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Electrical Conduction in Solids

m
dv

dt
= eE − m

τ
v

in steady state:
dv

dt
= 0 ⇒ m

τ
vd = eE ⇒ vd =

eτ

m
E

current density: j = enevd =
e2neτ

m
E =

1
ρ

E

resistivity: ρ =
m

e2neτ

Ohm’s Law: E = ρj LE =
Lρ

A
I ⇒ V = RI
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Mean Free Path

Let atom have a cross sectional area, σ

fraction of area covered by atoms in a thickness dx: σnadx

Let N(x) be number of electrons that have not scattered after a distance x

dN(x) = −σnadx ⇒ N(x) = N0e
−xσna = N0e

−x/l

mean free path: l =
1

σna
τ =

l

vav
=

1
σnavav

resistivity: ρ =
m

e2neτ
=

mσnavav

e2ne

=
mσvav

e2
if one conduction electron per atom
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Classical Calculation

ρ =
mσvav

e2

σ ≈ πa2
0 ≈ 10−20 m2 where a0 is the Bohr radius

vav = average thermal velocity =

√
8kT

πm
≈ 105 m/s

This is wrong. It gives a value of resistivity that is about an
order of magnitude larger than that of typical metals. More
importantly it predicts that the resistivity is proportional
to
√

T . Experimental measurement give a resistivity
proportional to T .

We need to look at quantum mechanical effects.
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Quantum Effects

Quantum mechanics leads to two important differences.

1) The electrons in a metal constitute a Fermi gas. The
conduction electrons are in the highest energy levels
and, therefore, have energies close to the Fermi energy.
The velocity of the conduction electrons is not thermal
but is approximately the Fermi velocity

vF =

√
2EF

m
≈ 106 m/s independent of T .

2) The mean free path for scattering in a perfect crystal
is infinite. ⇒ σ = 0. Imperfections (impurities,
dislocations) give a value of σ 6= 0 that is independent
of T . A larger contribution to σ comes from thermal
vibrations of the crystal lattice.

σ = πR2
0 Mω2R2

0 = kT ⇒ σ =
πkT

Mω2

σ ≈ 10−22 m2 at T = 300 K
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Energy Bands

When atoms are separated by large distances each atom
has the same energy levels. Te energy levels are discreet
and N-fold degenerate.

They merge into energy bands as the atoms are brought
closer together with “forbidden” energy gaps in between.

This occurs when the wavelength of the electrons becomes
comparable to the lattice spacing.
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Band Energy Calculation

Consider a one-dimensional lattice of atom

n-3 n-2 n-1 n n+1 n+2 n+3

electron

a

Let Cn(t) be the amplitude for an electron to be at atom n

Let iA/~ be the amplitude per unit time for an electron
to shift to a neighboring atom.

i~
dCn(t)

dt
= E0Cn(t)−ACn+1(t)−ACn−1(t)

if A = 0 Cn(t) = e−iE0t/~

electron just sits at atom with energy E0
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Energy Solutions

Find definite energy solutions when A 6= 0

Cn(t) = u(xn)e−iEt/~

Eu(xn) = E0u(xn)−Au(xn + a)−Au(xn − a)

Try for a solution: u(xn) = eikxn

Eeikxn = E0e
ikxn −Aeik(xn+a) −Aeik(xn−a)

E = E0 −A
(
eika + e−ika

)
= E0 − 2A cos ka
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Effective Mass

E = E0 − 2A cos ka

For small ka: cos ka ≈ 1− k2a2

2

E ≈ E0 − 2A + Ak2a2

E0− 2A is a constant energy. We can subtract it and just
consider the energy above that of the bottom of the band.

E∗ = Ak2a2 =
Aa2p2

~2
=

p2

2m∗

m∗ =
~2

2Aa2

typically 2 to 20 times me.
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