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Superfluids in a Nutshell

e Superfluid = spontaneously broken U(1) at finite density

« Ground state |x) minimizes H' = H — u@

 Pattern:
Q) H' =H — @
H = proken P, = unbroken
K; J,;



Superfluids in a Nutshell

2 low-energy, model-independent features:

 Goldstone boson: phonon
(D) = Pge M
* Topological defect: vortex line

O — f(T) e—i,ut—l—ine
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EFT of Goldstone

* Phase of order parameter:
b= Pye '? o=ut+m
* Effective Lagrangian:

L=P(X), X=-0,60"¢, d=pt+n
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EFT of Goldstone

* Phase of order parameter:
d = dye 2, O=put+m
* Effective Lagrangian:
L=P(X), X =—-0,00"9, ¢ =put+m
 Macroscopic quantities:

0,¢
\/jfa

Uy = p=2XP'(X) - P(X), p=P(X)

[ Son 02 ]



Goldstone = Phonon

Expanded Lagrangian:

L=N{7-c(Vr)’+---}

P’ - Op
P +2XP"  9p

with ¢ =

7T describes compression waves, i.e. phonons



Dual Description

Aoi = n4;

Aij = neggr(—52" + BY)

ror o a,=r |
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Dual Description

e Dual 2-form field:
Ao = nA;

Aij = neggr(—52" + BY)

ror o a,=r |

* Effective Lagrangian:




Dual Description

* Gauge invariance: A,,, — A, + 91,80
« Coulomb gauge: 9; A* =0 — V-A=0 VxB=

* Propagators:

} i
B : enAAAAnNe = wQ—CEkakj Phonon

A: egrmmmo=e — ﬁ(éw—k’kj) Hydrophoton
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EFT of Vortex Lines

e Jotal action: S = Sy + Sworldsheet

e Bulk: Spu = / Az G(Y)+ S,r., Y =-FMF,
* Worldsheet: Nambu-Goto
rght? Yol
symmetries: Lorentz + gauge + reparametrizations j

action: Sworldsheet — /deU A A,uuaTX'uaaXV + -
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Bi-metric Theory

on the worldsheet

* Usual induced metric: gag = 9,0 X" 05 X"

* 2nd induced metric: hog = U, U, 0, X" 03 X"

O-derivative term in bigravity: / dP /=g f(g*"hg~)

Sworldsheet = /deU {)\ A,ul/aTX'uaaXy — Vg T(gaﬁhcxﬁa Y)}




Expanded Action

Bulk

- ., 5

Loue — (VX A2+ B2 —A(V-B2+(1-AV-B(VxA?+...

Worldsheet (7 = X°)

L ]

£Worldsheet — nA {_% - X X X A - X é . X X _)/}

—_ —

HE [T+ Taoy (B~ x Ay - X 4 Ton V- B+ -



Expansion Parameters

In superfluids

'QlS
Lengths: a, 7, ¢ NSNS
Velocities: v, cg, C Q “__3'

' csa —

e Cs
T T X) a
l v
QD

Te ~ Q )__,
e
C C /
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Small-speed Approximations

 Non-relativistic Imit: ¢ > ¢, v

—)
St~ [ ' |~ Uona)|

. t 7 /dtd()' [)\AILWX’“XW — ‘)Z/‘T(‘XJ_ — ﬁj_‘,nnr)

worldshee



Small-speed Approximations

 Non-relativistic Imit: ¢ > ¢, v

—)
nr 4 M Tine'd i
Sbulk%/dx{ 5 U(nm)} ﬂ,_é—ﬁx%f
- 1-V.B
S\rilvf)rldsheet — /dtd()' [)\ A,LWX'LLXW _ ‘X/‘T(‘XJ— _ ﬁl‘7nnr)}

e |ncompressible limit: ¢, cs > v

S%/d‘lx%(VxA)QJr/dtda S S S ROV e M|



Small-speed Approximations

 Non-relativistic Imit: ¢ > ¢, v

—)
St~ [ ' |~ Uona)|

 H-vxi
1-V-B
S\rilvf)rldsheet — /dtd()' [)\ A,LWX'LLXW _ ‘X/‘T(‘XJ— _ ﬁl‘7nnr)}

e |ncompressible limit: ¢, cs > v

n\

S — /dtda{ - ?X' X x8,X —T|0, X|



Small-speed Approximations

 Non-relativistic Imit: ¢ > ¢, v

—)
St~ [ ' |~ Uona)|

. B-VxA
u — — —
1-V- B
S\rilvf)rldsheet — /dtd()' [A A,LWX'LLXW o ‘X/‘T(‘XJ— - ﬁl‘7nnr)}

circulation I' = n\

* Incompressible limit: ¢, cs > v /(V x v = T¥)

n\

S / dtda{ SR K x0,X - TIo, |
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Expanded Action

Bulk

- ., 5

Loue — (VX A2+ B2 —A(V-B2+(1-AV-B(VxA?+...

Worldsheet (7 = X°)

L ]

£Worldsheet — nA {_% - X X X A - X é . X X _)/}

—_ —
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Self-energy

* Integrate out bulk modes:

eiSeff[X] _ /DA DB 6iS[X,A,B]

e Self-energy of static straight vortex:

IE
S[X] = — / dtdo

* Energy / length:

dE n2\? / d*p | T(201) / d*p,
Ty
do 2 (




Self-energy

Integrate out bulk modes:

eiSeff[X] _ /DA DB 6iS[X,A,B]

Self-energy of static straight vortex:

IE
S[X] = — / dtdo

Energy / length:

dE X2 [2
A2y logdn — 2log(ul)
do 8T |€



Self-energy

Integrate out bulk modes:

eiSeff[X] _ /DA DB 6iS[X,A,B]

Self-energy of static straight vortex:

IE
S[X] = — / dtdo

Energy / length:

dFE B n2\?2

—— = T(u) + ——log(pl)




Self-energy

* Integrate out bulk modes:

eiSeff[X] _ /DA DB 6iS[X,A,B]

e Self-energy of static straight vortex:

IE
S[X] = — / dtdo

* Energy / length:

dF

— =T(1/L)



Coupling to Phonons

(VxA?*V-B

n2\2 2
R R
T £

Seff D) /dtdO"X/’{T(Ol)

—

~2log(/q1)| } V- B



Coupling to Phonons

Seﬁ‘ D) /dtda’f’\{Tml)(u) I



Coupling to Phonons

V-BVxA-B

>, n?\? N
Seff D /dtda]X \{T(m) I ? (1_03)[g + vg — logdn

2
mCy

L] L]
— —

_QIOg(N/C]J_)} }(BJ_ - X 1)



Coupling to Phonons

V-BVxA-B

n2\?

4ﬂc§(

Sur > [ dedor | X1 { T (1) — 5 (1 = ) low(u/a.) p(B - X
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Non-renormalization Theorem

A is the only coupling on the worldsheet that does not run.
In fact, it does not get renormalized at all.

S D /dea)\ A, 0. A"0, A"

Hint: from a UV perspective, we know that vortex lines have a
quantized circulation, which implies that A = I'/n is quantized
INn units of 2.

Proof: consider perturbations around straight line: X = (7, z)

L= g €apm 0, + A, + Ag0,7% + €4 B Oy + €0y B* 0y 0,10 + - -



Main Message

We can describe the classical interaction of vortex lines
with sound using just a local worldsheet action
iIn which all but one coupling constants are running.
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Kelvin Waves

X=(®z2) — ¢= %(Wx+i77y)

Effective Lagrangian: straight vortex line
Log = in)\qb*ﬁt(b—T(k)\/l—l—Z\ﬁz(b]Q J
2)\2
with T'(k) = " log(k/ o) \
4
Look for wave solutions: Kelvin wave

¢(t, Z) _ Re—iwt—l—ikz



Kelvin Waves

Lot = inA¢*0p — T(k)\/1 + 2|00

stmé@&\t vortex line

Rk <« 1 J
— - k" 1og(k/ o) *\
.

Kelvin wave

oy,

[ Thomson aka Kelvin, 1880 ]



Kelvin Waves

Lot = inA¢*0p — T(k)\/1 + 2|00

Two regimes: stm(@(f\t vortex. (ine

1. small amplitude: Rk < 1 J

nA\

W= k*log(k/ o) \

Kelvin wave

[ Thomson aka Kelvin, 1880 ]



Kelvin Waves

Lot = inA¢*0p — T(k)\/1 + 2|00

Two regimes: straight vortex line

1. small amplitude: Rk < 1 J

nA
W = —E k2 log(k/,u()) \
2. large amplitude: Rk > 1
Kelvin wave

n\ k

w =12 2 log(k/ o)




Kelvin Waves

Lot = inA¢*0p — T(k)\/1 + 2|00

Two regimes: straight vortex line

1. small amplitude: Rk < 1 J

nA
W = —E k2 log(k/,u()) \
2. large amplitude: Rk > 1
Kelvin wave

n\ k
W = log(k/10)

47 R
\/ ”6@(16“(9{(9&”




Vortex Rings

Effective Lagrangian (incompressible):
Seff ™ /dt An TR - ).ZO —27rRT(1/R)]
Equations of motion:

8, X5 =0

81; (RQﬁ) — O

ﬁ'atio — f(R)



Vortex Rings

Effective Lagrangian (incompressible):
Seff = /dt An TR - ).Z)O —27rRT(1/R)]

Equations of motion:

0, X =
8t(R2ﬁ) — O
X(t,0) = Xo(t) + 6X (o) i - 0, Xo = f(R)

L[]
— — — —

Sint:ﬁ)mR2/dt {—075B+V><A—XO(€.B’)}.@+...



Phonon Absorption

e [eading coupling:

S D /dtdzn)\ €y TemC0. BY

e (Cross-section:

sin® 0 wd/2

i y/log(w/wo)

o~N




Concluding Remarks

 QOur EFT applies also to ordinary fluids®
« Applications outside CM: neutron stars, dark matter, ...

« (Can we use what we have learned to better understand rotons”?

* terms and conditions may apply | Endlich + Nicolis 13 ]



Thank you,

Riccardo Penco

Columbia University
penco@phys.columbia.edu









