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10. Rotation

e Rotation variables
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The body has rotated
counterclockwise
Y by angle 6. This is the

positive direction.
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This dot means that
the rotation axis is
out toward you.

e Angular position:
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s length of circular arc

r radius of circle




e Angular velocity and acceleration
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e Constant angular acceleration

Table 10-1
Equations of Motion for Constant Linear Acceleration and for Constant Angular Acceleration - -
Equation Linear Missing Angular
Number Equation Variable Equation <]
(2-11) v=v,+at X — X 60— 6, w=w+ at
(2-15) X — Xo = vyt + jat? % w 0 — 6, = wyt + st -
(2-16) v = v} + 2a(x — xp) t t o = of + 2a(0 — 6))
(2-17) x = xo = 3(vo + V)t a a 60— 6 =5(w+ o)y |
(2-18) x — xy = vt — jat? Vo wy 0 — 6, = wt — iat?

Constant angular acceleration <« Constant linear
acceleration



e Relating linear and angular variables

The velocity vector is
always tangent to this
circle around the

Circle > rotation axis.
traveled by P
P
’
] X
Rotation
axis
e Period of revolution: T = 2vﬂ —

e Each point P
moves on a circular
trajectory of radius r
in a plane perpendic-
ular to the rotation
axis.

e Distance along cir-
cular arc:

s =r6 (radians!)
e Speed:

V= TWw
2T




e Acceleration

The acceleration always . dv
has a radial (centripetal) a — %
y  component and may have

a tangential component. e Tangential accel-
a, eration:
é\” a; = ar
a,
\ -
Romion// " e Centripetal ac-
axis celeration
2
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e a; tangent to trajectory, encodes the rate of varia-
tion of the magnitude of ¥

e a, perpendicular to trajectory, encodes the rate of
variation of the direction of U




e Kinetic energy of rotation

Treating the body as a collection of particles with
different speeds, we have

1 1 1
K = “mv? 4+ “mov2 4+ - - = “m;v?
g LT g2 Zz i

k=3 gment=g(omet)

e Rotational Inertia (moment of inertia)

1
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e Continuous mass distribution

[ ome pege ]
I = /rzdm: /erdv = /r2pda:dydz [ e rese |

r = distance between the volume element dv and [ ][> ]
rotation axis. If the rotation axis is the z-axis, then _—

r = ,/332_|_y2

(Xi, Vi)




Examples:

Axis Axis
Solid cylinder Solid cylinder
(or disk) about (or disk) about
\ central axis \ central diameter

g 7

/zlz\/L zlz\‘/lL

I= IMR? (€) I=MR? + s ML?

(d)

Note:
e / depends on the axis of rotation!

e /| ~ measures how hard it is to spin an object




Solid sphere
about any
diameter

I= 3MR?

Thin
spherical shell
about any
diameter

(g)




I-Clicker

To decrease the rotational inertia of an object about
an axis, you must:

A) decrease w
B) decrease «

C) deform the object such that more mass is placed
closer to the axis

D) deform the object such that more mass is placed
further from the axis



Answer

To decrease the rotational inertia of an object about
an axis, you must:

A) decrease w
B) decrease «

C) deform the object such that more mass is placed
closer to the axis

D) deform the object such that more mass is placed
further from the axis



Parallel Axis Theorem

7

dm

Rotation axis
through P

com

Rotation axis
through
center of mass

IP — Icom + Mh2

Ip = rotational inertia
about axis through P

iner-
axis

Icom = rotational
tia about parallel
through COM

h = distance between
axis through P and par-
allel axis through COM.

M = total mass of the
object




What causes rotation?
rotation axis

“?\/ _causes

""""" rotation

reference
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no effect

In order to cause rotation the applied force must be
perpendicular to the plane formed by the rotation
axis and the reference line.




Who wins?

The Appled Force
Produces a
The Load Produces Clockwise Torque \
a Counter-Clockwise

. Pencil

Lever Arm lied Force
of the App

The winner is the side with the larger product
weight X length of lever arm

not the larger weight.




e ToOrque
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/ Rotation

The torque due to this force
causes rotation around this
axis (which extends out
toward you).

° horizontal section
through a rotating body

e rotation axis vertical, 1 to
page

e applied force is contained
in the horizontal plane

F. k=0

e Pivot: the point O of
intersection of the rota-
tion axis with the horizontal
plane.




Rotation
‘." axis r "
E: /

But actually only the tangential
component of the force causes
the rotation.

e JTorque:
T =1rF; = rFsing

e [, = F'sing the tangential
component of F' causes ro-
tation

e I, = Fcosgp the radial
component of F' has no ro-
tation effect.




e line action of F: the line

y in the horizontal plane con-
Rotation 'Lin-e of tainin g F.
' . /| action of F

axis /

e moment arm of F: r, =
Mom;\nt‘a;_-r_?x____?__.—---"‘"’ | the distance from the pivot
of F to the line action

You calculate the same torque
by using this moment arm
distance and the full force
magnitude.

o T =rF =rFsing =r F

e Note: 7 >0 iff rotates the body counterclock-
wise and 7 < 0 if F' rotates the body clockwise.



e Torque as a vector

Z Z

Cross rinto F.
Torque7is in the
positive z direction.

F (redrawn, with
tail at origin)

F=7FxF 7| = rFsing




I-Clicker

You are using
a wrench to
loosen a rusty
nut. Which
arrangement is
the most effec-
tive, assuming
the same force.

F
wrench
wrench
(@ ¢

nut
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F
wrench
- C
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nut
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wrench
©

rod F
\I
nut
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plo increase a torque, you can
fcrease either the applied for:
the moment arm. Here the for
rod the same in all four situations,
and so this question boils dow
comparing moment arms.




e Newton’s Law of Rotation

The torque due to the tangential
component of the force causes

an angular acceleration around Thet — 1
the rotation axis.

b
Thet — E T;
, 7

A Derivation: assume the
rod massless

F; = ma; = mro

x 2
Rotation axis ’rFt = mr o = IOé



e Example:
e A uniform disk, with mass

M = 2.5kg and radius R =
20cm is mounted on a fixed

horizontal axle.
0) .. .
T e A block with mass m =

© 1.2kg hangs from a mass-
y less cord that is wrapped
around the rim of the disk.

!

|

!

;
FAN

T
m ™ e Find the acceleration of
F,  the falling block, the angu-

lar acceleration of the disk
and the tension in the cord.

\Y%



e Newton’'s 2nd law for

ward motion

e Kinematic constraint: |a,| = R|a].

block:

—mlay| = —mg+ T Lo |
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" me ° Note: 7 <0, o <0 sinCe

£, T rotates the disk in clock-

| wise direction; a, < 0 down- [
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pose the bar is stationary.

AT,

Pivot point
P \

I-Clicker

Two horizontal forces act on a horizontal bar that
can pivot about a vertical axis as shown below. Sup-

.

Fy s

o

If the angle between F, and
the bar is decreased from
90°, should the magnitude
of F, be

A) made larger
B) made smaller
C) left the same

in order for the bar to re-
main stationary 7




Answer

Two horizontal forces act on a horizontal bar that
can pivot about a vertical axis as shown below. Sup-

pose the bar is stationary.

AT,

Pivot point
P \

.

Fy s

o

If the angle between F, and
the bar is decreased from
90°, should the magnitude
of F, be

A) made larger
B) made smaller
C) left the same

in order for the bar to re-
main stationary 7




e Initially ¢ = 90°, stationary
bar
™ +7 =0

Fily = Fblo

e ¢ \, stationary bar
Tn+717 =0

-_— —_—

AFI F2 ’ / .
Pivot point\:b Fil; = F2l281ngb
J
) Fily
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I-Clicker

Two horizontal forces act on a horizontal bar that
can pivot about a vertical axis as shown below. Rank
the following values of ¢ according to the magnitude
of the angular acceleration of the bar, greatest first:
90°, 70°, 120°.

~ A) 70°, 90°, 120°.
KA
/Pixrotpoint o, B) 120°, 90°, 70°
/ C) 90°, 120°, 70°
I D) 90°, 70°, 120°



Answer

Two horizontal forces act on a horizontal bar that
can pivot about a vertical axis as shown below. Rank
the following values of ¢ according to the magnitude
of the angular acceleration of the bar, greatest first:
90°, 70°, 120°.

_ A) 70°, 90°, 120°.

/Pivotpoint o, B) 120°, 90°, 70°

/* C) 90°, 120°, 70°
I D) 90°, 70°, 120°
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‘/ Pivot point

Newton’s rotation law:

It = Thet = 11 + T
loa = T1 —+ FngSil’lqb

sing; > sings
4

a1 > Q9




