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Review: Angular Momentum

Angular momentum operators:

A 0
Lz__2h8—¢
. 0? 0 1 0?
L2 — 21 2 S
h (892+C0t95’9+sin29(9¢2>

Angular eigenstates:

L2Yim(0,¢) = 1(1+1) h2 Y (6, ¢)

Yim (0, @) represents a state with

L]

VIO + Dk

mh

L,



Review: Properties of QM Angular Momentum

e A particle can be prepared in a state with definite magnitude of
angular momentum and definite value of angular momentum
in some direction (conventionally chosen to be the z-axis).

e If a particle has a definite angular momentum along some
direction, it can not have a definite angular momentum along
any other direction.

e As a result, the angular momentum cannot point in a definite
direction. If it did, it would have a definite value along that
direction, say z, and a definite definite value along = and y
also, namely, zero.

e \When the angular momentum is measured along any direction,
the only possible values that will be measured are the various
possible values of mh. If the particle is in a state of definite
angular momentum along a particular direction then that value
of mh is certain to be measured in that direction.

e If the particle is not in a state of definite angular momentum
along that direction then the various values of mh will be
measured with relative probabilities dependent on the state.



Example of [ =1

Forli =1, m=1:

L =V2h and Ly;=h
If we measure L along any axis, the only possible
values that we can get are —h, 0, +h.
= P.(+h)=1 P.(0)=0 P.(—h) =0

What about for a measurement along the x-axis?



Example of [ =1 (cont.)

Forl =1 m=1:
Ll =V2h and Lz=nh
= |L*=L2+ L2+ L%=2K
L2+ L2=2n"—L2=h" = (L2)+(L2)=h°

) =)= R="

(L2) = h*Py(+h) + h*P,(—h)

Po(+1) = Po(—h) =  Pu(+h) = Py(~h) = i
Po(+1) + Py(0) + Py(=h) =1 =  P,(0) = %
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The Radial Part of the Hydrogen Atom Wave Function
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Transverse Momentum
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Centrifugal Barrier
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is like a positive potential energy term

It is referred to as the centrifugal barrier.

It acts like a repulsive force that is larger for
higher angular momentum states.

It has the effect of causing higher angular
momentum states to be further from the nucleus.



Quantized Energies

When the radial equation is solved it's found that solutions exist
only for certain quantized values of the energy

Ee tme( € 2 ! ith 0, 1, 2
= ——mc wi n-=20,1,2,---
Areghc) (n.+ 14 1)2

Define n = n, + 1 + 1:




Solution for Large Values of r
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to keep R(r) finite for all » we must have C; =0

=  R(r) = Ce "/ for large r



Solution for Small Values of r

R [d?2 2d] 11+ 1DR* €2
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try R(r) = Cr®
b(b—1)rP 2 4 20r° 2 — 114+ 1)r*2=0 = bb+1)—I1(1+1)=0
=  possible values for b are: b=I[l and b=-1-1

R(T) = Clrl -+ CQ?“_Z_l

to keep R(r) finite for r = 0 we must have Cy = 0

=  R(r)=Cr for small r



The Radial Wave Functions

R(r) depends on the quantum numbers n and I

In general:
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The first few R's:




Summary

u(r,0,¢9) = Rni(r)Yim(0, @)




Energy Levels and Degenracy

Energy depends only upon n.

1 2 \° 1
E:——mcz< ‘ ) — n=1,23, -

For each value of n there are n possible value of [.

1=0,1,2, -, n—1

For each value of [ there are 2] + 1 possible value of m.

m=—l---.1,0,1,--,1
n—1
=-  degeneracy of the nth level is Z(Ql + 1) =n?

[=0



Probabilities

In spherical coordinates, the differential volume element is:

(rsin 8d¢)(rdf)(d¢) = r*sin 6 dd d¢ dr

P(0,¢) = |Yim(0, ¢)|” sin 6
P(r) = r*|Ru(r)[’

Normalization:
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