Ph 444  Solutions for Problem Set 6

1. (Ryden 9.3) This problem examines the recombination of helium in the early
universe. For simplicity, it considers a universe containing only He and assumes that
the amount of doubly ionized helium is negligible. The latter assumption is reasonable
for temperatures close to that at which He becomes neutral. Then the relevant
reaction is He + v <> He' + ¢~. The ionization energy for He is Qp, = 24.6 eV.
Applying the Maxwell-Boltzmann equation for the number densities of He, He™, and
e~ yields, in analogy with Ryden equation (9.22)

NHe JHe < MHe >3/ 20 kT \ " [Mprer +Mme — mpec® (1)
- ex .
NHget e GHetGe \MHe+Me 27Th2 P kT

Now mpy. >~ mpy.+, the ratio of statistical weights is 1/4, and the difference in the
rest masses is Q.. Thus,
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This is the equivalent of Ryden equation (9.23) for He. The fractional ionization of
He is defined as
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The above equation uses the recommended Nporyon = 4(Nge+ + npe). Equation 3
implies
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and so equation 2 becomes
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Now equation 3 also implies that photon-to-baryon ratio can be written as
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The last step in the above equation uses the formula for the number density of black-
body photons at temperature 7' (Ryden equation 9.27). Using equation 6 to eliminate
nge+ from equation 5 produces the final equation for X in terms of n and 7"
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This equation must be solved numerically for the T" that corresponds to a given X. It
is useful to introduce the dimensionless variable y = Qp./(kT) and take the logarithm
of both sides of equation 8:
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For X =1/2 and n = 5.5 x 1071% this becomes
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The solution is y = 44.04. One way to solve this is to write the equation as y =
33.36 + (3/2)In(y). Plugging a guess for y into the right-hand side, calculating a
new value of y, and then repeating the process quickly converges to the solution. For
example, y = 38.36, 43.83, 44.03, 44.04, 44.04,. . . This usually works if the right-hand-
side is a slowly-varying function of y. It is easy to see why this procedure converges
to the right answer by plotting the two sides of the equation and then graphically
sketching what the iteration procedure is doing. Thus, the temperature for X = 0.5
is kT = Qp./44.04 = 0.559 eV = T = 6.48 x 10® K. This temperature is about 1.7 x
higher than that at which hydrogen is recombining.

2. (Ryden 9.5) If the universe is ionized between the time ¢, and today, to, then the
optical depth to electron scattering produced by a uniform density of baryons is
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Here n. is the electron density, o, is the Thompson scattering cross section, 6.65 X
1072 m?, and c is the speed of light. If the ionization is complete and we assume
that universe contains only hydrogen, then the number density of electrons equals
the number density of baryons, n. = n,. Now nyg = Qp0perit/mp. Calculating the
critical density for Hy = 70 km s Mpc™!, adopting {0 = 0.04, and plugging in the
proton mass yields nyo = 0.22 m™3, which is the value used by Ryden in chapter 9.
Finally, n,(t) = ny0(ao/a)? and for a flat, matter-dominated universe a/ag = (t/ty)%3.
Putting all of this together,
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The value of t, corresponding to a given value of T is
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The value of ¢y that is consistent with the assumption of a matter-dominated
universe is tg = 2/(3Hy) = (2/3)(4.4 x 1017 s) = 2.9 x 10'7 s = 9.3 x 10° yrs. Plugging
in the numerical values for 7 = 1 yields ¢/t = 1.3 x 1073 and ¢, = 1.2 x 107 yrs.
This corresponds to the redshift

Thus, z, = 84.

Some of the class adopted the actual age of the universe, ty = 13.6 Gyrs, which
yields ¢, = 2.6 x 107 yrs and z, = 65. A few intrepid souls even used Ryden equation
(6.29) relating a(t) and ¢ for a universe containing matter and a cosmological constant
to calculate z from t,, which probably is more consistent with a ¢y of 13.6 Gyrs.

Of course, to precisely calculate 7 for a flat universe dominated by matter and a
cosmological constant, as is ours for the times in question, the correct integral is
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The integral was done with the aid of the Wolfram Mathematica online integrator (it
has a simple closed form, somewhat to my surprise) and the final line uses ay = 1.
The value of a, for a given value of 7 is
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The approximation holds if the quantity in parentheses is small, as it is for this
problem. Using Ryden equation (6.29) for the relation between a and t for a < ama,
which is again a good approximation for 7 ~ 1, yields
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This is the same as equation 16 using t, = 2/(3H,), except for the factor 1/, .
Plugging in the previous values and 2, o = 0.3 yields ¢, = 4.0 x 107 yrs and z, = 55.
Observations of the CMB by WMAP show that the optical depth to the surface of last
scattering is 7 = 0.084 £ 0.016, which implies that reionziation occurred at z, ~ 11.

3. The solid line in the figure on the next page is a plot of the model CMB power
spectrum produced by CMBFAST for the default set of parameters. Some reading
of the documentation confirmed that that the quantity in the second column of the
CMBFAST output is ¢(£+1)C;/2m and so can be compared easily with the published
CMB power spectrum. I actually used a maximum ¢ of 2000 (the default) instead of
1500.

The pattern of peak heights is very similar to that for the power spectrum derived
from the WMAP data. The first peak is highest, the next two are lower but of nearly
equal height, and subsequent peaks decrease in height. The locations of the peaks
also agree well, though this was harder to tell because of the peculiar z-axis in the
published plots of the WMAP power spectrum. The axis has an approximately, but
not exactly, logarithmic scale that was chosen to emphasize the peaks and is actually
never described in the papers. The locations of the first three peaks in the CMBFAST
output are £ = 221, 538, and 817. Finally, the heights of the peaks in the CMBFAST
output is also similar to those for the real sky. Multiplying the heights output by
(2.725 x 106uK)? yields a height for the first peak of 5900, which agrees well with the
published plots.

4. The dashed line in the figure shows the effect on the power spectrum of changing
Q4,0 to 0.4, while keeping all of the other parameters the same. The dotted line shows
the power spectrum resulting from also changing .40 to 0.554 so that the model
has the same flat geometry as the default case.

Changing 2 to 0.4 shifts all of the peaks in the power spectrum to larger ¢
compared to the default case. The locations of the first three peaks are at ¢ = 326, 792,
and 1203. These locations are all close to 1.47x those of the default case. The height
of the entire power spectrum is reduced, but the relative heights of the peaks remain
very similar to what they were before. The results of the first numerical assignment
showed that reducing 25 o caused the angular diameter of the horizon at decoupling
to become smaller. This agrees with the results from CMBFAST, which show the
location of the first peak, which is approximately equal to that angular diameter,
shifting to larger ¢, hence, smaller angle. The fractional change in the location of
the first peak is about —30%, which is somewhat smaller than the approximately
—40% change I would expect on the basis of the numerical assignment. (Though one
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Figure 1: Power spectra produced by CMBFAST. The solid line is for the default set
of parameters. The dashed lines changes 2o to 0.4. The dotted line also changes
Qedm,0 to 0.554 so that the model has the same flat geometry as the default case.



should really recalculate Afy,,./6p,r for the same input parameters to make a careful
comparison. )

Decreasing €25 o to 0.4 but increasing Qgm0 to 0.554 so that the model has the
same flat geometry as the default case causes smaller changes in the locations of the
peaks. The peaks shift to slightly lower ¢’s, with the first three being at ¢ = 206, 500,
and 734. The ratio of these locations to those in the default case is not as uniform
as for the previous change, but are close to 0.9. The heights of the peaks are reduced
compared to the default case and the relative heights are broadly similar, though
now the third peak has been enhanced relative to the others. The first numerical
assignment predicted that 6, decreased when 2, o was decreased while keeping the
geometry flat. This agrees in direction with the change in the location of the first
peak predicted by CMBFAST. However, the predicted fractional change of about 14%
is larger than the ~7% fractional change predicted by CMBFAST.

The change in the location of the first peak when 4 ¢ is changed but the geometry
is kept flat is much smaller than when the geometry is allowed to change. This
supports the assertion in the text that the location of the first peak is primarily
dependent on the curvature of the universe.



