Physics 386 Spring 2006 Exam 2 Review

9.2: Electromagnetic Waves in vacuum: Maxwell’s equations with no sources:

VeE =0 Gauss’s Law VxE = —% Faraday’s Law

VeB =0 Gauss’s Law for Mag. VxB=,¢, %—f Ampere’s Law

0°E

_9(VxB) ’E
ot

Take V x (? x E): and substitute Ampere’s law to get: VZE = u, &,
d(V x 2B

Similarly, ?x(ﬁx |§)= UoE, TE) leads to VB = y, ¢, aat_B This means that elec-

>

tromagnetic waves move at a speed ¢ = \/;T which, of course, is the speed of light
i(kz—at) .

¢ =3 x 10® m/s. Monochromatic plane EM waves: E = E e : B =B,e' ™™ These

waves are transverse in the sense that E and B are perpendicular to the direction of motion. They
are plane polarized in the sense that the surfaces of constant phase are planes. Faraday’s law

gives: B = %(12 x Eoei(kz“”t)) . For a plane wave that propagates in the direction defined by the

k-vector, k, we have E =Ee'®*"™: B =Be'®"; B= %(k X ﬁ)EOei(k'F“‘") where A is

the polarization vector of the wave. E L B. Clearly e k=0 Fora linearly polarized wave, N is
a constant vector.

With u=1(¢,E? + 2 B?) and B = L E? for EM waves, U = £,E? = goE cos(kT-ot).
The Poynting vector becomes S = ce,E cos?(K o F — wt)k = cuk . The momentum density

of the em wave is pem = £,44,5 =S = 1&,E? cos?(K o F — at)k = Luk .

Taking the time average of these quantities we get a factor of % from the cos? term which yields
<u>= YhgE?: <§> =1ice,E’k and < pem> =-Le,EZk . The intensity is the magnitude

2c “o

of the time averaged poynting vector | = %C{;‘OEOZ . Finally, the radiation pressure is related to
the intensity by P = I/c.

9.3: Maxwell’s equations in media: With no free charges or free currents:

VeD=0 Gauss’s Law VxE=--—Faraday’s Law

VeB =0 Gauss’s Law for Mag. VxH = = Ampere’s Law
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For linear medium, D=¢E , H :%é . thus:

VeE =0 Gauss’s Law

<\
X
m
Il

_%B Faraday’s Law
ot

Ve B =0 Gauss’s Law for Mag. VxB= ye%—ltz Ampere’s Law

For EM waves in matter the velocity is v = F =< where n= /#NZ ©x [¢ ~for 1~ .
. 2 2 S = 5 5
Therefore: u :%(gE +B ) S —%(E B), | =JveE;

Reflection and Refraction: At the interface between two linear media, the boundary condition
becomes:

&,El =¢,E, (from Gauss’s Law) El =E! (from Faraday’s Law)

B, =B, (from Gauss’s Law for Mag.) LB/ =-1B] (from Ampere’s Law)

Reflection and transmission at normal incidence: Separate fields into incident, reflected, and
transmltted

E _ EOIel(klz wt)x B _ 1 EOIei(klz—rut)y ; E E I( kyz— wt)x B v_llEORei(—klz—a)t)y

E, = E,e' (%, B, =L E LDy Applying the boundary conditions at Z = 0:

= I 1(LF 1
Eoi +Eor = Egr and 71(71 Eor =5,

mi

or) =7 E,;) which leads to the relationship between
n-n,
n, +n,

2 2 2
I E n,—n I v, E 4n;n,
e L L (3 . L SPLIE B
I E,, n,+n, I, &V, LE, (n, +n,)
flection and transmlssmn at oblique incidence:
0© I(k'.r_wr)’ B, :V_l(kl X E'j ; ER = EORel(kR.F_Wt),

_E aikera) 5 _ (0 JE
= et BT_E(kaETj

real amplitudes: E ; =

2n
E, and Ey = [—1on, . The intensities are related by:
r]l r]2

Re
E, =

I'I'IH
/_\

?~_>

ITIH
;/

[T
4

Matching of the phases implies that: kisinég = kgsinék = kysiné&r , which gives:
the Law of Reflection: 6 = & and the Law of Refraction (Snell’s Law): n;siné = n,sinér
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With z normal to the interface, which lies in the xy plane, the matching conditions at the
boundary become

gl(EO, + EOR) = 52(E0T) (from Gauss’s Law)

(EOI + EOR) (EOT)x ,  (from Faraday’s Law)
(BOI + BOR) = (BOT) (from Gauss’s Law for Mag.)

L (BOI + BOR) = (BOT) (from Ampere’s Law)

with @ = 22590 ang p=—+ Yy _ A e have: Er :(a_’ﬁJEO, , En = ( 2 ]E
cosé, YA TA N a+p a+pf
These are the Fresnel Equations. Brewster’s angle (E,r = 0) when o = for tané, = Ny
nl

2 2
T:I_T:ylvl(EoTj cosHT:aﬂ( 2 J
I, v, E, ) cosé, a+p
9.4 Absorption and Dispersion: In a conductor we have J = oE which leads to Am-

. - = E = . .
pere’s law written as: VxB = ,ug% + noE which leads to a wave equation of the form:

L 0%E OE . . = = i(k-at)
VE = ue pe; +ya§ which have solutions of the form E = E e

where k2 = uea’® +iucw > Kk =k +ix sowe canwrite Eas E = E e e

i(kz-ot)

For a material (dielectric) whose electrons can be modeled as damped driven harmonic
oscillators, we can solve for x(t) from F = ma, to get p(t) = gx(t) and P = Np(t) which in
turn is proportional to E, so we can write P = g,y E. Since again y can be complex we

have k = k + ix which again give E of the form: E = E,e ™e'®™" . The dielectric constant

can be derived from the response of the electron being driven by an applied electric field. For the
case of an electron modeled by a damped spring-mass system, this results in the complex polari-

zation: P = N9~ vy > 12 — |E .
m wv,\w, —o" —lyw
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Potentials and Fields: With Maxwell’s equations including sources (i.e. current and charge
densities) we still have the same relationship between the vector potential and the magnetic field:

B=VxA however the electric field is given by: E =-VV —(’;—':‘. These definitions

allow for a gauge transformation: A'= A+VA ; V'=V —%’1, where A is some scalar

function of space and time: 4 = A(r, t).

Coulomb Gauge: Choose Ve A=0 and V?V = ~ P This gives rise to the familiar
80

form for V from electrostatics, but the equations for A are very complicated.
= = oV . . :
Lorentz Gauge: Choose Ve A=—yu ¢, ry which gives rise to the very symmetric set
2 A 2
. — = V .
of equations: V?A- ¢, aatf\ =-u,J; and V¥V — u &, aatz = —2 which can be
&

0

2

written using the d’Alembertian: [12A = -,J ; [J°V = -ple; where (07 = V? — u ¢, %

. i rt
The solutions to these equations are: V(r,t) = jp(m “)dr' and

A(r,t) = Fo Ig)dr where t, =t—9R/c and R =[F —r"'|. The fields associated

with these potentlals are the Jefimenko fileds:

E(r,t) = ! I p(r ,ztr)ipr(r ’tf)‘JA{+‘](r t) dz' and
4re, R cR R
é(r,t):”f’j it a D IO | G
Az R cR

1 qc
4rg, (Re-R e V)

For point charges we have the Lienard-Wiechert potentials: V (F,t) =

and A(F,t) = Ho L where v is the velocity. These equations give the fields
47 (Rc-R e

from a moving charge:  E(F,t) = g 3 [(c? —v?)l+R x (lixd)] and
dre, (Re u)
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Radiation: electric dipole:

V(r,6,t) = 47; {qo Cos[a)ig -R. /)] q, cos[a)g -N_ /c)]}

which, with the appropri-

ate approximations gives V (r,0,t) = —M[Corsejsm[w(t —r/c)] and
80
A _ Ho poa) 5 H R 5
A(r,o,t) = —4—sm[a)(t —r/c)]z foradipole of moment p, =q,dz.
ar

:uo p,@

These lead to fields py [S': HJcos[a)(t - r/c)]é and

[os )}
|I

E=
ﬂo Po@ (S'” ejcos[w(t —r/c)l¢. This give a Poynting vector:

=2
§=Ho ) Po® (sm ejcos[ (t—r/c)]\f and <S> HoPo® sm2<9 f for the time
c | 4x r 327%¢c

r

2 4
averaged vector. The time averaged radiated power is (P) = (”?LZMJ
7ic

Magnetic dipole: A(F, =12 Ho | Iocos[a)i(]; ROy finally giving
7Z'
2 - n
A(r,e,t):_M(S'”ejsm[w(t—r/c)w E = M (Smejcos[a)(t—r/c)]qﬁ;
4nc r 47zc r

- umw®(sing ~ o [ umiet \sin?6). um’o’
B=-—"-2 cos[o(t—r/c)]0; (S)=|—"— F:(P)y=| 22—
Anc? ( r j Lot ) < > [327[2C3 2 (P)

r 1273

From arbitrary source: E = f—;r[(Fo p)f — p] = f—o[(fx (f-p)]; B=

4 7re
EzM(smeJé; ézyop(to)(smejé; )1 [sm 9J ’
Ar r 4nc r
luo "2
P~ :
67ch

Point Charge: E = qu[(*JA% e 3)R - 4]

S ~ qa sm2¢9ER p_ ,uoqa
167%c | R 67C

Ho 1o & 1.
=P [(Rx(R-a)];
el

0
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