Physics 386 Spring 2008 Exam 1: Friday Feb 29; In Class; Review

7.1 Electromotive Force: Ohm’s Law: J=cE; V =IR : Power: P =VI = I°R: EMF:

integral of force per unit charge around a loop. Motional EME: &€= i“ odl ;for

mag

closed loop, can express this in terms of flux penetrating loop: @ = J. B e da over the

open surface bound by the closed loop. This leadsto &= = _dd;qt) .
: : , dd
7.2 Electromagnetic Induction: Faraday’s Law: & = Ty regardless of whether

iiit) is produced by motion of the loop through a nonuniform magnetic field, or by a

time-dependent magnetic field passing through a fixed loop. This gives:
ifl? odl = _I%° da . Written in differential form we have: V xE = —% . This latter
P

equation is a statement linking the electric and magnetic fields locally, not just a state-
ment about induced emf’s.  The sign in Faraday’s law is a reflection of Lenz’s law,
paraphrased as: The emf induced by a change in flux is such that it would induce a cur-
rent that creates a magnetic field that opposes that change in flux. Anaology with Am-

pere’s Law: Ampere says V x B = 4, J and the nature of the fields relies on Ve B =0.

IF we have no charge density, then Ve E =0. In this case, for situations with sufficient
symmertry, we can use Faraday’s law to find the induced electric field just as we used

Ampere’s law to find the magnetic field from a current density. Here —% plays the
role of ,uoj . S0, when we used jﬁé odl = u,l,.. for Ampere’s law, we can apply a simi-
P

lar circuital law for the induced electric field: §3|§ odl = _(jjit)' REMEMBER, FOR ALL
P

OF THESE RESULTS, WE ARE IN THE QUASISTATIC APPROXIMATION.

Inductance: Typically, the flux through a loop is due to a magnetic field that is gener-
ated by a current in a second loop. The geometric factor that links the flux in loop 2 to
the current in loop 1 is the mutual inductance: ®; = My;l1. Similarly, a current in loop 2
will induce a flux through loop 1, i.e., ®; = Myzl, . Moreover, the mutual inductance
linking two loops is identical, that is: M1 = M. Since a time rate of change in @ results

in an induced emf in the loop, we have &, = -d®,/dt = - Mxdli/dt . A loop in which the

current changes also creates a changing magnetic flux through itself, therefore ® = LI
where L is the self-inductance of the loop.

The energy needed to establish a current I in a loop with self inductance L (and therefore
the energy stored in that “energized” loop) is given by W = (1/2)LI%. By manipulating
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relations, we can express this purely in a form that depends solely on the fields:
2

W = ZLU Bzdr]—§§(,&x B)edd. We associate the quantity ZB with the energy den-
/uo S

0

sity of the magnetic field.

7.3 Maxwell’s Equations; Putting it all together we have Maxwell’s Equations in vac-
uum:

; p , - :

VeE =" Gauss’s Law VxE = o Faraday’s Law

&

0

VeB =0 Gauss’s Law for Mag. VxB=x,J Ampere’s Law

Ampere’s Law is of course incomplete as demonstrated by the famous example of
i§|§ odl = 4,1, being inconsistent for a wire leading to a capacitor. We must amend
P

: : - E . : :
Ampere’s law with the displacement current J, = ¢, % with which we can re-write

Ampere’s Law as VxB = u, (3 +J,) = u,J + u,¢, %—f This new formulation means

that a time varying electric field generates a magnetic field, analogous to Faraday’s law
which states that a time varying magnetic field creates an electric field. So, the full
Maxwell’s equations read:
VeE =" Gauss’s Law TxE=_B Faraday’s Law

&

VeB =0 Gauss’s Law for Mag. VxB=,J + u,e, % Ampere’s Law
Maxwell’s Equations in Matter: In the above equations, p and J refer to the total charge
density or current density, both bound an free as one may have in media. Recall that

p, =-VeP and J, =V xM define the bound charge density and current density. Fur-

thermore, with D = &E + P and B = p,H + M we can rewrite Maxwell’s equations in
terms of the free charge density and free current density:

VeD=p, Gauss’sLaw VxE = —% Faraday’s Law

VeB =0 Gauss’s Law for Mag. VxH =17, +88—ItD Ampere’s Law

The boundary conditions at the interface between two media can be summarized as:
D} -D;j =c,; El-E}=0; B/ -By =0; H/-H! =K, xA

8.1: Conservation of Charge and Energy: The continuity equation for charge is given
by %’O = —V e J . This can be interpreted as the rate of decrease in charge density in a
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volume is equal to the flux of current out of the volume. We can generate a similar equa-
tion for the change in energy density in a volume and relate it to the work done on

w__d %(gOE2 +-= Bz)jr —A§(E X E)o da . So, we as-
dt dt Ho Ho d

sociate W with the mechanical energy of the charges in the volume, the first term with

the electromagnetic energy in the volume, and the final term as the flux of energy out of

the volume. We define the Poynting vector: S = #A(E X E§) SO we can rewrite the previ-

ous equation as w __dU., ~§Seda or iJ'(umech +Ug, W7 =—§S o da which can
a  dt 3 aty S

charges in the volume:

be recast as a local equation: g(umech +U,,)=-VeS which is analogous to the continu-

ity equation for charge stated above.

If we consider electromagnetic forces on charges, we can take the Lorentz force eqgn:
F= Ip(ﬁ +V X é)dr = j(pE +J x E)dr and write a force/unit volume: f = (pE +J x I§)
\ \

We can manipulate this to show that
fog|[VeEE+(EeVEl ~[Vo é)é+(§-ﬁ)§]—%ﬁ(goE2 +i82)—50§(ﬁx B)
/’lo

which can be re-writtenas f =VeT — &, Q(E x B) where we define the Maxwell Stress

*

Tensor which has components: T; = &, (Ei E, -16; E2)+/%(Bi B, -%5; Bz). Recall the
operational use of a tensor, in that the inner product of a tensor and a vector is a vector:

(é of)j = ZaiTij . Thus we canwrite f =VeT — Eq M, 68_? which gives the total force as

i=x,y,z

F= I fdr = f'lr eda—¢&, 4, %I§dz‘ . Recalling that we can interpret force as the time rate of
\ \

di - -
change of momentum, we can write: DPreen _ EfT edd—¢&,u, %I Sdz which leads to inter-
\

pretation of the last term as the time rate of change of the momentum of the EM field

e = goyoj-gdr. So we can define a momentum density in the EM field: pen = &,24,S and
Vv

write this in differential form: % (Pmech + Pem) = VeT. Sowe identify —T as the momentum

flux density. Finally, there is also an angular momentum of the em field: loy =1 X Pem.

9.1: Waves in one dimension: A one dimensional wave is a disturbance in a medium
that propagates in time but does not change shape. If we consider functions g(¢) and h(¢)
that are functions of one variable, then a general expression for a wave that propagates in
the z-direction is: f(z, t) = g(z — vt) + h(z + vt) where v is the velocity of propagation of
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the wave. Waves (or commonly called wave functions) are solutions of a wave equation.

o’f _ p 0t

The wave equation relevant to EM waves is: 5 pwea
X

of which the functions g and h

above are solutions.

The most important solutions to the wave equation are sinusoidal plane wave solutions:

f(z, t) = Acos[k(z —vt) + 8]. A =2n/k; T =2n/kv; frequency f= 1T =v/A ; © = 2xf = vk typi-
cally write wave as f(z, t) = Acos(kz — ot + 8). Often use complex notation f = Ae'®*"

where the physical wave function fis: f = ‘Re{?}: ‘Re{;\ei(kz’“’t)} .

9.2: Electromagnetic Waves in vacuum: Maxwell’s equations with no sources:

VeE =0 Gauss’s Law VxE = —Z—? Faraday’s Law

VeB =0 Gauss’s Law for Mag. VxB=y,¢, % Ampere’s Law

- .

Take V x (? X E): —@ and substitute Ampere’s law to get: V’E = u ¢, _Ztlzz ,
L -

% leads to VB = y,¢, o’B

Similarly, V x (ﬁ X I§): L&, This means that elec-

5

tromagnetic waves move at a speed ¢ = \/,,17 which, of course, is the speed of light

¢ =3 x 10° m/s. Monochromatic plane EM waves: E = Ee'®™; B = B g™ . These

waves are transverse in the sense that E and B are perpendicular to the direction of motion. They
are plane polarized in the sense that the surfaces of constant phase are planes. Faraday’s law

gives: B = %(12 x Eoei(kz“”t)) . For a plane wave that propagates in the direction defined by the

k-vector, k, we have E =Ee'®": B =Be'* ", B= i(k x ﬁ)EOei(k'F‘”") where A is

c

the polarization vector of the wave. E L B. Clearly ne k =0 Fora linearly polarized wave, N is
a constant vector.

With u=1(¢,E? + 2 B?) and B = L E? for EM waves, U = £,E? = goE cos(kT-ot).
The Poynting vector becomes S = ce,E cos?(K o F — wt)k = cuk . The momentum density

of the em wave is pen = £,4,5 =45 =1£,E2 cos?(K o F — )k = LUk .

c

Taking the time average of these quantities we get a factor of % from the cos? term which yields
<u>= YheE?; <§> =1ice,E’k and <pem> =-Le,EZk . The intensity is the magnitude

2c Yo

of the time averaged poynting vector | = %CgOEO2 . Finally, the radiation pressure is related to
the intensity by P = I/c.
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