sl

one of the above.




Adding vectors by components

e For any two vectors:

d=azi+ay,)+ak  b=byi+by+bk
we have:

G+ b= (az+bs)i + (ay + by)J + (a. + b.)k

d—b=(az—bs)i + (ay — by)J + (a. — b.)k

More generally, if s,t are scalars,

s@ + tb = (sap + tby )i + (say + tb,)j + (sa. + tbzﬁc\



Vectors and the laws of physics

e Relations among Rotating the axes

vectors do not depend changes the components
i but not the vector.

on the choice of a

coordinate system. ! , )

e Relations in physics | \// \

are also independent % ) A x
of the choice of a co- "\LE—"Te

ordinate system. ¢

a=Ja2t+ai= /(@) +(@)? 0=0+¢

S|



Multiplying vectors

e Scalar (dot) product

Associates_) to any two
vectors a, b the number

commutative

Order is irrelevant!

a
¢
b
(@)
Component of b

along direction of
ais bcos ¢

Multiplying these gives \
the dot product. —\ L "

b

Or multiplying these —
gives the dot product. (6)

7O\ Component of a
along direction of

bis acos ¢




e Scalar product in unit vector notation

G=k-k=1

<L)

1-1=

)

5 k=k-i=0

i-J

~
|

d=asi+ay)+ak  b=byi+by+b.k
@ b= (asi+ ayj + ak) - (byi + byj + b.k)
= azb; + ayby, + a.b,



e Vector (cross) product
_

¢ 1 to the plane
of the two vec-

tors

direction of
right hand rule

4

bxa=-—c

Anti-commutative

Order is relevant !




e VVector product in unit vector notation

@ x b= (asi+ ayj + ak) x (byi + b,j + b.k)
= (ayb, — byaz)/z'\—|— (a.by — bzax)fj\—k (azb, — bxay)E



