Lecture 5

Schrodinger Equation

Sept. 22, 2007



States of Definite Energy and Momentum

State of definite energy and momentum.

w(ll?,t) = Aei(kx_“’t) — Aei(pw—Et)/h

Probability of finding particle at x at time ¢ given by:

(o, O = (AceE0m) (a-it=E0/n) — 4

This is independent of x and t. = The particle has equal
probability of being found at any place at any time.

More about this later.



Operators

If particle is in state of definite energy £ and momentum p

w(x’ t) _ Aei(p:c—Et)/h

0
o) = By(et) b (o) = p(a
Energy operator: E = ihg
. L 0
Momentum operator: p=—th—
ox




Eigenfunctions and Eigenvalues

If Ev(x,t) = EY(z,t) then

Y(x,t) is an eigenfunction of E with eigenvalue E.

If ¢(x,t) is a state of definite energy then
= 1)(z,t) is an eigenfunction of E.

EA¢(:1:, t) = Ey(x,t)

If (x,t) is a state of definite momentum then
= (x,t) is an eigenfunction of p.

po(z,t) = pip(z,t)

If 1(x,t) is not a state of definite energy then

A

Evp(x,t) # Eip(z,t)



Free Particle Schrodinger Equation

For a non-relativistic particle in a state of definite energy
and momentum, not subject to any forces, V(x) =0

2
P
2m
R ]32
= E t) = — t

This will be true for any free-particle state

Free-particle Schrodinger equation

L0 he 02
Zha¢($vt)__—— (ﬂi,t)

2m Ox?



Schrodinger Equation

If particle is subjected to a force there will be a potential
energy V(x) such that F =dV(z)/dz. Then

2
E=X 4+ V()

- 2m

A

= EY(x,t) = (p—2 + V(:z:)) P(x,t)

2m

Schrodinger equation:

L0 h? 02
zhaw(az, t) = ( o+ V(az)) Y(x,t)

2m Ox?

Note that this is a non-relativistic equation.



Separation of Variables

P(z,t) = u(z)T ()

0 h? 02
@haiﬂ(%t) = <— -+ V(a:)) Y(x,t)

2m 02

ihu(x) %T(t) =T(t) (—h 4 + V(:U)) u(x)

1 d 1 R% 42
hreatW=um (‘zm 2t V<~”’f>> u(z)
1 d 1 R2 42
ih 0 ET(t) = F = w(@) <2m .2 V(x)) u(x)



Solutions

ih%T(t) = ET(t) = T(t)=e iBh

We are left with solving:

2m dx?2

(_h a 4+ V(g;)) up(r) = Bug(r)

H=——+V(2) is the Hamiltonian



Example of Free Particle

h? 2
— H—- —— —
Vie)=0 ~ 2m dx?
h? 2
possible solution: up(r) = Aetpr/h
he o d? p?
“om dg? “P) = g vE®) = Bun(e)
2
p
£ —F
= 2m

w(zm t) _ Aei(pa:—Et)/h

Note that up(z) = Ae PR = 4z, t) = AellmPe=EO/R

would also work



Example of infinite Well

Viz)=0 forO0 <z <L

V(z) =00 elsewhere
outside of 0 < x < L ug(xr) =0

he d?
f L 5 7.3 =
or 0<z< Sy ug(r) = Fug(x)
bouundary condition: ug(r) =0 atx=0and z =1L
up(z) = Ae*we/h doesn’t work
A

try up(r) = — (eipx/h — e_ipx/h) = Asin (px/h) = Asin(kx)

21



Quantized Energies

nim
k= —
L

up(x) = Asin(kxr) =  wug(0) =0
requires kL =nm where n=1,2,---
N B nih N 2o n27T2h2
b= L - 2mL

Un(z,t) = Asin(k,z)e” Ent/h

B - n2n2h?
L 2mL




Normalization

Probability density for particle to be at x at time ¢:

P(:U,t) — ‘¢($,t)|2 — w*(x7t)¢(x7t)

Normalize ¥ (z,t) (multiply by a constant) so that the
particle has unit probability of being found somewhere.

/ (e, )P dz = 1

oo

(z) = /xP(:z:,t) do = 7¢*(x,t)x¢(x,t) dz

— 00



Normalization of Infinite Well Solutions

/ ()2 dee = / U5 (2, 8) (s 1) da

L
/Asin (?) e Ent/h A gin (?) e Ent/h g
0



Expectation Values

e Any observable (e.g., energy, momentum, position,
angular momentum) is represented by a corresponding
operator.

e For a particle in a given state, in general, we can't make
exact predictions for what value of an observable will be
measured. We can only give the probability distribution
for the observable.

e The expectation value of an observable is the average
value of the observable that will be observed for a
particle in a given state.

(A) = / V(@ t) Az, t) dz




Examples of Expectation Values

- /w*(x,t)EAzp(az,t)dx = ih/zﬁ%x,t)%zﬁ(x,t)dw
/w*xtpwzr;t z—zh/w*:ct

) = [ @R =~ [ @) v do



Summary of Main Points

e Operators

—ih — E=—-h—

Tr=2x

>
|

e Schrodinger Equation

ih%¢($, t) = <_;71 % -+ V(a:))
Y(z,t) = T(t)u(z)

. d

zh& T(t) = ET(t) T(t)=e

b(z, 1)
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