SIMPLE HARMONIC MOTION

PURPOSE: To study the relationships of displacement, velocity, acceleration, ki-
netic energy, potential energy, amplitude and frequency in simple harmonic motion,
and to explore the effects of non-linearity on these relationships.

APPARATUS: Computer, universal lab interface, spring, weights, Interactive
Physics software

INTRODUCTION: There are many cases in nature where an object oscillates.
An oscillation is a swinging or vibrating motion. As the object moves away from
its rest position, there is a force that opposes the displacement, forcing the object
back. This force, called the restoring force, tries to return (restore) the object
to the rest position. However, the object overshoots, and the force then acts in
the opposite direction pushing the object back. If there is no loss of energy, the
oscillation continues indefinitely.

When the restoring force is opposite and directly proportional to the displacement,
the oscillating object will exhibit Simple Harmonic Motion, SHM. The object is
called a Simple Harmonic Oscillator, SHO.

Oscillating Spring: As an example of a SHO, let’s consider a mass, m, attached
to a spring which is fixed at one end and free to slide on a frictionless surface.
Mathematically, the restoring force exerted by the spring on the mass is given by
Hooke’s law,

F=—kx (1)

The constant k, called the spring constant, characterizes the stiffness of the
spring. A large k means a large force is needed to stretch (or compress) the spring
a small distance.

The rest position is at x = 0 where the force is zero. The force on the mass reaches
a maximum at x = £ A, where the mass momentarily stops and then moves back
toward its rest position. A is called the amplitude of the oscillation.

By conservation of energy, the total mechanical energy of a SHO is constant,

1 1
KE. +PE. = §mv2 + ikﬁ = constant = C.

When the spring is stretched to its maximum, x = A, and the velocity, v, is zero,
so the total mechanical energy is

1
= kA2
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For any other position of the spring, x and v are related through

1 1 1
57711)2 + 5[431'2 = 5]{142 (2)



Then, solving this equation for v, the velocity as a function of the displacement, x,
is

v==+A %(1—2—2) (3)

The SHO moves back and forth, so its velocity will be either in the plus or minus
direction, but the velocity’s magnitude depends only on the magnitude of x. Next,
we want to derive an expression for how the displacement varies with time, t.
Substituting Eqn. (1) and the definition of acceleration, a = d*z/dt?, into Newton’s
second law, F' = ma, we get:

dx
mEt
dt?

= —kx (4)

This is a differential equation that you may not have yet learned how to
solve.Fortunately, any way you get a solution is fine. We’ll “guess” that the solution
1s

x = Acos (?) (5)

where T is the period of the oscillation, the time it takes for the mass to complete
one cycle of oscillation. We check that our “guess” is right by substituting Eqn. (5)
into Eqn. (4), and find that it a solution, provided the period is related to m and

k by the relation:
m
T =271,/ — 6
/7 (6)

The frequency (usually expressed in Hertz) of the SHO’s oscillations is

1 1 |k

r=7=3\m (7)

Substituting Eqn. (6) into Eqn. (5) we get,

x(t) = Acos (?) = Acos (\/%t) (8)

Note that this solution assumes that at t = 0, x = A; the SHO starts at the positive
amplitude. The velocity as a function of time is found by taking a derivative with
respect to time, v = dx/dt

(t) = A\/gsin ( %t) = A\/%cos ( %t - g) , 9)
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FIGURE 1. Simple Pendulum

where we have used the identity: sinf = cos(6 — 7/2). The acceleration, dv/dt, is

a(t) = —A% cos ( %t) = A% cos (\/gt - 7T) ) (10)

where we have used the identity: cosf = — cos(6 — ).

Simple pendulum: As a second example of an oscillating system, let us study the
simple pendulum — a mass attached to light string and swinging from side to side,
as shown in the accompanying figure 1. The only two forces acting on the mass are
the tension 7" in the string and the weight mg. The tension is partly balanced by
the component mg cos 6 of the weight. The sum of these forces produces the inward
(centripetal) acceleration as the ball moves in a circle. The other component of the
weight is F' = —mgsin 6, where the minus sign indicates that F' is acting opposite
to the displacement, s = L, where s is the arc length. This force accelerates the
mass along the circumference of the circle toward # = 0 and produces SHM. If we
assume that 6 is small, then sinf ~ 6 and we can write the restoring force as:
myg

F=—-mgl =— (T) s. (11)

Comparing this equation to Eqn. (1) shows that we again have Hooke’s law with
the displacement now being the arc length s instead of x and with k& = mg/L. Then
we can immediately see, using Eqn. (6), that the period of the (simple) pendulum
is









